Boundary element analysis of nonprismatic beams and
plates

Mohammad Shebder Khan
Civil Engineering
June 1995

Abstract

Boundary element solutions for the bending of non-prismatic beams and plates are presented.
The boundary integral formulation is developed for the analysis of non-prismatic beams. The required
fundamental solutions for non-prismatic beams of linear and parabolic profiles are derived and exact
relations are obtained among the variables over the nodes (beam supports). The method is then extended
for the analysis of continuous beams with varying depth. The problem of a plate with linearly varying
rigidity is solved by splitting the equation governing the transverse deflection of the plate into two
Piosson's equations, for which, fundamental solutions are available. Finally, the proposed formulations
for both beams and plates are tested through several numerical examples.
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CHAPTER1

INTRODUCTION

1.1 General

Non-prism.atic members are commonly used in many engineering structures, such
as highway bridges, buildings, space and air-craft structures, as well as in many
mechanical components and machines. They have some structural advantages over the

prismatic members. The major advantages are :

1. The sharp reentrant comner that otherwise occurs at the junction of a beam with a

column can be avoided.

2. The support moment capacity can be increased which results in considerable

reduction of the span moment. Consequently, mid span depth of the beam or plate can

be reduced.

3. Better distribution of the internal stresses can be achieved which reduces and may

even cancel the shear stresses.
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4. Over long spans, savings in material may be considerable both by virtue of the better

distribution of stresses and reduction of dead load.

5. Since the cross-section of the non-uniform beam or plate will take a shape
corresponding to the stress distribution under any loading condition, variable section

beams and plates can be designed to have improved dynamic performance.

Since the members of variable cross section are involved in many important

structures, it is necessary to analyze this kind of members with a greater precision. In the

 case of beams and plates of variable depth, the governing differential equation is found to

have variable coefficients and this fact increases the difficulty of the solution. Analytical
methods of solutions for the analysis of non-prismatic beams arz available [1,2], but they
involve lengthy calculations. To simplify the method, tables and charts for beam constants
are prepared and published by Portland Cement Association (PCA)[5]. However, these

tables have the following limitations:
a) They can give the constants only for straight and parabolic haunches

b) They are applicable for two types of loading, i.e. concentrated and uniformly

distributed loading. Partial loading cases are not considered.

c) They cannot be used directly for multi-span continuous beam.
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Prior to the advent of the computer, plates of variable thickness could be analyzed

for certain types of thickness profiles. Analytical solutions for the bending of non-
prismatic plates are available for only limited number of cases involving , simple plate

geometries, linear variation of flexural rigidity and simple types of loading [30, 31 and

32].

1.2 Literature Survey

1.2.1 Non— Prismatic Beams

'A considerable amount of research has been done in analyzing non-prismatic
beams and girders. The analysis of non-prismatic beams is covered in many classical
textbooks on structural analysis [1, 2, 3]. The most popular analytical technique for
analyzing non-prismatic beams is the slope-deflection method. The procedure involves
lengthy calculation of many constants, to compute the angular coefficients. The effected
angles of rotation of the ends of the beam are calculated using these angular coefficients.
Finally, using these angles of rotation end moments are calculated. In the case of beams
having linear or parabolic haunches (both symmetrical and Unsymmetrical) the
integrations have to be made rigorously. However the calculations are tedious and time

consuming. To simplify the analysis, special tables [1] have been prepared giving the
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numerical values of the angular coefficients for calculating effected angles of rotation for

parabolic and linear haunches.

Another alternative procedure is to use moment distribution method [1] if
appropriate values for the stiffness, carry over factors and fixed end moments are
available. In this method also, in order to obtain fixed end moments, many integration of
complex form have to be carried out, which is very difficult to integrate using the exact
integration. Therefore numerical integration has to be applied. The procedure is to divide
team into a number of segments and calculate the numerical values of the required
quantities for each segment and summing up these individual segment constants to give
the constant thickness of the whole beam. In 1958, Cross presented stiffness and carry

over factors of non-prismatic members to be used in the moment distribution method [4].

More extensive tables and charts are given in the booklet published by Portland Cement
Association (PCA) for the computation of beams constants necessary for the analysis of

structures having non-prismatic members{ 5].

In 1958, the concept of the method of the equivalent systems was initiated and
developed by Fertis [ 6,7]. This method is further developed by Fertis and Keene [ 8] and
Fertis and Rajesh Taneja [9] . The method of equivalent systems is similar to the moment
area method in some way. This method is based on the theorem of the equivalent systems
by which, a member of variable stiffness EI(x), can be replaced by any number of
equivalent systems of uniform stiffness EI, where the deflection curve of each one of the

equivalent system is everywhere identical to the deflection curve of the original variable



23

5
stiffness member. Using this principle, in this method, the original member of variable
stiffness EI(x) is replaced by a uniform stiffness EI whose elastic line is identical to that of
the original variable stiffness member. The mathematical derivation of the equivalent
system of constant stiffness EI that replaces the original system of variable stiffness EI(x)
begins by considering the second order differential equation for the elastic curve of the
member. By integrating this differential equation, the identical elastic line for the
equivalent system of constant stiffness is obtained. Moment diagram for this equivalent
system is drawn. The expressions for the shear force and the applied load for the
equivalent system are derived and the problem becomes a problem with constant stiffness.
Although this method simplifies the mathematical complexities of the problem, it involves

the approximations of using the equivalent system of constant stiffness.

In 1963, Boley [10] obtained the stresses and deflection of thin rectangular
beams of variable depth in the form of series. In 1977, Just [11] developed exact stiffness
matrices for linearly tapered beams of rectangular , box and I-section. In 1981, Rutledge

and Beskos [12] proposed a method of obtaining stiffness coefficients for a beam with

constant width and linearly varying depth.

Resende, Doyle and Mumuni [13,14] have independently developed finite
element models for non-prismatic beams with a 3-node straight fine element with six
degrees of freedom at each node. Kosko [15] applied the method of substituting two or
three prismatic elements for a tapered member to tapered frame members whose cross-

sectional size vary in a smooth fashion, while the centroids all lie on a straight line. The
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flexibility parameters which represent the elastic behavior of such members are calculated
by simple quadrature. In 1983, Karabalis and Beskos [16] presented a numerical method
based on finite element method for the static, dynamic and stability analysis of linear

elastic plane structures consisting of beams with constant width and variable depth.

In 1985, Banerjee and Williams [17] obtained explicit expressions for the
dynamic stiffness for axial, torsional and flexural vibrations of a tapered beam using
Bernoulli-Euler theory and Bessel functions. Arvind [18] obtained stiffness and
consistent mass matrices for linearly tapered beam element in explicit form using exact

expressions for the displacement functions.

In 1986, Hota and Sﬁ&rékés [19] presented a Fourier-cum-polynomial series
solution for the boundary value problems with variable properties. Miyamoto, Iwasaki
and Deto [20] presented an iterative boundary element approach to analyze continuous
beams with varying cross section. The method uses the fundamental solution of an infinite
beam with a uniform section. The remaining part of the equation is treated as fictitious
body force that can be calculated by discretizing the beam into number of elements and
this can be updated in each iteration. Since the domain is discretized, obviously such
procedure shares the same disadvantages of the domain discretization methods as larger
number of algebraic equations are to be solved. In 1987, Karamanlidis and Jasii [21]
developed a novel finite element methodology for analyzing the frame structures
composed of non-prismatic members. The formulation was based on a modified version

of the variational theorem of Hellinger and Reissner.
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Raymond and Wang [22] reported a numerical technique for the calculation of
the stiffness matrix of non-prismatic members. The procedure is to divide the member
into number of elements, choose four or five sections along the member and calculate
cross sectional area and moment of inertia at each section. Then cross sectional areas and
moments of inertia of all the sections are generated using Gregory-Newton interpolation

method. Finally, stiffness of the entire member is calculated by adding the stiffness of all

elements.

In 1990, Lee et al. [23] developed a solution of the static deflection of a non-
uniform Bernoulli-Euler beam in closed integral form with the assumption that the
bending rigidity of a non-uniform beam is second-order differentiable with respect to the
axial coordinate variable. In 1991, Naseruddin Fl-Mezaini et al. [24] investigated the
behavior of beams of variable depth based on finite element method using the

isoparametric plane stress finite elements in the modeling.

In 1992, Lee and Lin [25] presented the exact solution for the free vibration of a
symmetric non-uniform Timoshenko beam with tip mass at one end elastically restrained
at the other end of the beam. Kathnelson [26] obtained an asymptotic frequency
equation for beams elastically restrained at the edges. In 1993, Aristizabal-Ochaoa [27]
presented an algorithm that evaluates the static, stability and vibration response of non-
prismatic beams and columns. Recently, in 1994, Lee [28], using the Green's function,
obtained the static deflection of general elastically end restrained non-uniform beams

resting on a non-linear elastic foundation subjected to axial and transverse forces,
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governed by a non-linear fourth order non-homogeneous ordinary differential equation

with variable coefficients.

1.2.2 Non- prismatic Plates

The solution of rectangular plates with variable thickness has been of great
concern to many investigators during the past decades. The old literature shows that the
solution of the plate problem via the classical route is, in general, fimited to relatively
simple plate geometry, loading and boundary conditions. [29, 30, 31, 32]. Conway
[33] also obtained solutions for symmetrically loaded circular plates with a wide variety
of radial thickness variations. In 1962, Mansfield [34] expressed the governing
differential equations of a plate with variable thickness in terms of the Laplacian operator,
and then obtained solutions for a rectangular plate whose thickness varies exponentially
along the length. In addition he obtained solutions for a circular plate whose thickness
varies as a power of the radius. Then the method of equivalent systems was used to solve
static, dynamics and vibration problems associated with plates of variable stiffness by
Fertis and Kozama [35] and Fertis and Cunningham [36]. The method was further
extended in 1988 by Fertis and Mijatov [37] for the solution of various types of beam-like
structures with members of variable stiffness and for the solution of rectangular plates of

variable thickness. In this method, in order to determine the deflection of the rectangular
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plates with variable thickness in one dimension, the original variable thickness plate is

transformed into an equivalent system of uniform plates subjected to new loading.

In 1965, Appl and Byers [ 38] obtained upper and lower bounds for fundamental
frequency of a simply supported rectangular plate with linearly varying thickness. In
1968, Cheung Y K. [39] used the finite strip method in the analysis of elastic slabs [40]
and elastic plates with two opposite simply supported ends. In this method, the plate is
discretized into a small number of strips and potential energy of each strip is calculated.
Final equations are obtained by adding the contribution from each strip. Then the
principle of minimum potential energy is applied. After the boundary conditions have
been introduced, equations can be solved to yield the displacement. In 1970, Lord and
Yousef [41] developed a finite element for the analysis of circular plates by considering

the plate to be composed of concentric rings of uniform thickness.

In 1978, Mukhopadhyay [42] presented a semi-analytical solution for rectangular
plate bending using a method similar to finite strip method. In this method, a
displacement function satisfying the boundary conditions along two opposite edges is
assumed. This displacement function is then substituted in the differential equation of the
plate by certain transformation to obtain the governing differential equation with constant

coefficients. Then finite difference technique is used for the solution.

In 1988 Uko and Cusens [43] presented a spline finite strip method for analyzing
variable thickness solid slab bridges. This method utilizes cubic B-splines as displacement

functions and numerical integration to take account of variable thickness. In 1989,
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Fariborz and Pourbohloul [44] applied the extended Kantorovich method to the bending
analysis of the plate variable thickness. The extended Kantrovich method is an iterative
procedure and was originally devised by Kerr [45]. This technique has an advantage over
other weighted residual methods in the sense that the final result is independent of the
initial guess for the solution. But as far as the computation is concerned, it is more
involved because the solution of a system of differential equations rather than algebraic
equations is required in every iteration. This technique allows the analysis of plates with
constant as well as unidirectional variable thickness. Azad et al. [46] proposed a method
for the bending analysis of a radially tapered simply supported circular plate by using a
Levy-type semi-inverse solution in conjunction with finite difference method. In 1990,
Singh and Dey [47] presented the finite difference energy method for buckling of the
plates with varying thic'kness. This method is an integral based finite difference approach

using the principle of minimum potential energy.

Although there is considerable application of the boundary element method to the
analysis of plates with constant thickness [48, 49, 50, 51, 52, 53, 54], its application to
the case of plates with variable thickness is limited. This is obviously because the
fundamental solution for the governing equation cannot be established, atleast, in a form
that could be useful to develop a pure boundary element method solution. In 1988, Ohga
et al. [ 55, 56] presented boundary element-transfer matrix method for bending analysis of
plates with variable thickness. In this method, a transfer matrix is obtained from the

system of equations derived by the procedure based on boundary element method. A
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plate with variable thickness is considered as a combination of number of separate

homogeneous sub-regions each having different plate thickness.

