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Abstract

An anisotropic elasto-damage model for predicting the response of concrete subjected to
monotonic and fatigue loading is presented in this research. The model utilizes a concrete appropriate
damage-effect tensor M in constructing the constitutive equations using the concept of multiple bounding
surfaces. One of the salient features is the introduction of a bounding surface that constrains the elliptical
movement of the limit fracture surface. The model after calibration is shown to predict the monotonic,
comprehensive uniaxial stress strain path for concrete of various strengths as well as S-N curves depicting
the fatigue response of concrete for uniaxial and biaxial loading. A concept of residual strength

determination based on continuum damage formulation is also introduced.
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CHAPTER 1

INTRODUCTION

The increased use of concrete as a primary structural material in building complex
structures necessitates the development of sophisticated analysis capabilities for accurately
predicting the response of such structures whenever subjected to different types of loading
including monotonic loading, unloading, reloading and in particular fatigue loading.
Analytical approaches fail to analyze structures in which geometry or loading is complex,
necessitating the use of alternate techniques to be employed for structures of complex nature

or loading. Numerical techniques are powerful alternatives.

The numerical technique of finite element is firmly established and has been used
extensively in solving engineering problems in different disciplines. For linear analysis, the
technique is widely employed with confidence. However concrete is no more linear isotropic
and elastic and its stiffness already has degraded significantly, the trend is to go for ultimate
design. The nonlinear nature of the problem is not captured unless the deformation history is

traced until failure occurs, which requires a nonlinear finite element analysis.



The crucial part in structural analysis modeling is the constitutive relations and the
associated material damage modeling. No matter how sophisticated the method of solution is,

it cannot increase the accuracy of an unrealistic model.

1.1 LITERATURE REVIEW

Concrete belongs to the typical class of composite materials since it consists of stiff
inclusions embedded in a weaker matrix material. Due to its heterogeneous microstructure,
failure mechanisms are of a complex nature. Microvoids initiate at the interface between the
cement matrix and the aggregate particles of concrete specimens leading to local stiffness

degradation.

In recent years, there has been a proliferation of models for predicting short-term rate
independent stress-strain behavior of concrete. For example concrete has been treated as
elastic isotropic or hypoelastic material (see Ref. [24], [31], [32] and [33]). However this type
of material modeling ignores the path dependence of deformation and is suited only for
monotonic loading. In the early stages of constitutive modeling, plasticity models which have
been originally used to predict ductile behaviors of metals, have been used to predict the

nonlinear response of reinforced concrete shells.

A number of plasticity models for concrete ranging from one parameter to five
parameter models have become available. These models are known as Drucker-Prager(36],
Ottosen[37], and Willam and Warnke[40], respectively. Some of these models have been

incorporated into a finite element coding for analysis of concrete structures Ref. [28] and [29].



Desai [34] introduced a model based on the use of a function expressed as polynomial
form in terms of the three invariants of stress. The author has demonstrated that the majority
of the aforementioned models can be degenerated from this model as special cases and thus
unifying the existing models. Moreover, this model gives a single continuous surface (or
function) which includes both yielding and failure surfaces (or function) contained in the cap
model. This model of Desai’s has been used along with nonuniform hardening plasticity by

Dafalios and Popov [33] to predict behavior of concrete.

In the past two decades, the continuum damage mechanics approach has emerged as a
state variable framework for the description of distributed material damage including material
stiffness degradation, microcracking initiation, and damage-induced anisotropy. Damage
mechanics has also been introduced to describe the inelastic behavior of brittle materials such

as concrete, rock and ceramics.

A continuum damage mechanics theory was first used by Kachanov [25] to model the
creep rupture of metals. In this model, damage was defined as the area density of voids in a
known cross-section. The damage was treated as a kinematics variable, the growth of which
resulted in gradual degradation of the material. In the early stages, the continuum damage
models treated material as isotropic and therefore they adopted a scalar damage approach as in
Lemaitre [27], in which a model of isotropic ductile plastic damage based on a continuum
damage variable using effective stress concept and principle of thermodynamics is derived.
The damage is linear with equivalent strain and shows a large influence of triaxiality through

the use of a damage equivalent stress.



Suaris and Shah [26] consider flat microcracks where a vectorial representation is
adopted instead of scalar for the damage variable. They consider a free energy function, which
is dependent on the coupled invariant of strain and damage, and derive the constitutive

equations by using the thermodynamic restrictions.