In 1991, Sapountzakis and Katsikadelis [57] developed an iterative mixed
boundary element method for the analysis of plates of variable thickness. This method
uses the fundamental solution of the plate with uniform thickness and the remaining part
of the equation is treated as a fictitious body force which can be calculated by discretizing
the plate domain and this can be updated in each iteration. Since this method also
discretizes the domain, it also shares the same disadvantages of the domain discretization
solutions. Jiangiao [58] presented an integral equation formulation for the finite
deflection analysis of axi-symmetric circular plates with variable thickness based on the

Karmar. equation and by means of Green identity.

In 1992, Cheung and Wenchang [59] came up with a new idea of combining the
finite strip method with finite element and boundary element methods. Anant et al. [60]
presented a differential quadrature method for computing the fundamental frequency of a
thin rectangular plate with variable thickness. In this method, a partial derivative of a
function with respect to a space variable at a discrete point is approximated as a weighted
linear sum of the function values at all the discrete points in the region of that variable.
Recently in 1993, Shahab [61] investigated the transverse vibration of variable
thickness discs by using the Ritz method and the finite element technique. He has used a

thin, two dimensional annular sector element with 12 degrees of freedom for the disc.
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1. 3 Scope and Objectives

The available literature indicates that there are three main approaches for the

analysis of non-prismatic members :
1. Analytical methods such as slope deflection, Fourier series method etc.
2. Semi-analytical methods ( e.g. method of equivalent systems )

3. Numerical methods such as finite difference and finite element methods

In most of the above approaches, the analysis is either tedious or time consuming.
The broad objective of this study is to present an alternative boundary element method
(BEM) for the bending analysis of non-prismatic beams and plates. The proposed method

has the advantages of being simple, economical and accurate. The specific objectives of

this study are:

L to develop an "exact" method of analysis of continuous non-prismatic beams using
BEM. The stiffness of the beam can be assumed any general variation, provided that

this variation is continuous and differentiable. Procedure, however, will be tested for

linear and parabolic variations .

IL to develop a BEM solution for plates with linear varying rigidity and general loading

conditions.
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The present study consists of two parts. In the first part, a boundary integral
formulation is developed for the bending analysis of non-prismatic beams. Since it
involves no approximations, it gives exact results. The method is then extended for the
analysis of continuous beams with varying depth. In the second part, the problem of a
plate with finearly varying rigidity is solved by splitting the biharmonic equation for
transverse deflection of the plate into two Poisson's equations [34] . This method greatly

simplifies the computational work required for the solution of the problem.
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CHAPTER 2

BOUNDARY ELEMENT METHOD

2.1 General

The boundary element method (BEM) is a numerical technique for solving a wide
range of boundary value problems in continuum mechanics. BEM offers important
advantages over 'domain' type methods such as the finite difference (FDM) and finite
element method (FEM). The most important feature of the method is that it only requires
the discretization of the surface rather than the volume. This results in much smaller
system of equations and considerable reduction in the input data required to run a
problem. In addition, the accuracy of the solution is enhanced since the only source of

approximation errors comes from the boundary modelling.

14
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2.2 Historical Development

Integral equation techniques were until recently considered to be a different type
of analytical method in the solution of boundary value problems, somewhat unrelated to
approximate methods. They became popular in Western Europe through the work of a
series of Russian authors, such as Mukhelishvili, Mikhlin but they were not very popular
among engineers. A predecessor of some of this work was Kellogg, who applied integral
equations for the solution of Laplace type problems. Integral equation techniques were

mainly used in fluid mechanics and general potential problems and known as the 'source’

‘method which is an 'indirect’ method of analysis, i.e. the unknowns are not the physical

variables of the problem. However, due to difficulties in dealing with singular or weakly
singular Kernels that arise in integral equations and also due to the lack of rigorous
proofs of existence of solutions, the use of such technique was restricted to a limited
number of problems. Furthermore, the technique of using integral equations as a tool for
the solution of boundary value problems was not well known among engineers at that
time and its potential for obtaining numerical solutions was not exploited until the advent
of computers. In the sixties, as a consequence of the widespread use of the computers to
solve problems of mathematical physics, some new and improved boundary integral
formulations for potential theory and elasticity and also the corresponding numerical

solutions were published. This fact can be considered as the beginning of the boundary
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element method. Work on this method continued throughout the 1960 and 1970s in the

pioneering work of Jaswon, Symm, Massonet and many others.

Since the early 1960s, a small research group started working at Southampton
University on the application of integral equations to solve stress analysis problems. This
work was continued through a series of theses dealing mainly with elastostatics problems.
At the same time developments in finite elements had already started to find their way
into formulation of boundary integral equations, specially in the idea of using general
curved beam elements. Finally, in 1978 it was shown by Brebbia that direct boundary
elemént method can also be fdrmulated through weighted residué.l statements. The
boundary element method was, therefore, shown to have a common basis with other
numerical techniques. The work by the Southampton university group culminated in the

first book in 1978 with the title "Boundary Elements" [62].

2.3 Basic concept:

The boundary element technique consists of transforming the governing partial
differential equation, which involve the behavior of the unknown solution inside and on
the surface of the domain, into an integral equation relating only boundary values. Asa

direct consequence, the dimension of problem is reduced by one. The boundary of the
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domain is discretized into elements, and polynomial functions equivalent to those used in
finite elements are then necessary to interpolate the values of approximated solution
between nodal points. As the unknowns of the system are related only to the boundary,
the domain does not need to be discretized. After performing the boundary integrals
which are done mainly by some numerical process, smaller systems of equations are
obtained compared to those achieved by domain type techniques. Then, other quantities
at specified points inside the body or on the boundary can be evaluated after solving the

system of equations. The method generally consists of the following steps :

1. Multiply the governing differential equation (with all non-zero terms on one side of
the equality) with the ‘fundamental solution' (to be defined later) and integrate over

the domain a sufficient number of times, to get the so called 'domain integral

equations'.

2. The boundary is discretized into a series of elements over which the primary variables
and their normal derivatives are assumed to vary according to interpolation

functions. The geometry of these elements can be modelled using straight lines,

parabolas etc.;

3. The boundary integral equations are obtained by applying the domain integral

equations at a number of particular nodes within each boundary element.
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4. The integrals over each element are carried out by using, in general, a numerical

quadrature scheme;

5. By imposing the prescribed boundary conditions of the problem, a system of linear

algebraic equations is obtained. The solution of this system of equations, produces the

boundary unknowns.

6. By using the boundary data obtained in the previous step, all the domain information
in terms of primary variables and their derivatives can be obtained using the domain

integral equations.

The above steps will be followed in obtaining the boundary element equations for
beams and plates in chapter 3 and chapter 4 respectively. It should be noted that for the
case of beams, the boundary elements are reduced to ‘nodes' at the supports and

therefore, step 4 is omitted from the procedure.

2.4 Advantages over other Numerical Methods

In recent years the boundary element techniques have been increasingly gaining

popularity among the numerical methods, due to the following advantages :

Discretization : The most important feature of boundary elements is that it only requires

discretization of the surface (boundary) rather than the volume, which always reduce the
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problem by one dimension, e.g. if we are discretizing a two dimensional body, we need
only line elements (one-dimension). Hence boundary element codes are easier to use with
existing solid modellers and mesh generators. This advantage is particularly important for
designing as the process usually involves a series of modifications which are more
difficult to carry out using finite elements. Meshes can easily be generated and design

changes do not require a complete remeshing.

Reduced set of equations : The boundary element method generally offers the

advantage over 'domain' type methods, of working with smaller system of equations as a

result of the discretization process.

Numerical accuracy : Since approximation is made only on the boundary, the boundary

element method, in general, does not have any interpolation error inside the domain.

Stress_concentration_problems : Unlike the displacement-based FEM procedure of
obtaining the stresses indirectly from the domain nodal displacements, the BEM offers a
direct way of stress computation via its integral equations. Such advantage is more

marked in stress concentration and high gradients problems.

Despite the above important advantages, the method has some limitations. The
method requires a ‘fundamental solution' of the given differential equation. This is a
difficult task which shows up in the case of non-linear or non-homogeneous problems

where obtaining the fundamental solution is almost impossible. Such a difficulty can,
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however, be overcome by considering the part of differential equation, for which we have
a fundamental solution and treating the remaining part as a fictitious body force to be

computed iteratively [Ref. 20 and 60].
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CHAPTER 3

BEAMS

3.1 Prismatic Beams

Consider a uniform Bernoulli-Euler beam element 1-2 of length L and subjected

to lateral loading as shown in Figure 3-1. The governing differential equation for
transverse deflection of the beam is

d*w

El
dx*

+f(x)=0 0<x<L (3.1)

where w =transverse deflection of the beam;
EI = flexural rigidity;

f{x) = distributed load.

21
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Figure 3-1 Beam with uniform section
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The boundary element method begins by considering the domain of the problem in
its entirety without subdivisions. All the discretization is performed on the boundary. In
this case, there are only two "nodes" involved, regardless of the complexity of the
problem. The two nodes are placed, respectively at x=0 and at x = L as shown in Figure

3-1. The slope 6(x), moment M(x) and shear V(x) are related to the primary variable,

deflection w{x) by :
0= 6:2)
2
M) =B Y. (3.3)
dx
dw
V(x) =El ) : , (3.4)

The above variables are shown in Figure in their positive sense. In order to derive the
boundary integral equations, multiply the left hand side of equation (3.1) by a weighting

function w* and integrate over the domain of the beam, i.e.
Ij{ d*w \

El—+f *dx =0 3.5
oo 09
Integrating eqn. (3.5) once by parts, we get

I,T(Elﬁi—+f(x)w de+[v w‘]’: =0 (3.52)
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f(x)

Figure 3-2 Positive sense for forces and displacements
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And two more integrations give

2, dw' « =L
7[E1d—‘-v-d +f(x)w ]dx +[VW‘ -de ] =0 (3.5b)
0 dx dx dx x=0

waw N T e T
lf(EI +f()wJ l.Vw—M +0 EI JVO 0

dx dx?
(3.5¢)
The fourth integration gives
? d4w‘ ‘\ . ) . 3 . =L
wEI o Hw | dx+ . dw d“w d’w _
- +0 EI - wEI =0
0 dx J Vw -M dx dx? v dx3 0
(3.5d)
If we define
. dw'
0= o
2 s
M =B and
dx?

3 .

V =EI -d:ll:— equation (3.5d) becomes
X
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d4w*
dx?

o

+]1X=L
)def(x) w® dx -[-Vw® +MB" -eM” +wV ];0 =0 (3.5¢)
0

As a particular choice for the auxiliary function w'(x, &) we introduce the idea of

fundamental solution. Let us choose w'(x, £) such that it satisfies the following

differential equation

Eli’;xl; + 8(x-£)=0 (3.6)

where § is Dirac delta function, which has the following properties

0 x#&

d(x-¢) = (3.6a)
0 x=£

?g(x) o(x-&) dx = g(€) (3.6b)

0

Then equation (3.5¢) becomes
x=L L .
W(§)=[V w - MO +OM" -wV” ]FO + jf(x) w* dx (.7)
0

Furthermore, equation (3.7) may be differentiated with respect to § to produce

representation for slope, moment and shear at any point  on the beam.
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dx (3.8)

The boundary element model consists of the entire beam demarked by nodes at its
two ends. In order to have a well-posed problem, it is necessary to have a certain number
of boundary conditions specified. The boundary conditions are of two types. Specified
values of the displacements (w) and slope (B) are known as "forced" or "essential”
boundary conditions. Specified values of the shearing forces (V) and the bending moment
(M) are known as "natural" boundary conditions. A well-posed problem specifies either a
shearing force or displacemén; at éboundary point; and either a bending moment or slope
at the point. It is important to understand that both a shearing force and a displacement
carnot be prescribed at the same point; neither can both a bending moment and a slope
specified. However, one or the other of each of these boundary conditions must be
specified for a unique solution to exist. Note that there are always four known boundary

conditions and four unknown boundary conditions in a well-posed problem.