Continuum damage mechanics is concemed with the modeling of material
deterioration on a phenomenological level. The bulk of existing continuum damage
formulations is restricted to isotropic damage evolution resulting in the degradation of the
elasticity modulus as a function of a scalar damage parameter by exploiting the notion of
effective stress Lemaitre and Chaboche [44] and a recent work by Marotti de Sciarra [41]

provide a useful review in the evolution of such models.

Several formulations have been proposed to extend the concept of effective stress to
anisotropic damage model (see Ortiz [13], Simo and Ju [43], Yazdani and Schreyer [42] and
Carol et al. [46]). Recently, Simo et al[50], Govindjee et al. [47] and Meschke et al. [49]) have
proposed an anisotropic damage model, using the principal of maximum dissipation for

defining the evolution of the compliance tensor.

Representation of anisotropic behavior of brittle materials has recently been addressed
in the context of kinematic softening plasticity theory by Lourenco et al. [48]. In this
formulation the degradation of the post-cracking residual strength is controlled by a scalar
internal variable. Also a tensorial damage formulation which is similar in terminology and

notation to the well known theory of elasto-plasticity has been proposed (Ignaclo et al.) [51]



An anisotropic damage model of concrete has been developed by Ramn and De Bost
[52] based on microplane model approach which has been developed recently by Bazant and

Prat[53], and Carol and Bazant [54].

The advancement and growth in concrete construction industries in response to the
demand of high quality concrete has led to the production concrete of compressive strength of
the order of 120 MPa through the use of selective admixtures and additives. In contrast, the
understanding pertaining to behavior of high-strength concrete and failure mechanisms,
especially under cyclic loading, has not kept pace. It is only in recent years that fatigue of
concrete has received increasing attention, being essentially stimulated by the increased use of
slender concrete structures with repetitive live load possibly being the major portion of the

total load [1].

Fatigue, unfortunately, is a property of concrete that is least understood, especially
with regard to modeling. Continuum damage modeling (CDM) has given new impetus to the
constant search for improvement in constitutive modeling of complex bimodular material
[2,3]. With sufficient insight gained into CDM for both brittle and ductile fractures (4,61,
research has been initiated into incorporation of CDM models into finite element model for
solution of problems of engineering interest [7,9]. Suaris et al. [4] have developed a damage
model for monotonic and cyclic behavior of concrete where elastic potential is introduced in
terms of principal stresses and damage dependent compliance tensor. The evolution of
damage is calculated by tracking the movement of the loading surface in its approach towards
the bounding surface, a concept originally introduced in elasto-plasticity by Dafalias [10]. The

limit fracture surface (which set the threshold of damage), the loading surface and the



bounding surface are all expressed in terms of the strain energy release rate R;. Ref. [11] has
extended the stress control model of Ref. [4], making provisions for strain control under
general loading and incorporation into a finite element code to solve a variety of problems

including strip loading of rectangular prism and Brazilian test.

The Suaris model [4] presents an elegant approach to the formulation of the elasto-
damage problem, but has certain inherited deficiencies. The first is the underestimated of
concrete strength by approximately 25% in biaxial compression as obtained from Kupfer
experiments [12]. The second limitation is that the Suaris model when applied to cyclic
loading of concrete simulates the experimental S-N curve only in the range of the low-cyclic
fatigue which correspond to high cycling stress ratio o/fc'. Further, the material damage
parameters are calibrated for one specific concrete compressive strength, thus limiting the use

of the model.

Nonlinearity in concrete is attributed to the development of microcracks and
microvoids which tend to destroy the interface bond between the cement matrix and aggregate
and/or destruction of the material grains themselves, affecting the elastic properties and
imparting anisotropy to the material [13]. Continuum damage models have been developed to
account for such anisotropic damage for an initially isotropic material [14]. Based on the use
of damage-effect tensor M, constitutive equations of anisotropic damage have been developed
[6], using the hypothesis of elastic strain energy equivalence introduced in [15]. A symmetric
stiffness matrix results in contrast to the postulate of equivalence of strain which leads to
asymmetry of the stiffness matrix [16]. The concept of the M-tensor is an attractive one that

has been applied to predict damage and behavior of metals [5-7]. It is only recently that state-



of-the-art constitutive equations expressed in terms of the M-tensor for concrete have been in
Ref. [17] where essential features of concrete such as degradation of elastic properties, strain
softening, gain in strength under confinement and different behavior in tension and

compression have been captured effectively.