The boundary element method proceeds from this point by first solving for the
unknown boundary data ( that has not been specified) in terms of those which have been
specified. To successfully implement this procedure, four simultaneous equations in the

four unknown quantities must be obtained. These equations can be obtained in the
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following matrix form by applying equation(3.7) and equation (3.8) at the boundary

points i.e. £ = 0 and & — L corresponding to subscipts 1 and 2 such that

(I-Vl’ ©) M) V@§Y MLY ] (W ]
V00 1+M (00 VLY M Lo | |6 F
-V" (0,1) M"(O,L) 1+Y‘ Ly -M (L.L) W,

V'L M@OL V' @LL 1-M (L) 6, |
‘ )
IIf(x) w' (x,0) dx
0
w'(00) 6°0,0 wLoO -9wo! (v K
[-W’ (0,0) et (0,0) W‘ (L,O) _et (L,O)] lMl . zf(x)w (X,O) dX» (39)

-w"(O,L) 8°(o,1) w"’(L,L) -G'l(L, L) leJ

IJ‘f(x) w* (x,L) dx
w (0L 6" (L) w'(@LL) -6°(@LL) M 0

I '
f fx) w* (x,L) dx
Lo J

where ’ implies the differentiation with respect to & i.e. —,

23

w; = deflection at node 1 and w, = deflection at node 2
0, = rotation at node 1 and 0, = rotation at node 2
M, = moment at node 1 and M, = moment at node 2

V1 =shear at node 1 and V.= shear at node 2.
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Thus, once the fundamental solution is known, equation (3.7) furnishes a
complete representation of the solution of the original boundary value problem in terms

of the values of deflection, slope, moment, shear at the beam ends and the given load

function fx).

3.2 Fundamental Solution for Prismatic Beam

The fundamental solution, w” of the equation (3.7), if EI is taken to be constant

i.e. prismatic beam, can be derived as follows :
Consider the differential equation (3.6)

d'w’

El
dx*

+ 8(x-£)=0

The integration of the above equation with respect to x, yields

Cl X<§
=V = where 0<C; <1
-(1-C)  x>E

d3w*

EI
a3

The function V* is plotted as shown in Figure 3-3 and it is clear from the figure that the

slope of V* is zero every where except at x = £ where it becomes - as it should be

according to equation (3.6).
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Figure 3-3 The function, V*



For symmetry let us choose

1
Cl = E‘
% x<§
Therefore V* = (3.102)
1
l—; x>E

Integrate V* with respect to x to get M*

—(x~§) x<&
d2w* 2
=M= 3.10b
EI o2 M 1 5 (3.10b)
—5&-0  x>g

Integrate M* with respect to x to get 0*

%
dw' 4EI X<&
g (3.100)
& (x-8)?
T x>5

and finally integrating 0* with respect to x , we get

[ x-8
12 EIL x<§
W' = (3.10d)
(x-§)3
2 E x>5
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Substituting the above fundamental solution in equation (3.9), we get the following

equation

[H]{A} = [G] {F} + (B} (3.11)
where
{1 0 -1 L] [o 0o -3 3L2]
110 1 0 -1 1 0 0 312 -6L|
[H]"E[-l L 1 oJ’ (Gl = 121-:1‘ 2 32 o o
0 -1 0 1 [31} 6L 0 oJ
( ]
-I]‘x3 fx)dx |
0
w V,
: ' 3?x2 f(x) dx
W= E={""md @i, O L
w, |’ Vv, 12 El,

92 Mz

(x-L)3 f(x) dx

0
L-3?(x -L)? f(x) dx
0 J

Equation (3.11) is the usual form for boundary element matrices. Since unknown

values of {A} align with known values of {F} in equation (3.11) and vice-versa, the

system of equations may be rearranged into form :

(Al {x} = {Z}

(.12)
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where {X} contains all the unknown boundary data, and {Z} contains the algebraic sum
of the products of all known boundary values with their corresponding columns of [G] or
[H] as the case may be. It should be noted that neither [H] nor [G] are symmetric. It

should also be noted that none of these matrices is a "stiffness" matrix in the usual

structures sense.

Once the system (3.12) is solved, all the unknown boundary values of forces and
displacements will be known. These are substituted in to the domain equation for
deflection i.e. equation (3.7) and the resulting equation can be evaluated at any point &.
The same ist true fof tﬂ; Vdo;m-;,in equation for slope i.e. equation (3.8). Also equation (3.8)
may be differentiated further to obtain the shearing force and the bending moment at any

point E.

3.3 Non - Prismatic Beams

Consider the beam shown in Figure 3-4, whose depth is a function of x. The

governing differential equation(GDE) for transverse deflection of the beam is given by

2 2W
'&x—z(EI(x)E;i-) +fx) =0 0<x<L, (3.13)
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Let w, , 0,, M, and V, be the deflection, slope, moment and shear respectively at the
left end of the beam,w,, 8,, M, and V, be the deflection, slope, moment and shear
respectively at the right end of the beam. Multiply equation (3.13) by a weighting

function w” and integrate over the length of the beam to get :

Ij’ 4 dw 3.13
1S FE0 ) + 91w de =0 (3.132)

Integrate by parts four times, we get

.\ d2 :\ d 2 « L
?w EI(x) Jd { kEI(x) J:‘O [-dﬁ EI(x) W]

0

2 L ( 2
[EI(X dw dd: L [ . di EI(x)-q-—J] ?f(x) w'dx =0

0

(3.14)

If w* (derived in the next section) is chosen to be the fundamental solution (as defined in

section 3.1) of equation (3.13a) i.e.

a2 ( 2%

-——LEI(x) J +8(x-E) =0 (3.15)

where 3(x-£) is the Dirac delta.
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Figure 3-4 Beam with varying rigidity
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then equation (3.14) becomes :
. - . + |X=L *
W(E..)=[Vw ~-MO*+0M® -wV ]:=o + ?f(x)w dx (3.16)
0

Eqn.(3.16) computes the deflection w at any point inside the domain (0, L) in terms of
boundary values of w, 8, M, V and the given function of the load f{(x). Apply eqn.(3.16)
and its derivatives with respect to £ at the boundary points i.e. £ >0 and € —> L to get

the boundary equations similar to equation (3.11)

[H}{A} =[G] {F} + {B} G.17)

_ The explicit expressions of the elements of [H] and [G] matrices can be obtained by using

the fundamental solution and after applying the boundary conditions and rearranging the

known and the unknown variables, we get an equation similar to equation (3.12), written

as
(Al {x} = {z} (3.18)

where {X} contains all the unknown boundary data, and {Z} contains the algebraic sum

of the products of all known boundary values with their corresponding columns of [G] or

[H] as the case may be.
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3.4 Derivation of Fundamental Solution Non-Prismatic Sections

3.4.1 Linear variation

The fundamental solution of the differential equation governing the beams of
variable thickness can be derived using the available fundamental solution of the beam
with uniform depth. For instance, if the depth, h(x) of the beam varies linearly such as

h(x) = h,(1+bx) as shown in Figure 3-5, the governing differential equation becomes

2 Y
d—x?(EIO (1+bx)° "

) +£(x) = 0 0<x<L (3.19)

i

where h, and I, are the depth and moment of inertia at the origin and b is a constant.
Since the change in stiffness will not effect V" and M of prismatic beams i.e. Equations

(3.10a) and (3.10b). Therefore they can also be used for non-prismatic beams.

M’ = -Sgn(x-£) ﬁzﬁl (3.20a)
V= --;— Sgn(x-&) (3.20b)
1 x > E

where Sgn(x-£) =



3

N
h, (1+ bx)
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Figure 3-5 Linear variation
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Integrate M* with respect to x, between x and £ to get 6°

M F e @D
° 'I_E_Idx Z'Sg“(x'&) 2EL (1+ bx)’

~ 1 i -1 1 3
= —Sgn(x-3) 2 El, [b2 ((1+bx) ¥ 2(1+bx)2) ¥ 2b(1+bX)2]:

) 1 [ 1+be 2 1
= —Sgn(x-§)4EIob2 [(l""bX)z - (1+bX) + (1+b§)] (320C)

integrate 0° with respect to x, between x and £ to get w'
T

1 [ <a+by) 1 x
2b?(1+ bx) L

- S Log(1+bx) +
2L | arbe | b e

w’ =?e‘dx = ~Sgn(x-£)
g

. .l 1 1] 2, 1+bx]
W - Sgl-g) 4E1°b2|(x'§){1+bx+1+bg}' b '8 ez (3209
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Figure 3-6 Parabolic Variation
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3.4.2 Parabolic variation

If the depth of beam varies parabolically i.e. h(x) = h,(1+ bx?) as shown in

Figure 3-6, the governing differetial equation becomes

& B a+oy Y 4 g = o0 0<x<L (3.21)
E( of X)E;) (x) = <x< -
Again, V' and M are same as before and 6" can be obtained by integrating M’

N N 2
o ‘Z S8 e (e oty

- 1 !- <(1+bx&) 3xE 3 & tan” (x «/g)_lx
Sgn(x-9 EL,| 8b(1+bx?)2 ~ 16(1+bx2)  16+b Jg
_ 1] +bxp) 3xE 3 € tan”! (x v/b) 1
= SD Bl marbd)? T l6ebad) | 1646 8b(1+bED)

L3, 3gtan"(§JE)] (3.222)
16(1 + b&?) 16 Vb
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((1+bx2))
3E1
‘—Te'dx _ 1| X tan™! (x J§)+ E ) ogL b J
v i B _Sg"(x'aEIollsb(nbxz)' 16b§ 16 b(1+bx?) 32b

3xgtan’(xVb) | 3Elog(1+bx?)

16 Vb 32b
1 382 3 tan € VB) )|
X Baro ) Tebene)  164b Jg

W' = -Sgn(X-ﬁ)E; [ &-x + tan” (€ Jb)-tan(x Jb) +

l_l6b(l+bx2) y b;
3% (4, . 4 x| -8
+16J3(m" & 6)-tan”'x Vb)) Sb(1+bE2) 16b(1+b§2)_|

(3.22b)

Similarly, fundamental solutions can be derived for other types of variations in
depth of the beam. On substitution of the fundamental solutions derived in this section in

to equation (3.16), we get the exact expressions for elements of the matrices [H] and

[G].
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3.5 Continuous Non-Prismatic Beams

The above formulation can be extended to the analysis of continuous beams with
varying flexural rigidity. In continuous beams, the procedure is basically the same as for
single span beams taaking into consideration the connectivity between the spans. To
explain this, let us Consider a two-span continuous beam with arbitrary boundary
condition as shown in Figure 3-7. Let us first define the variables, wy, 0,, M,and V; as
the deflection, slope, moment and shear respectively at support 1, w is the deflection at
support 2, 81 , My, and Vy; are the slope, moment and shear respectively just before
the support 2 and 92_3 , 5423_ , a_md Vas are the slope, moment and shear respectively just
after the support 2 and finally ws , 83, M , and V3 are the deflection, slope, moment
and shear respectively at support 3. The total number of unknowns in the beam is 10 (
i.e. 2 at support 1, 6 at support 2 and 2 at support 3). The application of equation (3.17)
to both span yields 8 equations. The remaining two equations can be obtained by

satisfying the continuity and equilibrium at the intermediate support. i.e.
Moment before the support = - Moment after the support i.e.
le‘—‘ - Mz3 = Mz (3.23 a)

Slope before the support = -Slope after the support i.e. 621 = - 623 = 02. (3.23b)
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f(x)
Y,w
b ‘ ‘ ‘ '. 3
|, 2
by () ﬁ
L, L, _ L, J
e (

Figure 3-7 Continuous beam with varying flexural rigidity
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After using the above two relations, the final equations become :

v,
W) ] Ml
9 \Z3
[H10, t =[G11Vas+{B} (3.24)
w3 M,
83 Vs
(M3

where [H], [G] and vector {B} are as defined in equation (3.9). Then the boundary
conditions are applied and the above system of equations is solved for the unknowns at

the supports.



CHAPTER 4

PLATES

4.1 Introduction

The solution of plates with variable thickness has been of great interest to many
investigators during the past decades. The literature review shows that analytical
solutions of the plate problem, in general, limited to relatively simple plate geometry,

loading and boundary conditions [Ref. 29, 30, 31, 32].

Although there is considerable application of the boundary element method to the
analysis of plates with constant thickness [ e.g. 50-55 ], its application to the case of
plates with variable thickness is limited. This is obviously because the fundamental
solution for the governing equation cannot be established, at least in a form that could be

useful to develop a pure boundary element solution. This fact led to the investigation and

46
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development of iterative techniques. In the cases where the fundamental solutions are not
available, an iterative scheme has to be followed in which a fundamental solution to a part
of the differential equation is used while the remaining part of the equation is treated as a
fictitious unknown body force that can be updated in each iteration. Iterative methods for
solving boundary element equations are discussed in detail in ref. [64]. This procedure is
followed in reference [60] in which the fundamental solution of plate with uniform
thickness is used and the remaining part of the equation is treated as a fictitious body
force which can be calculated by discretizing the plate domains. Such procedure,

however, loses the unique advantage of the boundary element method of dealing with

unknowns over the boundary.

In the present work, the problem of a plate with linearly varying flexural rigidity is
solved by splitting the biharmonic equation for transverse deflection of the plate into two
Poisson's equations [34]. Each Poisson's equation has a known fundamental solution and
therefore the BEM technique can be applied directly and the iterative procedure is
avoided. This procedure greatly simplifies the computational work required for the

solution of the problem and retains the advantage of the method mentioned above.



13

48

4.2 Governing Equations

In the plate bending, the plane x, - X, is taken to coincide with the mid plane of
the plate as shown in Figure 4-1. The applied forces are per unit area inside the plate and
per unit of length along I'. The positive directions of the forces and moments are
indicated in Figure 4-2. According to small deflection theory of thin non-prismatic

plates, the governing differential equation is given [ 34 ] by :

oD o oD 0o
DV? V2w + 2=——V?w + 2——V2w + VD V?
w ox, Bx, W+ o % w w
4.1
. |@Ddw #D &Pw  FDIw
-0\ 57 -2 t T | T
Oxy 0x) axlaxz 0x10x, 0x3 0Xj
where w= deflection of the mid plane of the plate
D(x; ;x5 ) = flexural rigidity
q(x; , X ) = distributed load
The bending moments and shearing forces are related to w as :
& *w)
M, = -D| % + o—‘;"J (4.2)
xy X3
o*w azw)
M, = -Dl— + v—=|, 4.3)
o\ g
w
M,;, = D(1- 4.4
12 (1-v) ooy 44



'3

49

X;,w

Xy

Figure 4-1 Coordinate System



X3,W

............................................................................

Xy

M3,

Figure 4-2 Plate element
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0 Fw (3w o*w
=.p —V? ( + u——) and 4.5a)
& 0%, ax ax x, 0Ox,\ox’ 0x; ¢
2 2
Q =D Lvw-Bg_y T D (a Yoy o2 ‘;") . (4.5b)
0%, 6xl 0x,0%, ax 0x; ox;
effective shearing forces
V,=Q,- (4.5¢)
2
V,=Q,- M, (4.5d)

1
Using equations (4.4, 4,52, 4.5b) in equations (4.5¢c and 4.5d) we get

ow D o’w
=. —(DV? ..2_ _— -DQ - , 4.6a
v, (D w) (- ")axax o a- u) ax2 (1-v) o (4.62)
o*w aD o*w
v, —-———DV’ -—Dl—u 4.6b
( ax ox, ax ( )axzax,z (4.6b)

As a particular case of application of equation (4.1), let us consider the case in which the

flexural rigidity D is linear function of x; and x, expressed in the form
D=D°+Dl Xy +D2 X2 (47)

where D, , D; and D, are constants. In such case, equation (4.1) becomes

(D, +D, x, +D, x,)V*V?w + 2 D,axivzw +2D, 9 viw=q (4.8)
1 2
which can be written as

v2[(D, +D,x, +D,x,)V’w] =q
or simply

v*[D Viw] =g (4.9)
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4.3 Reduction of the plate bending differential equation to two

Poisson's equations

To make the solution of the plate bending problem easier, let us replace the fourth

order differential equation (4.9) of the plate bending problem by two equations of the

second order which represent the deflections of a membrane or Poisson's equation [34].

Let us now introduce a new notation which is defined as

M M, &w
(1+v) ox3
Therefore
vw=-M
D

+ asz (4.10)

2

@.11)

Substituting equation (4.11) into equation (4.9)

VM = -q

(4.12)

Now the fourth order differential equation (4.9) is transformed into two second order

Poisson's equations (4.11) & (4.12) which can be solved through the following two

steps:

o Stepl: Solve equation (4.12) and get the solution of 'M' inside the domain.
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e StepIl: Solve equation (4.11) for deflection 'w' using the values 'M' inside the

domain obtained in step I and the corresponding rigidity D.

In both steps the equation dealt with is Poisson's equation. The boundary element

solution for such equation is discussed in the following section.

4.4 Boundary Element Formulation for Poisson'’s Equation

Consider, the following general two-dimensional Poisson's equation in Q.

aVu+f=0 . (4.13)

and a, is a specified coefficient and f is a specified function of x; and x,. In addition to

the primary variable u, we also seek

q=a o
15455

o (4.14)
q2=ao_672'

The boundary conditions considered here are such that at each point on the boundary I
either the potential u or the flux q, =q; m; + q2 np s prescribed, where n; are the unit
normals to the boundary. Multiplying equation (4.13) by a weighting function u* and

integrating by parts using divergence theorem, we get the following variational

formulation,
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Domain Q

aVlu+f=0

Figure 4-3 Notation for Poisson's equation
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Boundary T’
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Iau( au)+au'( u )dQ

Qo \0 0k, ) B, \ 0 ax,

+Iu

a 1+1a ds+fufdQ=0
r l:(oaxl °6x2 Z.l Q

Integrating by parts once again, we get the following inverse formulation,

al a af au’ \l )
— l o+ d
fz{axl o)t gty |92 Lo ds

. r n\ * T
-H.(%%Jn]+ (ao%) nz]ds+ gflu‘fdQ =0

1

“In short equation (4.16) can be written as

Juv?e') da = -[u'q, ds +fug)ds - fu'rdo
Q r r Q

e ar ]
where q; = aol-ax—l n, + £ n2J

S5

(4.15)

(4.16)

(4.17)

(4.18)
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4.4.1 Boundary Integral Equations

Our aim is now to find a solution satisfying the Poisson's equation. If we assume

that u* satisfies equation (4.13) with f being a concentrated charge acting at a point £,

ie.
V3 + §(®-E) = 0 (4.19)

where § is a Dirac delta function which has the following two properties :

0 X=E

5x-) = : (4.20)
0 i:E

cllg(i)a('i—z) dQ = g®) (4.21)

The solution of equation (4.19) is called the 'fundamental solution'. If equation (4.19) is

used in equation (4.17) we get
Jus-Bda = fu'q, ds-fuglds +Ju'faQ (4.222)
Q r r Q

Using equation (4.21) in equation (4.22a) we get

U(E)= I u'qy, ds -I uqyds + I u'fdQ (4.22b)
r T Q
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Assuming that we have the fundamental solution u#* equation (4.22b) gives us the
solution of the primary variable « at any point & in terms of the boundary values of » and

g» For an isotropic two dimensional medium the fundamental solution [65] of equation

(4.19)is

u'= 1 In
2na,

= | -

(4.232)

Where r is the distance from the source point of application of the unit potential (&1, &2)

to the field point under consideration as shown in Figure 4-4 , i.e.

r= \/(xl &)+ (- &) (4.23b)
1
and g,*= - pom (pl n + p, nz) (4.24)
P = b & '
Where < r ¢ (4.25)
p, = 2 —=2

Use equations (4.23a) & (4.24) in equation (4.22b)

1 + 1 1
W - E{{“M‘—rﬂds‘ .\ a_“[q“'“(?)ds

+ 1 If ln(l)dQ:i; EeQ

a8 0 r

(4.26)



23

X2

Source point (§;, €2)
O

!

VA

O Field point (X] , X2 )

>l

p-X1

Figure 4-4 Notation for source and field points

58



23

59
Equation (4.26) is called the domain integral equation and it enables us to calculate the
primary variable u at any point £ inside the domain Q, by using both the primary and

secondary variables over the boundary and the specified function, f, over the domain.

The secondary variables such as the fluxes can also be obtained directly by taking

proper derivatives of equation (4.26) i.e.

o1l a-26bn - 20000, P |
= - + Jq. =L ds+ £ dO 4.27
@ = go-e Ju TR ds + Ja, s+ ]eSh a0 @2

- 1 1-2p3)n, - 2
42(®) = -a, Ju { "2)“22 P12 BL 4o 4 [q, P2 ds+ f£ B2 dg] (4.28)
2ni. “r r r r o T

where € in Q.

4.4.2 Boundary Element Equations

Equation (4.26) is also applicable as ¢ — T, but as € — T, at some point on

the boundary when X — €, r — 0, the integrands of equation (4.26) become singular.

1 ..
The integral containing lx(—r-) is not a problem because the function is integrable but the
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.. 1 . . . .
one containing T needs special treatment. The treatment of singular integrals is

discussed in section 4.4.4. When equation (4.26) is applied on the boundary, we get the

boundary integral equation which has the following form

1 + 1 1
u(g) = E[iuwds + a—oi[qnln(;)ds
v L s m(l)dcz] Eerl

A 0 r

(4.29)

where the notation ¥ is used to indicate the singularity of the integral.

The boundary element equations can be obtained by discretizing the boundary (integrals
containing the boundary unknowns) and the domain ( integrals containing the known

body force). Let us divide I into N elements as shown in Figure 4-5, then equation (4.26)

becomes
. S o+ pyn 1 XN 1 -
amu®)- 3 futl—£22 ds=— 3 fq,In|-|ds +B; EonI (4.30)
j=lrj r a9 =1 l‘j r

where i = 1, N and B; is a vector representing the domain integral in equation (4.26)

which will be discussed in section 4.4.3
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X2

I3 I Nodes

X1

Element

Figure 4-5 Boundary discretization



62

Let us approximate u and g, on the boundary by assuming linear variation over

each boundary element, i.e.
u = uBm + v, (431)
Gn = M + ;@M (4.32)

where u® is the potential at node j, .5 is flux after node j-1, and ¢, is flux before

node j, and ¢ and ¢, are the linear interpolation functions which can be written in terms

of a local coordinates 1} as
b1 =5 (1) (433)
b2 =50+ 439

where 1| ranges from -1 to 1. The global coordinate system Xis transformed linearly to

the local coordinates % using the same interpolation functions

% = 39, + %%, (4.35)
dX2
So that n,ds=dx, =—=dn, and
dn
dx
nzds = "dxl = d‘l‘; d]’]

After using the above definitions in boundary integral equation (4.30) we get
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Zuu(a)- g}um[ﬁz(————p'n’ :p,nz) ds + | cb,(————p‘n' +p2n2) ds]

Y T r

-1 iqf” fé,In (l) ds +q@™"M [ ¢,In (—1—) ds + B, (4.36)
5 T.

ao ) Tin

Applying Equation (4.36) at the N boundary nodes, we get the following boundary

element equation written in matrix form :

N aN
dYHiu = )Gi¢i+B; i=1,N (4.36a)
i 2 '
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Nodal values

Nodal values ofuorq
ofuorq
n= l n= -1
q2j+l W qzj n <_—J qzj-l ! qzj-z
“ e >

2 112

Figure 4-6 Linear element
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Typical
Domain Cell

A

X1

Typical Boundary Element

Figure 4-7 Boundary elements and internal cells for numerical integration
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4.4.3 Computation of Vector {B}

4.4.3.1 Distributed loads

B,:_‘[fu‘(i,gi)dﬂ - 21;0 i flnr(_’ég’) 40 (4.37)

Let us divide the domain Q into M number of cells as shown in Figure 4 -7. and integrate

numerically over each cell.
M
B=——) [fln—=—dn, (4.38)

zmo e=l qQ, r(’i,éi)

Let us approximate the function, fl' and the coordinates X over each cell

m
f= ,_Zf' &) » (4.39)
vl
x1=,§xl o;,M,) (4.40)
m
Xy = I_leé ¢o;(m;,m;) and (4.41)
dx, dx, = J dn, dny, (4.42)

where ¢; are interpolation functions, m is the number of nodes associated with each cell

and J is Jacobean which is given by
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Fq . Pq N
. =1 oy = Om @.43)
YL VR %

i=1 | oy =1~ o

For a four noded rectangular element as shown in Figure 4-8 the interpolation functions

are

1. .
‘1’1“4(1 n,)(1-7n;)

0, =31+ n)(1-m,)
(4.44)
b, =5 (-0 )(1+n,)

b =5 +n)(141)

where -1<m; <1 and -1<ny; <1

For a 3-noded triangular element as shown in Figure 4-9, the interpolation functions are

b =m
¢, =m, (4.45)
b=1-m-m,

where 0<1; <1 and 0<n, <1
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Li¥]

4T T3

Figure 4-8 Four - Noded rectangular element

i 1
3 » i

Figure 4-9 Three - Noded triangular element
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The integral over each cell can be written as

IF(n‘,nz) dn, dn,. (4.46)
Q,

4.4.3.2 Concentrated loads

In the case of concentrated loads, Problem becomes very simple, the domain does not

need to be descretized. The load vector B; in equation (4.37) becomes :

B, = [Q3(X-%) u'(®E)dQ - (4.47)

where Q is 'the concentrated load applied at %,. Using the property of Dirac delta

function, the equation (4.47) reduces to

Bi=Qu¥(%., £)

4.4.4 Computation of singular integrals

4.4.4.1 Computation of H :

Consider the special boundary condition of u = u, = constant, then its derivative qq

becomes zero.i.e.  [H] {u} =[G] {q,,}
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u, [H] {I} = {0}

so that [H]{I} =0

N
ie. Hi= -YH (4.48)
=
i

But [H] depends only on the geometry of the boundary. Therefore equation (4.48) is also

true for general boundary conditions.