In addition to the data presented in Ref. [4] for fatigue of concrete in uniaxial
compression, use has been made of experimental data given by Su and Hsu [1] for uniaxial
and biaxial compression fatigue loading of concrete to calibrate parameters governing the size

of the limit fracture surface.

1.2 OBJECTIVES AND SCOPE OF WORK

L. To formulate the constitutive elasto-damage relations in principal frame based on the

effective C-tensor concept presented in Ref. [17] for use in concrete.

II. To calibrate the material damage parameters § and D and to simulate the uniaxial and

biaxial compression behavior for concretes of varying strengths for monotonic loading.

III. To further generalize the model to predict the fatigue life of concrete in uniaxial and
biaxial compression loading. This requires a hypothesis governing the movement of the
limit fracture surface and a calibration of the size parameter R, embedded in the

description of the limit fracture surface.

IV. To predict the S-N curve for high strength concrete under uniaxial and biaxial

compression loading.



V. To present an exploratory approach for simulating residual strength of concrete

subjected to inherent damage resulting from uniaxial cyclic compression loading.



CHAPTER 2

ELASTO-DAMAGE LAW

In this chapter, the fundamental aspects of elasto-damage law are deliberately outlined.
The theoretical preliminaries of the damage mechanics will be derived by using the bounding
surface technique. The concepts of the damage effective tensor and constitutive elasto-damage
equation for monotonic and cyclic loading are derived. Then the residual strength of concrete

is defined.

21 MONOTONIC LOADING

2.1.1 DAMAGE EFFECT TENSOR

Damage variable may be considered as an internal state variable, which characterize
the irreversible deterioration of a material point in accordance with the thermodynamic

formulation [18]. Based on the theory of isotropic continuum damage mechanics, the effective

Cauchy stress tensor o is related to the usual Cauchy stress tensor ¢ by

{—1—}6 2.1)
l-o

1 Q|
]

t
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where ® is a scalar measure for damage. However in general, the internal state
variable may be portrayed through a damage effect tensor, as introduced by Leckie and Onat

[19]. For anisotropic damage, the effective stress can be expressed in a generalized form as:

c=M@):c (2.2)
where the symbol (:) means tensorial product contracted on two indices and M ),

known as damage-effect tensor, is a linear symmetric operator represented by a fourth order
tensor. There are many possible forms of the generalized damage-effect tensor M;;. However,
one obvious criterion for development of such damage-effect tensor is that it should reduce to
a scalar for isotropic damage. This reduction should be possible not only in a principal

coordinate system but also in any coordinate system

There are many possible forms of the generalized damage-effect tensor which obey the
stated criterion, with some of this forms defined in [5-7] for analysis of metals. However, as
far as concrete behavior is concemed, one form of the M tensor which satisfy the stipulated

criterion has been introduced in Ref. [17] and takes the following form:

i (1_Bml)
(=0, Bo,)(- Bo)) bo) 0
M, = 0 (= Por)1-a0.)(i- o)) ’
. 0 (1—[5(03)

(1~ Bo,)(1-po, N1 -ao,)]
(2.3)
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where o, i =1, 2, 3, are the principal damage components. The parameters o and B

are introduced to calibrate and account for the different behavior of concrete in tension and
compression. It is obvious that for isotropic damage, o, =®, =®, =0 and Equation (2.3) can

be readily reduced to a scalar.

For undamage state, the linear elastic constitutive relation is:

t»E’:C:o (2.4)

Where €° is the elastic strain tensor and C is the elastic compliance tensor given by
1 -v -v
[Cl=l-v 1 -v 2.5)
ED
-v -v 1

However, if the material is in a damaged state, then the elasto-damage constitutive

equation can be written as

€ =E:q (2.6)

Where Cis the effective compliance matrix and € is the elasto-damage strain tensor.

In the hypothesis of elastic energy equivalence stated in [15], the complementary elastic

energy for a damaged material is the same in form as that for an undamaged matenal, except

that the Cauchy stress ¢ is replaced by the Cauchy effective stress G in the energy
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formulation. Accordingly, the complementary energy per unit volume pA (p is materal

mass density) for undamaged and damaged states may be written as:

pA(c,O):—;-cTe‘=é-cT:C:c§ Q2.7

T

pA(c,m)=}2-c?_ :C:c_y_—

=lcr:(Mr:C:M):q

pA(c,m):%O'_T .C:c (2.8)
where
C=MT:C:M (2.9)

Upon substitution of equation (2.3) and (2.5) into equation (2.9), one may write the

components of the effective compliance matrix explicitly as:

—C.ll EIZ 513]

C={Cu C»n Cxn (2.10)
CSI C32 C33J

where,

Cu = 9—5")‘) _ _ (2.10a)
Eo(l—aml) (I_Bmz) (1—[3(03)

— 1- , 2

Cn = (- po,) (2.10b)

E,(1-Bo, )V (1-aw,)(1-Bo,)
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C (1-Bo,) (2.10¢)

B Eo(l— Bml)z(l— BC‘)Z)Z(I—Q'('J:s)2

Ci=Cu = —v 2.10d
M l—ow)) (—o0,) (- po,) @109

- -V

Cl3 =C3| = 2.10
E"(l—amlxl—ﬁmz)z(l—ams) ( €)

-V

2.10
Z,(-Bo Vi-a0,)(—a0,) @199

623 =632 =

From (2.10) it is obvious that the thermodynamic constraint requirement E;v;; = Ejv; is

satisfied.

2.1.2 GENERAL EVOLUTION EQUATIONS OF DAMAGE

In order to construct a rational model accounting for damage growth, concepts are
borrowed from incremental theory of plasticity in general and the bounding surface plasticity
model in particular as introduced by Dafalias & Popov [10]. Plasticity bounding surface model
as proposed by Dafalias requires definition of multiple surfaces in stress space. However, the
fundamental surfaces in the present work are best described in strain-energy release space, as
proposed by Suaris et al. [4] and given by
f=(R.R,)"*-R./b=0 (2.11)
F=(RR)’-R=0 (2.12)

(4

f, =(R,R,)'*> -R,=0 (2.13)
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where, f is the loading surface (LS), F is the bounding surface (BS), and f; is a limit
fracture surface (LFS) as shown in Fig. 2.1. The loading function surface f is defined in terms

of thermodynamic-force conjugates, R;, where,

R, = p%(c ;) (2.14)

R, is an image point on F = 0 associated with a given point R; on f = 0 defined by a

mapping rule

R. =bR. (2.15)

b=R./(RR;)" (2.16)

with the mapping parameter b is ranging from an initial value of o to a limiting value
of 1 on growth of loading surface to eventual coalescence with bounding surface. R. critical
energy release rates, is a parameter of the model and is calibrated to the standard uniaxial

compression test.

The damage growth is determined from the loading surface f = 0 where the damage
increment vector is assumed to be coaxial with the gradient of f which itself is also the unit
vector n; to the loading surface as shown in Fig. 2.1. Therefore the principal damage

components may be written as:

of
d — _—.-_-d)\' . 2_17
(‘ol aR nl ( )

1

with k = Rc/b, equation of loading surface becomes
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fR;.k)=(R.R)" -k(@,)=0 (2.18)

where @, is the form of the accumulated damage and whose increment is defined by

de, =[do,do,]"* =dr (2.19)
It can be shown readily from (2.17) and (2.19) that the scalar magnitude of d®, =dA .

The satisfaction of the consistency condition df = 0, yield

df = a%-dzz,. +(;—afkdk =0 (2.20)

1

From (2.14) one may write

OR. OR,
—do, +——do . 2.21
2 ( )

7

dR, =
0o

i

Also from (2.18), the incremental increase in the loading surface size may be written as

ak =2 4a, =% o, (2.22)
0® , 0w ,
Introducing H = —— = damage modulus, it can be measured experimentally in a

P
uniaxial compression test, and the same form assumed for a more general stress path. In the
present work, H is expressed as a function of the distance between the loading and the

bounding surface [4], given by

Db
H= m (2.23)
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Where D is a material parameter which needs to be calibrated in accordance with concrete
Strength and < > are Maculay brackets that set the quantity within to zero if the argument is

negative. The normalized distance & between the loading and bounding surface is given by

5=1-1 (2.24)

The & =8, corresponds to R, when the loading surface first crosses the limit fracture

surface Fig. 2.1. Substitution of (2.21) and (2.22) into (2.20) and solving for dA then

substituting the results into (2.19), yield

ai( SRJ @ of
do, = s 9 .
o, - 2R, 3, (2.25)
OR, dw, OR,

Equation (2.25) is convenient for stress control. However for strain control; one may

adopt the strain energy density for damaged material pW defined as:
1
pW(a,.,mk)=3{c}’ {e} (2.26)
where 6 =c(g;,0,)
The constitutive equation defined by (2.6) may be inverted and expressed as:

o, =D, (227)

where l—)',.j are the components of the stiffness matrix defined by the inverse of the

effective compliance matrix such that D = [5 ]—l using (2.27) into (2.26) yield
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pW(si,o),‘)=%{§}r D) (2.28)