4.4.4.2 Computation of G'®Y ;

1 -
Consider the integral J ¢, In (;) ds for £ is at node i
L

“r=J-sand ds = -dr and ¢,(r) = (1-r/L}) as shown in Figure 4-10a, where ]; is the length

ofI';. Then

[

1{_4;2 lne)ds=—§(1-3 lnG) dr = _Ei[ln @) - 1.5] (4.49)

'3
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E(i-c-l)

@

Ea-n

)

Figure 4-10 Computation of singular elements G*



Similarly for the integral I N ln( ) ds when € is at node i

Tin

r=s and ds = dr as shown in Figure 4-10b

¢1(r)= (

1+l )

r! lq>11n( ) ds=- f ( -llﬂ)lne—) g = L [ln (341 - 1.9]

Therefore boundary equation can be written in matrix form as

[H] {u)

where HY =1

Gi @i-1) _ 4

= [6]{a.} + (B}

fiy + poht n, +p,on
I%(Pl 1tP z)ds- Id)l(pl 1 TP 2)ds .
1#])

r

T

+ n; +p5n .
l_j¢2(91n| ernz)ds + -[(bl(pl 1T P2 z)ds P=j

L § L T

’I¢zlnG)ds i%]

{%[ln(li) 18 Q=g

72

(4.50)

(4.51)

(4.52)

(4.53)
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(1 1

—.H;lln(—)ds i

o © Fjn r

G @) =4 (4.54)

1:
L—'gi[ln(li,,,) - 18] i=j

The boundary element method proceeds from this point by first solving for the
unknown boundary data ( that has not been specified) in terms of that which has been
specified. Equation (4.51) is the usual form for boundary element matrices. Since
unknown values of {u} align.with known values of {q.} in equation (4.51) and vice-

versa, the system of equations may be reordered into form :

Al {x} = {z} (455)

where {X} contains all the unknown boundary data, and {Z} contains the algebraic sum
of the products of all known boundary values with their corresponding columns of [G] or

[H] as the case may be. Once we have solved the equation (4.55) for {u} and {q.}, we

can determine u at any point E in Q using the following domain equation.

N_. . N_._ .
YHIW + XGq) (4.56)

~ : 1
u(g)=u'=-
21| j=1 =
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where u' and ¢’ are boundary variables obtained from equation (4.55) , expressions for
H'i and G* are same as H' and G'/ given in equations (4.52 - 4.54) and 'bar’ represents

that the matrices are for domain equations.

4.4.5 Numerical Integration

Gauss quadrature method for numerical integration is one of the many schemes

for numerical evaluation of definite integrals. All the boundary integrals can be written in

the form } F(n) dn . We can approximate these integrals using Gauss quadrature method

ie.
}1 Fn) dn = .:ilwi F(m;) (4.58)

where n is the number of Gauss points in the interval (-1, 1), n; are the base points and w;

are the weight factors. Values for n; and W; are listed in Table 4-1 for n=2 to n=10 [ 65].

Similarly a domain integral can be computed as

n n
}1 }IF(m,nz)dm dn, = Z‘i Z‘iwiwj F(yi,m2;) (4.59)
- - l: F



Table 4-1 Location of the Gauss points and their weights

xn;

Wi

0.5773 02691 89626

0.00000 00000 00000
0.77459 66692 41483

0.33998 10435 84856
0.56113 63115 94053

0.00000 00000 00000
0.53846 93101 05683
0.90617 98459 38664

0.23861 91860 83197
0.66120 93864 66265
0.93246 95142 03152

0.00000 00000 00000
0.40584 51513 77397
0.74153 11855 99394
0.94910 79123 42759

0.18343 46424 95650
0.52553 24099 16329
0.79666 64774 13627
0.96028 98564 97536

0.00000 00000 00000
0.32425 34234 03809
0.61337 14327 00590
0.83603 11073 26636
0.96816 02395 07626

0.14887 43389 81631
0.43339 53941 29247
0.67940 95682 99024
0.86506 33666 88985
0.97390 65285 17172

n=2 -
1.00000 00000 0_9900
n=3
0.88888 83888 38388
0.55555 55555 55555
n=4
0.65214 51548 62546
0.34785 48451 37454
n=5 ")
0.56888 83888 88889
0.47862 86704 99366
0.23692 638850 56189
n=6
0.46791 39345 72691
0.36076 15730 48139
0.17132 44923 79170
n=7 ’
0.41795 91836 73469
0.38183 00505 05119
0.27970 53914 89277
0.12948 49661 68870
n=8
0.36268 37833 78362
0.31370 66458 77887
0.22238 10344 53374
0.10122 85362 90376
n=9
0.33023 93550 01260
0.31234 70770 40033
0.26061 06964 02935
0.18064 81606 94857
0.08127 43883 61574
n=10
0.29552 42247 14753
0.26926 67193 09936
0.21908 63625 15982
0.74945 13491 50581
0.06667 13443 08688
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CHAPTER 5

APPLICATIONS

5.1 BE Formulation for Simply Supported Plates

In the case of simply supported plates, the procedure discussed in the previous
chapter can be applied directly. We start with the solution of the equation governing the

variable M ( as defined in equation 4.10), i.e.
VM +q=0 (5.1)
with boundary conditionM=0o0n I".

From this solution we find the nodal values of M in the domain. Then we solve the

following equation for deflection of the plate w.
Viw + — =0 (5.2)

with the boundary condition w = 0 and the known body force M/D over the domain.

76
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5.1.1 Boundary element equations

Boundary element formulation for Poisson's equation has already been discussed
in detail in section 4.4. Consider equation (5.1), after the boundary discretization of

equation (5.1), we get the following boundary element equations
11 04} = 6] {22} + (3) 63
where [H] and [G] are as defined in chapter 4 equation (4.52 through 4.54) and
. :
B=| qy, In (—) dQ (5:4)
Q I _.

We solve equation (5.3) for the unknown boundary data, then using the following domain

equation , we find the nodal values of M inside the domain

1

M(E) =-7 %ﬁ‘iMi + %G‘i %’] (5.5)

TLj=t =1

where the expressions for H' and G" are defined in equation (4.52 through 4.54). Then

we consider the following equation
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Viw + % =0 (5.6)

which has the following integral solution (see equation 4.22)

w(g) = £ % ! a;’n' ds +£w'%dg (5.7

which yields the following boundary element equation (after the discretization)

[H] {w} = [6] {6.}+ {B} (5.8)

1\
where®, = 2% ad B= [= In( JdQ (5.9)
on r :

On solving the boundary element equations i.e. equation {5.8) we obtain all the unknown

boundary data, then the following domain equations can be used to calculate the

deflection at any point E inside the domain

w(E) = ZH" wi+ ZG'j %‘:—j} (5.10)

TLj=1 =1



5.1.2 Computation of Stresses

We know from equation (4.22) that the primary variable

w(&)= [w'e, ds-fwo? ds +[w* MdQ; EeQ
r r a D

In order to compute stresses, the second derivatives of w are required.

Pw Fw' > Fw' M
d —— — dQ
bl ]{aa% wis+ o D
similarly
Fw W 62 Pw M
8, d D wds + | — dO
& 1[5§§ ° II‘ % wds cj) & D

We know that the fundamental solution of the Poisson's equation

w = --l—lnl
2% T

where 7 is as defined in equation (4.23a)

Fw' (1 'ZP%)

&% = - - and
Fw _ {1-20})
&% 21 2

where p; and p; are as defined in equation (4.25)
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(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)
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Therefore
M, = - 92_“; + uizlz”’_} (5.17)
&y %3
M, = 1{32 }and (5.18)
%3 af..l
o*w
M, = -M,;, = D(l"’)aa % 5.19)

Substituting equations(5.12) to (5.16)) into equations (5.17) to (5.19), we get the

bending moments, from which stresses can be calculated directly.

5.2 Other Boundary Conditions

In the case of other boundary conditions, equation (5.1) and (5.2) cannot be
solved independently of each other, since for each equation the number of boundary
unknowns are either less or more than the available boundary element equations. For n
boundary elements, equations (5.3) and (5.4) yields 2n equations and equation (5.5)
yields another m equations for the domain nodal values of M. The total number of
quantities is 2n+m which have to be solved simultaneously for 2n+m unknowns (i.e. 2n

boundary values and m values of M).



81

5.3 Numerical Examples

Two generalized programs in FORTRAN 77 have been developed for the analysis

of beams and plates of varying thickness based on the proposed method of analysis

discussed in chapters 3 and 4.
1. NPBEAM

2. NPLATE

In order to investigate the capability and accuracy of the proposed method and
programs, some numerical examples have been solved and the results are compared with

the available analytical and numerical methods.

5.3.1 Program NPBEAM

The detail description of the program NPBEAM and its flow chart is given in
Appendix A. This program is developed for the analysis of continuous non-prismatic
beams based on the theory discussed in chapter 3. This program can be used for the
analysis of beams with the finearly or parabolically varying depth and carrying any kind
of loading, partial or entire span loading. To demonstrate the simplicity and accuracy of
the procedure and to test the reliability of the program, four different examples have been
solved. The results are compared with the available analytical and numerical solutions to

demonstrate the efficiency and accuracy of the program.
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5.3.1.1 Example 1 : A symmetrical non-prismatic beam with linearly varying depth

Consider a single span beam with linearly varying depth carrying uniformly
distributed load and both edges are fixed as shown in Figure 5-1. This problem is solved
by BEM, using the program NPBEAM. The results for the fixed end moments,
deflection and moment at the mid span are given in Table 5-1. The second column
shows the results obtained by NPBEAM, third column shows the results obtained from

PCA Tables [ 5 ] and the last column shows the results obtained from STRUDL [ 66 ] by

dividing the beam into 10 elements.
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Where L = 15 units, ¢ = 1 unit, h; = 1 unit and h; = 2 units

Figure 5-1 Beam with linearly varying thickness carrying imiformly distributed load
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Table 5-1 Fixed end moments of the beam shown in Figure 5-1

Variable BEM PCA STRUDL
M,y 23.346 23.346 23.3818
M. 4.807 4.779 4.895
We 372.80 - 372.798




85

5.3.1.2 Example 2 : A symmetrical non-prismatic beam with parabolically varying
depth

Consider a single span symmetrical non-prismatic beam with parabolic varying
depth carrying uniformly distributed load and both edges are fixed as shown in Figure 5-
2. This problem is solved by BEM, using the program NPBEAM. The results are given
in Table 5-2. The second column shows the results obtained by NPBEAM, third column
shows the results obtained from PCA Tables [ 5 ] and the last column shows the results
obtained from STRUDL by dividing the beam into 15 elements. From Table 5-2, we can

see that the results are exactly the same as the results obtained from PCA.
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Where L = 10 units, q = 1 unit, h; = 1 unit and h; = 2 units

Figure 5-2 Beam with parabolic varying thickness carrying uniformly distributed load
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Table 5-2 Fixed end moments of the beam shown in Figure 5-2
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Variable BEM PCA STRUDL
M.y 10.253 10.250 10.2025
M. 2.74 274 2.69
We 110.75 - 110.23
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5.3.1.3 Example 3 : Generation of PCA Tables for a non-prismatic beams

Consider the following problem of an un-symmetrical beam section with
parabolic & straight haunch as shown in Figure 5-3a and 5-3b. Table 5-3 & Table 5.4,
similar to PCA table 26 and table 52 respectively, for the fixed moments of the two
different kinds of problems have been generated for illustration purpose. Fixed end
moment coefficients for uniformly distributed load and concentrated loads are given for
different members with parabolically and linearly varying depth. The left haunch of the
beam shown in Figure 5-3a and 5-3b is kept constant while the right haunch is given 35
sets of dimensions. The lengths of the haunches in terms of the length of the member are
0.1,0.2, 0.3, 0.4, 0.5, 0.75 and 1.00. Depth of the haunches are given by the ratio » and
its values are 0.4, 0.6, 1.0, 1.5 and 2.0. Concentrated loads are placed at points 0.3, 0.5

and 0.7 of the length of the member. The following notations are used in Figure 5-3 and

in Table 5-3 & Table 5-4.

an  =ratio of the length of haunch at end A to the length of span

ag = ratio of the length of haunch at end B to the length of span

b = ratio of the distance from loading point to end A to the length of span

ha  =depth of the member at end A
hs  =depth of the member at end B

he = depth of the member at uniform section
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(b) Straight haunch, Carrying concentrated load

Figure 5-3 Unsymmetrical haunch beam
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= Total length of the member
= fixed end moment (F.E.M) at end A of the member
= fixed end moment (F.E.M) at end B of the member

= concentrated load.

hy —h
=-A_"C atendA
he

_hg—he
he

atend B

= intensity of uniform load.
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Table 5-3 Fixed end moment coefficient for the beam shown in Figure 5-3a

(Similar to PCA Table 26)
Right Hanuch Moment coefficient
a fs M ab Mbpa
0.40 0.0795 0.0914
0.60 0.0782 0.0940
0.1 1.00 0.0765 0.0976
1.50 0.0751 0.1006
2.00 0.0742 0.1025
0.40 0.0768 0.0975
0.60 G.0745 0.1025
0.2 1.00 0.0712 0.1098
1.50 0.0684 0.1161
2.00 0.0665 0.1205
0.40 0.0750 0.1018
0.60 0.0720 0.1088
0.3 1.00 0.0673 0.1196
1.50 0.0633 0.1292
2.00 0.0605 0.1362
0.40 0.0739 0.1045
0.60 0.0703 0.1129
0.4 1.00 0.0647 0.1266
1.50 0.0596 0.1395
2.00 0.0559 0.1491
0.40 0.0732 0.1058
0.60 0.0693 0.1152
0.5 1.00 0.0630 0.1310
1.50 0.0571 0.1464
2.00 0.0527 0.1586
0.40 0.0717 0.1059
0.60 0.0672 0.1157
0.75 1.00 0.0600 0.1331
1.50 0.0533 0.1514
2.00 0.0481 0.1668
0.40 0.0698 0.1045
0.60 0.0648 0.1137
1.00 1.00 0.0568 0.1300
1.50 0.0492 0.1473
2.00 0.0439 0.1622




Table 5-4 Fixed end moment coefficient for the beam shown in Figure 5-3 b

(Similar to PCA Table 52)
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Fixed end moment coefficient

Right Haunch b
0.3 0.5 0.7
a s Mab Mpa Map Mea Man Mba
0.40 0.1426 10.0724 (0.1164 [0.1432 [0.0534 0.1672
0.60 0.1412 10.0753 [0.1137 10.1489 ]0.0505 [0.1734
0.1 1.00 0.1393 [0.0795 |0.11 0.1568 10.0464 [0.1821
1.50 0.1378 10.0826 [0.1072 |0.1628 ]0.0434 |0.1885
2.00 0.1369 10.0847 (0.1055 |0.1669 [0.0415 [0.1931
0.40 0.1391 10.0806 (0.1102 }0.1585 [0.0476 ]0.1809
0.60 0.1363 |0.0871 [0.1049 ]0.1701 ]0.0423 10.1929
0.2 11.00 0.1321 |0.0968 }0.0971 10.188 0.0346 |0.2104
1.50 0.1287 10.1049 }0.0908 |0.203 0.0285 |0.2247
2.00 0.1264 [0.1104 ]0.0866 |0.213 0.0246 |0.2339
0.40 0.1368 |0.087 0.1064 10.1684 10.0453 10.1865
0.60 0.1327 [0.097 0.099 0.1862 |0.0387 10.2017
03 {1.00 0.1262 |0.1134 10.0874 |0.215 0.0289 10.2252
1.50 0.1203 10.1286 [0.0771 [0.2412 ]0.0208 }0.2452
2.00 0.1161 [0.1396 |0.07 2599 0.0155 |0.2586
0.40 0.1355 [0.0911 10.1044 (0.1734 0.0449 [0.1849
0.60 0.1305 {0.1041 10.0858 ]0.195 0.0383 |0.2001
04 |1.00 0.1219 101274 [0.0815 ]0.2328 (0.0283 ]0.2241
1.50 0.1134¢ 10.1513 [0.1679 [0.2704 10.0199 [0.2453
2.00 0.107 01702 |0.0578 10.2984 10.0144 [0.2597
0.40 0.1346 10.093 0.1032 [0.1733 10.0448 |0.1812
0.60 0.1291 [0.1079 10.0941 [0.1958 {0.0384 10.195
0.5 [1.00 0.1192 10.1364 [0.1788 |0.2371 10.0288 [0.2175
1.50 0.1087 lo.1688 |0.0636 [0.2812 0.0020 [0.2382
2.00 0.1001 10.1969 [0.0519 10.3174 {0.0153 }0.253
0.40 0.1207 10.0915 [0.0972 l0.1648 10.0432 {0.1734
0.60 01227 l0.1058 [0.0872 |0.1823 |0.0369 [0.1837
0.75 11.00 0.1108 10.1343 [0.0717 l0.2137 [0.0281 {0.2003
1.50 0.0987 [0.1694 |0.058 0.2471 |0.0212 [0.216
2.00 0.0886 10.2037 |0.0748 [0.2756 ]0.0167 ]0.2281
0.40 0.1243 10.0884 |0.0954 ]0.1582 [0.0436 {0.1686
0.60 0.1153 l0.1002 [0.0849 [0.1718 |0.0375 [0.1667
1.00 [1.00 0.1004 [0.1222 [0.0691 [0.1952 [0.0288 {0.1894
1.50 0.0861 [0.1468 |0.0554 [0.2185 |0.022 0.201
2.00 0.0751 0.1684 [0.0459 [0.2372 [0.0176 |0.2098
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5.3.1.4 Example 4 : Continuous bridge girder of variable depth

Consider the following problem of a continuous bridge girder of variable depth as
shown in Figure 5-4. The depth of the girder varies parabolically, Depth at the mid span
and at both ends of the beam = 2.5 units and at the intermediate supports = 7.5 units. An
analytical solution using slope deflection and PCA tables for this problem is available [1].
This problem has also been solved using STRUDL by dividing the beam into 20, 40, 60
and 80 elements a.md the results of bending moments, slopes and support reactions are
given in Table 5-5. In this table, second column represents the analytical results, third
column shows the results obtained by BEM and the last three columns show the results
obtained by STRiJDL. In the table, M stands for moment, © stands for rotation and R
stands for support reaction and subscripts for the support number i.e. M, means moment

at support 2 and 01 means rotation at support 1 and so on.

Since the execution time of the computer mainly depends on the number of
equations to be solved, Tt would be meaningful to compare BEM and FEM in this aspect.
BEM does not require discretization of the beam therefore, it needs to solve four
simultaneous equation for each span whereas in FEM, domain of the beam needs to be

discretized, therefore, the number of equations to be solved increases as the number of

elements increases.



IEXEEEEXEEEIZREEREEEEEE XK KA’

le 36
*

Parabolic

72

4

36

Figure 5-4 Continuous bridge girder with parabolically varying depth
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Table 5-5 Bending moments, slopes and support reactions of the beam shown in

Figure 5-4
Variable Analytical BEM STRUDL
3elements® | 20 elem.* 40 elem.* 80 elem.*
M, 594.0 593.75 589.13 592.56 593.44
M, 453.0 452.81 450.39 452.18 452.64
6, 289.20 290.25 288.56 282.20 290.0
6, 423.84 423.92 426.12 425.58 424.66
63 614.89 615.50 618.35 617.85 616.39
0, 772.76 775.54 776.80 776.24 775.51
R, 1.50 1.51 1.64 1.54 1.52
R, 72.85 72.45 72.29 72.41 72.44
R, 46.15 46.62 46.58 46.61 46.62
Rs -12.5 -12.58 -12.5 -12.6 -12.57
No. Eqns. - 12 38 78 158

* Total number of elements for 3 spans.
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5.3.2 Program NPLATE

The detailed description of the program NPLATE and its flow chart is given in Appendix
A. This program is developed for the analysis of plates of linearly varying stiffness based
on the theory discussed in the previous chapter. This program can be used for the
analysis of plates with linearly varying stiffness and carrying any kind of loading, partial
or entire span loading. To demonstrate the simplicity and capability of the procedure and
to test the reliability of the program five different examples have been solved. The results
are compared with the available analytical and numerical solutions to demonstrate the
efficiency and accuracy of the program.- The most distinguished feature of this program is
that, it needs a simple 3 lines input file describing the dimensions of the plate, boundary
cc;nditions, type of loading and its value and the variation in thickness which can be seen
in the sample input file for the program NPLATE in Appendix A.

5.3.2.1 Example 1 : Simply supported square plate carrying a concentrated load at
the center

Consider a simply supported square plate of side a with uniform thickness carrying a
concentrated load at the center as shown in Figure 5-5. This problem is solved just to
demonstrate the accuracy of BEM when dealing with the problems involving singular
solutions. Using the program NPLATE and dividing the plate into 60 boundary elements,

bending moments along the center line parallel to X- axis are calculated.
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Figure 5-5 Simply Supported Square Plate of Uniform Thickness carrying a central
Concentrated Load
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Figure 5-6 Profile of M, along the center line of the plate parallel to X-axis

as shown in Figure 5-5
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In order to compare the results, the problem is solved by finite element method by
dividing a quadrant of plate into 16 nine-noded Lagrangian elements. The moment, M
along the center line parallel to X-axis is calculated and plotted against the length of the
plate as shown in Figure 5-6. From the plot one can easily see that the boundary element

method could give the results more accurate than FEM near the center particularly.

5.3.2.2 Example 2 : Simply supported plate with linearly varying thickness carrying
linearly varying load

Consider a simply supported square plate of side a with linearly varying thickness
and carrying linearly varying load as shown in Figure 5-7. The analytical solution of this
problem is available [30] and it was solved using the Levy's method. This problem is
solved using program NPLATE by dividing the plate into 84 boundary elements as shown
in Figure 5-8 and using FEM by dividing half of the plate into 32 nine-noded Lagrangian
elements as shown in Figure 5-9. Deflection and moment about x and y axes are

calculated along the center line of the plate parallel to y-axis. The results are shown in

Table 5-6, Table 5-7 and Table 5-8.
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Figure 5-7 Simply supported plate with linearly varying thickness
carrying linearly varying load.
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Figure 5-8 Boundary discretization of the plate shown in Figure 5-7
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Figure 5-9 Finite Element mesh for the half of the plate shown in Figure 5-7



Table 5-6 Values of the deflection coefficient k of the plate shown in Figure 5-7

along the line x = a/2 for v=10.16

w = kfﬂsﬁt
D,

Y/a BEM Analytical FEM
0.0163 0.0215 0.0220 0.0210
0.1750 0.2050 0.2072 0.1990
0.3350 0.3070 0.3095 0.3000
0.4940 0.3270 0.3270 0.3210
0.6530 0.2762 0.2787 0.2730
0.8120 0.1725 0.1834 0.1690
0.9720 0.0284 0.0307 0.0270
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Table 5-7 Values of the coefficient k of M, of the plate shown in Figure 5-7

along the line x=a/2 for v=10.16

M, = k2
T
Yia BEM Analytical FEM
0.0163 0.4080 0.4190 0.4000
0.1750 0.5920 0.5935 0.5300
0.3350 1.2137 1.2171 1.1100
0.4940 1.6600 1.6630 1.6300
0.6530 1.7584 1.7613 1.6000
0.8120 1.3855 1.3965 1.1900
0.9720 0.2658 0.2787 . 0.2200
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Table 5-8 Values of the coefficient k of M, of the plate shown in Figure 5-7

along the line x = a/2 for v=0.16

M, = 2
Y/a BEM Analytical FEM
0.0163 0.1050 0.1082 0.0900
0.1750 0.8650 0.8676 0.8100
0.3350 1.2548 1.2683 1.23GC0
0.4940 1.4773 1.4778 1.4400
0.6530 1.5098 1.5116 1.4900
0.8120 1.2155 1.2277 1.2500
0.9720 0.2678 0.2754 0.30CO0

105



'3

106

5.3.2.3 Example 3 : Simply supported plate with linearly varying stiffness in both
direction

Consider a simply supported plate with linearly varying rigidity in both directions
along x and y axes and carrying uniformly distributed load as shown in Figure 5-10. This
problem is solved using program NPLATE by dividing the plate into 84 boundary
elements and using FEM by dividing the whole plate into 64 nine-noded Lagrangian
elements as shown in Figure 5-11. Deflection and moment, M, along the center line x =
a/2 are calculated and the results are shown in Table 5-9. Since no analytical solution is
available for this problem, the results are compared with FEM results only. The results of

this problem obtained by program NPLATE are very close to the FEM results.
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Figure 5-10 Simply supported plate with varying rigidity in both x and y directions.
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Figure 5-11 Finite element mesh for the plate shown in Figure 5-10.
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Table 5-9 Deflection and M, along the center line x = a/2 of the plate

shown in Figure 5-10, for a=b=1,v=0.3, D,=1and q=1.

109

y Deflection, w My
BEM FEM BEM FEM
0.125 0.01986 0.01850 0.2252 0.2207
0.250 0.03288 0.03155 0.3291 0.3185
0.500 0.04042 0.03890 0.3706 0.3670
0.750 0.02717 0.02670 0.2853 0.2771
0.875 0.01527 0.01485 0.187 0.1785
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5.3.2.4 Example 4 :Plate with linearly varying stiffness, three sides simply supported
and the fourth side fixed.

Consider a plate with linearly varying stiffness and carrying linearly varying load
with the boundary conditions, three edges are simply supported and one edge is fixed as
shown in Figure 5-12. This problem is solved using program NPLATE by dividing the
plate boundary into 84 boundary elements. In the finite element solution the plate is
divided into 64 nine-noded Lagrangian finite elements as shown in Figure 5-11. Bending
moments at various points along the built in edge are calculated and are shown in Table
5-10. Since there is no analytical solution availabie for this particular problem, the results

are compared with finite element results only. However, for the case of uniform rigidity,
analytical solution is available [30]. For the testing purpose, the results of the uniform

plate shown in Figure 5-13 are also compared in Table 5-11.
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Figure 5-12 Plate with linearly varying thickness, three sides simply supported,

the fourth side fixed and carrying linearly varying load



Table 5-10 Moment M, along the fixed edge of the plate shown in Figure 5-12

fora=b=1,v=0.16,D,=1and q,= 1

X/a BEM FEM
0.1250 0.0409 0.0349
0.2500 0.0644 0.0602
0.3750 0.0763 0.0751
0.5000 0.0982 0.0840
0.6250 0.0763 0.0751
0.7500 0.0644 0.0602
0.8750 0.0409 0.0349
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Figure 5-13 Square Plate with Uniform thickness three sides simply supported, the fourth
side fixed and carrying linearly varying load .



Table 5-11 Moment, M along the fixed edge of the plate shown in Figure 5-13

fora=b=1,v=03,D,=1landq, =1

Xa BEM Analytical FEM
0.1250 0.0135 0.0130 0.0130
0.2500 0.0248 0.0250 0.0239
0.3750 0.0347 0.0350 0.0338
0.5000 0.0420 0.0420 0.0415
0.6260 0.0440 0.0440 0.0429
0.7500 0.0413 0.0400 0.0402
0.8750 0.0300 0.0260 0.0280
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CHAPTER 6

SUMMARY AND CONCLUSIONS

An exact method of analysis of non-prismatic beams and a simple method of
analysis of plates with linearly varying stiffness is proposed. The fundamental solutions
for‘ non-prismatic beams of linear and parabolic depth profiles are derived and exact
relations are obtained in terms of variables over the nodes. The method has also been
extended to soive continuous non-prismatic beams carrying any kind of loading. A
generalized computer program NPBEAM is developed in FORTRAN 77 to readily apply
the proposed method. Several numerical examples are solved using this program and the
results are compared with available numerical and analytical solutions. The accuracy of

the method has also been verified by the standard PCA Tables .

In the case of plates, a simple method of analysis of plates with linearly varying
stiffness is proposed incorporating the boundary element method. The method is to

divide the biharmonic differential equation of transverse deflection of the plate into two
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second order Poisson’s equations and it greatly simplifies the complexities of the
problem. A generalized computer program NPLATE is developed in FORTRAN 77 to
readily apply the proposed method for the analysis of plate with linearly varying stiffness
under any kind of loading, partial or entire span loading. Several numerical examples are
solved using this program and the accuracy of the method has also been verified by

comparing the results of the available analytical and numerical solutions.

Based on the theory developed and the results obtained for the numerical

examples and the verification of the results by the standard methods, the following

conclusions are drawn :

Non-Prismatic Beams :

1. For the case of beams, prismatic or non-prismatic, as the boundary conditions are
satisfied exactly in the modelling., the BEM leads to exact solution. Comparison of

the results obtained from BEM with those from classical analysis affirms the

exactness of this method.

2. PCA Tables are availabe only for linearly and parabolic haunched beams fixed at both
ends and carrying concentrated or full span uniformly distributed loading. The

program NPBEAM can be used to generate similar tables for other cases.
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3. The computer program NPBEAM is capable of analyzing beam with general stiffnesss

variation. In view of its accuracy, it can be used as a reliable tool to check the

accuracy of other methods.

4. In addition to the accuracy, the number of boundary element equations involved in the
analysis of continuous non-prismatic beams are much less than those involved in other

numerical methods such as finite difference and finite element methods.

Non-Prismatic Plates :

1. The proposed boundary element method provides a simple and reasonably accurate

solution of plates with linearly varying stiffness. The method is particularly efficient

for simply supported plates.

2. An important advantage of the BEM is its capability of dealing with problems which

involves singular solutions as demonstrated by the example of a plate subjected to a

central concentrated load.

3. The computer program NPLATE has been developed to readily analyze a plate. The

program requires a simple input file which can be prepared with éase.



APPENDIX A

DESCRIPTION OF THE PROGRAMS NPBEAM &
NPLATE
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Figure A-1Flow chart of the program NPBEAM
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A.1 Description of the program NPBEAM

The flow chart of the program NPBEAM is shown in the previous page. The main

program consists of a series of call statements of subprograms.
INPUTD : This subroutine reads the required input data

BOUNDR : This is just a master-subroutine for the computation of the boundary

details and forming the final boundary element equation i.e.

[ANX}={Z}.

HMATRX  : This subroutine computes the elements of H-matrix to calculate

boundary variables.

GMATRX  : This subroutine computes the elements of G-matrix to calculate

boundary variables.

BOUNDC  : This subroutine applies the boundary conditions of the beam ends for

calculating the combined boundary element matrix for each span.

EMATRX : This subroutine calculates the combined boundary element matrix for

each span.
LVECTE  : This subroutine calculates the load vector i.e. {B} for each span.

CLOAD + This subroutine calculates the elements of the load vector for

concentrated load.
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: This subroutine calculates the elements of the load vector for uniformly

distributed load.

: This subroutine calculates the elements of the load vector for Varying

load.

: This subroutine calculates the combined boundary element matrix [A],

load vector {Z} for the whole structure and solves for the boundary

unknowns.
: This subroutine prints the boundary results
: This subroutine calculates all the required variables at the domain points.

: This subroutine prints the domain results.
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A.2 Description of the program NPLATE

The flow chart of the program NPLATE is shown in the previous page. The main

program consists of a series of call statements of subprograms.

INPUTD

MESHGN

NUMBER

COGRDN

BCNVAL

LODIST

BOUNDR

INTPOL

: This subroutine reads the required input data

: This is just a master-subroutine for mesh generation, it calls the

following four subroutines.

: This subroutine generates the node numbers of all the boundary

elements.

: This subroutine generates the nodal coordinates all the boundary

i

elements.

: This subroutine assigrs the boundary condition and its prescribed valuve

from the input data, to each boundary node.

: This subroutine calculates intensity of the load at various points of the

domain, if there is any distributed load.

: This is also a master-subroutine for the computation of the boundary

details and forming the final boundary element equation i.e. [A]{X}

={Z}. it calls the following three subroutines.

: This subroutine computes the interpolation functions.



HGMATB

LVECTB

SOLVER

BRESLT

DOMAIN

DRESLT

3

124

: This subroutine computes the elements of H and G matrices to calculate

boundary variables.

: This subroutine computes the elements of load vector {B}. It calls

LINTEG, if there is any domain load and CVECTR, if there is any

concentrated load.

: This subroutine calculates the combined boundary element matrix [A],

load vector {Z} for the whole structure and solves for the boundary

unknowns.,

: This subroutine prints the boundary results

: This subroutine calculates all the required variables at the domain points.

It calls HGMATD for computing the elements of H and G matrices for
domain and LVECTD for computing elements of the load vector for

domain.

: This subroutine prints the domain results.



A.3 Example Problem

Following is the input file of program NPBEAM for the numerical example 5.3.1.3.

FXAMPLE PROBLEM OF 3-SPAN CONTINUOUS BRIDGE GIRDER

UNITS FREE

3

10.0

2 36.0

3 108.0

h 48,0

12 2.5 7.5 1
1110 0.0 36.0
22 2.5 7.5 1
111.0 -36.0 36.0
32 2.5 7.5 O
11
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Following is the output file of program NPBEAM for the numerical example 5.3.1.3.

EXAMPLE PROBLEM OF 3-SPAN CONTINUOUS BRIDGE GIRDER

UNITS FREE

NUMBER OF SPANS........ =3

NODE # XCORD

1 0.0

2 36.0

3 108.0

n 4.0

ISPAN TYPE VARTN

1 PARABOLIC 0.00154
2 PARABOLIC 0.00154
3 PARABOLIC 0.00154
LOADING :

1SPAN TYPE VALUE LENGTH
1 1 1.0 36
2 1 1.0 72

BOUNDARY CONDITIONS :
LEFT END RIGHT END
HINGED HINGED

BOUNDARY VARIABLES :

NODE DEFL. ROTATION MOMENT REACTION

1 0.000000E+00 0.290250E+03  0.000000E+00 -0.150679€+01
2 0.000000E+00 -0.423922E+03  0.5937H6E+03 0.724510E+02
3 0.000000E+00 0.615U98E+03  0,452809E+03 0.166209E+02

I 0.000000E+00 -0.7755U5E+03 0.000000E+00 -0.125781£+02
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A.4 Example Problem

Following is the input file of program NPLATE for the numerical example 5.3.2.2.

TEST PROBLEM-EXAMPLE 5.3.2.2
UNITS : FREE
1.0 21 21 0.3 3 1
0.0 7.0
0.0 7.0

- O 20 0

11

O -t v = -
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Following is the output file of program NPLATE for the numerical example 5.3.2.2.

RESULTS OF THE PROGRAM NPLATE

- - - - - "

PLATE TYPE ......... : NON-PRISMATIC

STIFFNESS VARIES LINEARLY ALONG Y-AXIS
BOUNDARY CONDITIONS..: ALL SIMPLY SUPPORTED
TYPE OF LOADING......: LINEARLY VARYING LOAD ALONG Y-AXIS

STRUCTURAL DATA :

- - - -~

UNITS :FREE

LENGTH OF THE PLATE ALONG X-AXiS ..: 1.000
LENGTH OF THE PLATE ALONG Y-AXIS ..: 1,000
INITIAL STIFFNESS OF THE PLATE.....: 1.000
VARIATION OF STIFFNESS IN X-DIR....: 0.000
VARIATION OF STIFFNESS IN Y-DIR....: 7.000
VARIATION OF LOAD IN X-DIR ........: 0.000
VARIATION OF LOAD IN Y-DIR ........: 7.000
YOUNGS MODULUS, E .........ocvvveet 1,000
POISSONS RATIO ........ verersreeesst 0,160
NUMBER OF BOUNDARY ELEMENTS .......: 84

-~ o o - - - -

NODE# X-CORD Y-CORD DEFLECTION ROTATION
1 0.000E+00 0.000E+00 0.0000E+00 0.522E-05
2 0.323E-01 0.000E+00 0.0000E+00 -0.191E-02
3 0.968E-01 0.000E+00 0.0000E+00 -0.559E-02
bk 0.129E+00 0.000E+00 0.0000£+00 -0.730E-02
5 0.194E+00 0.000E+00 0.0000E+00 -0.10hE-01
6 0.226E+00 0.000E+00 0.0000E+00 -0.118E-01
7 0.290E+00 0.000E+00 0.0000E+00 -0. 1H1E-01
8 0.323E+00 0.000E+00 0.0000E+00 -0.150E-01
9 0.387E+00 0.000E+00 0.0000E+00 ~0.165E-01
10 0.419E+00 0.000E+00 0.0000E+00 -0.169E-01

11 0.h8UE+00 0.000E+00 0.0000E+00 -0.17hE-01
12 0.516E+00 0.000E+00 0.0000E+00 ~0. 174E-01
13 0.581E+00 0.000E+00 0.0000E+00 -0.169E-01
h 0.613E+00 0.000E+00 0.0000E+00 -0.165E-01
15 0.677€E+00 0.00GE+00 0.0000E+00 ~0.150E£-01
16 0.710E+00 0.000E+00 0.000C0E+Q0 =0.1M1E-01
17 0.774E+00 0.000E+00 0.0000E+00 ~0.118E~01
18 0.806E+00 0.000E+00 0.0000E+00 ~0.10hE-01
19 0.871E+00 0.000E+00 0.0000E+00 -0.730E-02
20 0.903E+00 0.000E+00 0.0000E+00 -0.559E-02
21 0.968E+00 0.000E+00 0.0000E+00 =-0.191E-02
22 0.100E+01 0.000E+00 0.0000E+00 0.GUUE~D5
23 0.100E+01 0.645E-01 0.0000E+00 -0.373E-02
2h 0.100E+01 0.968E-01 0.0000E+00 -0.513F-02



25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
ho
1
h2
h3
hy
hs
hé6
47
h8
L9
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
7
75
76
17
78
79

0.100E+01
0.100E+01
0.100E+01
0.100E+01
0.100E+01
0.100E+01
0.100E+01
0. 100E+01
0.100E+01
0.100E+01
0.100E+01
0.100E+01
0.100E+01
0.100E+01
0. 100E+01
0.100E+01
0.100E+01
0. 100E+01
0.968E+00
0.935E+00
0.871E+00
0.839E+00
0.77hE+O0
0.742€E+00
0.677E+00
0.645E+00
0.581E+00
0.548E+00
0.484E+00
0.452E+00
0.387E+00
0.355E+00
0.290E+00
0.258E+00
0.191E+00
0.161E+00
0.968E-01
0.6U45E-01
~0.173E-05
=0.173E-05
=0.173E-05
~0.173E-05
=-0.173E-05
=0.173E-05
=0.173E-05
-0.173E-05
=0.173E-05
=0.173E-05
=0.173€E-05
-0.173E-05
=0.173E-05
=0.173E-05
=0.173E-05
~0.173E-05
-0.173E-05

0.161E+00
0. 194E+00
0.258E+00
0.290E+00
0.355E+00
0.387E+00
0.452E+00
0. u48LE+0O0
0.548E+00
0.581E+00
0.6U5E+00
0.677E+00
0.7u42E+00
0.774E+00
0.839E+00
0.871E+00
0.935E+00
0.968E+00
0.100E+01
0. 100E+01
0.100E+01
0.100E+01
0.100E+01
0. 100E+01
0.100E+01
0.100E+01
0.100E+01
0.100E+01
0. 100E+01
0. 100E+01
0.100E+01
0.100E+01
0. 100E+01
0. 100E+01
0.100E+01
0. 100E+01
0.100E+01
0. 100E+01
0.100E+01
0.968E+00
0.903E+00
0.871E+00
0.806E+00
0.774E+00
0.710E+00
0.677E+00
0.613E+00
0.581E+00
0.516E+00
0.484E+00
0.419E+00
0.387E+00
0.323E+00
0.290€+00
0.226E+00

0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+0Q0
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000£+00
0.000NE+00
0G.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00

~0.838E-02
-0.962E-02
=0.116E-01
=0.124E-01
=-0.135E-01
-0.138E-01
=0.141E-01
=-0.141E-01

~0.136E-01

~0.132E-01
=0.121E-01
-0. 114E-01
=0.971E-02
=0.873E-02
~0.65UE-02
=0.53hE-02
=0.275E-02
-0.139E-02
-0.139E-02
=0.274E-02
-0.528£-02
-0.6h4E-02
=0.850E-02
~0.938E-02
=0.108E-01
=0.114E-01
-0.122E-01
=0.124E-01
-0.125E-01
-0. 124E-01
=0.118E-01
=0.11hE-01
-0.102E-01
=0.938E-02
-0.752E-02
-0.6hNME-02
-0.h05E-02
~0.274E-02
0.119E-05
=0.139E-02
-0.407E-02
=0.534E-02
-0.768E-02
-0.873E-02
-0.106E-01
-0.11hE-O1
=0.127E-01
-0.132e-01
=0.139E-01
-0.141E-01
-0. 140E~01
=0.138E~01
=0.130E-01
~0.124E-01
-0.107E-01
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80
81
82
83
8t

-0.173E-05
-0.173E-05
-0.173E-05
~0.173E-05
-0.173E-05

0.194E+00
0.129E+00
0.968E-01
0.645E-01
0.323E-01

SOLUTION AT DOMAIN POINTS :

0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00
0.0000E+00

-0.962E-02
-0.699E-02
-0.543E-02
-0.373E-02
=0.191E-02

X~CORD Y-CORD DEFLECTION ROTATION-X

SOLUTION ALONG THE MiD SPAN PARALLEL

0.50
0.50
0.50

0000000000

NERCECECECECECEGECEC G RIS IR IR I IR U L
ggOOOOQOOOOOOOOOOOOOOOOO

000000000 QOoO0O00O0OC
(GRS AT IS
QO Q0 OO0

0.02
0.05
0.08
0.11
0.15
0.18
0.21
0.24
0.27
0.31
0.3h
0.37
0.40
0.44

o

P N~N~NOCOOOWVUIG D
NOWAWORNWORWO N

A%

:oo\ocooo
N O

o000 O0000COQOQOOSe
\\n

[+

0.2077E-01
0.6174E-01
0.1011E+00
0.1378E+00
0.1716E+00
0.2019E+00
0.2288E+00
0.2522E+00
0.2720E+00
0.288LE+00
0.3014E+00
0.3111£+00
0.3176E+00
0.3209E+00
0.3213E+00
0.3188E+00
0.3136E+00
0.3056E+00
0.2951E+00
0.2821E+00
0.2668E+00
0.2492E+00
0.2295E+00
0.2078E+00
0. 1843E+00
0.1591E+00
0.1324E+00
0.1081E+00
0.7537E-01
0.4555E-01
0.1524E-01

0.1135E-06
0.6947E-07
0.7720E-07
0.8086E-07
0.9398E-07
0.1029E-06
0.1107E-06
0.1180E-06
0.1255E-06
0.1329E-06
0. 13h40E-06
0.1390E-06
0.1368E-06
0.1356E-06
0.1330E-06
0.1381E-06
0.1259E-06
0.1288E-06
0.1228FE-06
0.1233E-06
0.1135E-06
0.1053E-06
0.9992£-07
0.1001E-06
0.9513E-07
0.8897E~07
0.8623E-07
0.8H75E-07
0.8260E-07
0.9632E-07
0.2102E-06

SOLUTION ALONG THE MiD SPAN PARALLEL

0.02
0.05
0.08
0.11
0.15
0.18
0.21
0.2h

OO OO0 O0O00O0
(G IRC BRC ERC RS RS B RN
D00 Q00020

0.1717£-01
0.5123E-01
0.8453E-01
0.1166E+00
0. 1472E+00
0.1759E+00
0.2024E+00
0.2267E+00

0.1394E-01
0.1372E-01
0.1331E-01
0.127hE-01
0.1204E-01
0.1123E-01
0.1032E-01
0.9325E-02

ROTATION-Y

TO X-AXIS

0.1728E-01
. 1668E-01
. 1569E-01
L MUTE-01
.1312E-01
. 1169E-01
. 1024E-01
.8792E-02
. 7359E-02
.5956E-02
.4588E-02
.3262E-02
.1977E-02
.7359€-03
-0.4623E-03
-0.1618E-02
-0.2729E-02
~0.3800E-02
-0.4826E-02
-0.5810E-02
-0.67h8E-02
-0.7639E-02
=0.8478E-02
-0.9260E-02
~-0.9982E-02
~0.1063E~-01
-0.1121E-01
-0.1170E-01
-0.1208E-01
-0.1236E-01
-0.1250E~-01

OO0 DO DTOOOQDO0O0OO0O

TO X~-AXIS

~0.7928E-0l
=-0.2373E-03
-0.3943E-03
~-0.5U4THE-03
-0.69U4E-03
-0.8333E-03
-0.9623E-03
-0.1080E-02

MOMENT -X

-0.8992E-01
~0.2806E+00
-0.4U494E+O0
-0.5984E+00
-0.7298E+00
-0.8U453E+00
~0.9470E+00
-0.1036E+01
-0.1115E+01
-0.1183E+01
-0. 1244E+01
~0.1296E+01
=0. 1342E+01
-0.1381E+01
-0. 14 1HE+O1
~0. 14B1E+0T
-0.1461E+01
-0.1474E+01
=0. 1479E+01
~0.1475E+01
=0. th61E+01
~0.1435E401
-0. 139hE+O1
-0.1336E+01
-0.1258E+01
=0.1157E+01
~0. 1029E+01
~0.8696GE+0D
=0.6713E+00
=0.h382E+00
-0.1557E+00

.2260E-01
L6171E-01
.8833E-01
. 10U47E+00
. 1129E+00
. 1145E+00
. 1112E+00
10U E+Q00

D200 Q00000

MOMENT -Y

-0.3511E-01
-0.1194E+00
=0.2140E+00
-0.3176E+00
-0.4282E+00
~0.5436E+00
-0.6617E+00
-0.7807£+00
-0.8983E+00
-0.1013E+01
-0.1122E+01
-0.1225E+01
=~0.1319E+01
=0.1403E+01
~0. 1476E+01
-0.1535E+01
-0.1580E+01
-0.1609E+01
-0.1621E+01
=0.1611FE+01
~0.1588E+01
-0.1502E+01
~0. 14756401
~0.1386E+01
-0.1275E+01
~0. 1TH1E+D)
-0.9837F+00
-0.80390+00
-0.6015E4+00
=0.3767E+00
-0.1305E+00

-0.2260E-01
-0.6172E-01
-0.8832E-01
=0.1047E+00
=0.1129E+Q0
~0. 11h5E+00
-0.1112E+00
=0. 1001 F+00
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0.27
0.31
0.34
0.37
0.40
0.44
0.u47
0.50
0.53
0.56
0.60
0.63
0.66
0.69
0.73
0.76
0.79
0.82
0.85
0.89
0.92
0.95
0.98
0.50
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\n
o

Ut
(=]
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556860560

000 D000 O00O0O0O0OOOO0OODOOOCOOOO
(GG, IRE BV BRSNS IR IR IR I IR
OO0 000000000 OOCO

(SRS Y RS ]
Q

0.2483E+00
0.267HE+00
0.2836E+00
0.2969E+00
0.3072E+00
0.3145E+00
0.3184E+00
0.3188E+00
0.3185E+00
0.3147E+00
0.3075E+00
0.2972E+00
0.2839E+00
0.2677E+00
0.2487E+00
0.2270E+00
0.2028E+00
0. 1762E+00
0. 1475E+00
0.1169E+00
0.8472E-01
0.5135E-01
0.1721E-01
0.3191E+00

0.8266E-02
0.7152E-02
0.5993E-02
0.4795E-02
0.3559E-02
0.2274E-02
0.8500E-03
0.1207E-06
-0.8676E-03
-0.2292E-02
=0.3577E-02
-0.4813E-02
~0.6011E-02
=0.7170£-02
~-0.8283E-02
~0.9342E-02
-0.1033E-01
-0.1124E~-01
=0. 1206E-01
-0.1276E~01
=0.1332E-01
-0.1373E-01
-0.1394E-01
~0.7005E-0h

-0.1184E~02
~0.1272E-02
-0. 1344E~02
~0.1395E-02
-0.1418E~-02
-0.1394E-02
=0.1226E-02
-0.1618E~-02
-0.1984E-02
-0.1768E-02
-0.1664E-02
-0.1576E-02
-0.1486E-02
~0.1387E-02
-0.1278E-02
-0.1159€E-02
~0.1028E-02
~-0.8882E-03
-0.7393E-03
-0.5829E-03
-0.4205E-03
~-0.2538E-03
-0.8468E-04
-0.1694E~02

0.9541E-01
0.8542E-01
0.7538E-01
0.6608E-01
0.5821E-01
0.5220E-01
0.4826E-01
=0.1441E+01
0.4886E-01
0.5228E-01
0.5823E-01
0.6611E-01
0.7540E~-01
0.8544E-01
0.9543E~-01
0. 1044 E+00
0. 1112E+00
0. 1145E+00
0. 1129E+00
0. 1048E+00
0.8836E-01
0.6172E-01
0.2254E-01
-0. 1436E+01

-0.9541E-01
-0.8542E-01
=0.7537€E-01
-0.6608E-01
-0.5820E-01
=0.5219E-01
-0.4826E-01
-0.1535E+01
-0.4886E~01
=0.5227E~01
-0.5823E-01
=-0.6611E-01
-0.7540E-01
-0.8544E-01
-0.9543E-01
-0. 1OUYE+QO
=0.1112E+00
-0.1145E+00
-0.1129E+00
-0. 1048E+00
-0.8836E-01
-0.6172E-01
-0.2254E-01
=0.1530E+01
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