The energy released rate vector R; may now be expressed alternative to (2.14) as

oW (e ., 0
R —_p__(il"_i (2.29)

! do ;

whose increment may be written as

R, to, +%§-d&:, (2.30)

J {

dR; =

[

Employing same procedure as that used for derivation of (2.25), except using equation

(2.30) Instead of equation (2.21), leads to the increment of damage

OR;
%as_Jde" of
do. = J_ "k 2.31
3R dw, OR,

Which is convenient for the case of strain control.

2.1.3 CONSTITUTIVE ELASTO-DAMAGE EQUATICNS

The incremental form of the elasto-damage constitutive equation (2.6) may be

expressed in indicial notation as:

RS
()
[}
S’

— acC,
de;, =C,do ; +0, Cy do, (2.
0

which upon substitution of (2.25) yields,
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( o o OR,
— oC,| OR, OR, 0o ;
de, =|C, +o,—~% Kk~ 5~ |ldo, (2.33)
" %0, ., O OR, o !
dR, do,, OR,,

The incremental form of equation (2.27) in indicial notation may be written as

do; = D;de; +¢, %gldmk (2.34)

k

which up on substitution of (2.31) results in

o o OB,

— aD. OR, OR, Ot ;
do.=|D. i kS 4 . 2.

G, D"+8'6mk H_af 2R of de ; (2.35)

R, dw, OR,

The term within the square parenthesis in equation (2.35) may be interpreted as being

the elasto-damage stiffness Dij’d.

2.1.3.1 APPLICATIONS

2.1.3.1.1 UNIAXIAL COMPRESSION - STRESS CONTROL

For uniaxial compression, the Cauchy stress tensor reduces to a diagonal matrix or

stress vector given by

[Fo 0 0] (2.36)
The complementary energy density pA of equation (2.25) takes the following form in

indicial or in matrix notation:
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pA=20.Coo, =20} o) 2.37)

Substitution of equations (2.10) and (2.36) into (2.37) and setting a = O (as it is used

primarily as a parameter for matching peak strength in tension test), one obtains

Ao oli=po)
2E,(1-Bo,) (1-Bo,) (2.38)
Differentiating (2.38) with respect to o; and substituting into (2.14), yields
— 2 —
b (12 B, ) i (Since R; >=0) (2.39a)
Eo(l" Bmz) (1- Bms)
— BG 2(]' - Bml )2 (7 39b)
2= 3 2 <.
Eo(l- Bmz) (l— B(D3)
c(1-po,)
s = ﬁ ( ZB l) 3 (2.39(:)
Eo(l_ B(’)z) (1- Bms)
From symmetry, ®, =0, =o and o, =0 (by virtue of equation (2.39a)). Thus
o ”
R,=R,=——"—"—— (2.40)
) ’ E, (1 - po )5
And the loading surface of equation (2.11) becomes
f=lr+r2]"-2 =0 (241)

Whose gradient may be expressed as
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of

1 1
=|0, . 2.42
3 [ 7 JE] (242

Differentiating R, with respect to ©,andc,and substituting the results along with

(2.42) into (2.25) yields dw, =0 and do, =dw, =do , given by

20Bdo /E,(1-Bo)’

do =
H-[58%2/E,(1-Bo)°]

(2.43)

Differentiating Cy of equation (2.10) with respect to ®, and substituting the results

along with (2.10) and (2.43) into (2.32), one obtains

de. = 1 N 8[3_20-2/E02(1—Bm)'°4do_ (2.44)
E,(1-Bo)* H-|5B%c*/E,(1-po)

as the elasto-damage constitutive equation for uniaxial compression with the damage

parameter o being obtained by the accumulation of its increment defined in (2.43).

2.1.3.1.2 UNIAXIAL COMPRESSION - STRAIN CONTROL
For uniaxial compression, the strain energy density pW for damaged material may be

expressed from equation (2.26), (2.27), and (2.10) as

(e, 0,)= ',1;Giei

10, =812Eo(1_B(‘02)2(1—B0)3)2

2.45
701 2(1- o, ) (2.43)

Note that for uniaxial 6, =6, =0 but e, =g, #0
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Differentiating (2.45) with respect to o, and substituting into (2.29) yields

R =0 (2.46a)
R, = leon(l— [3(02)(21—[3(03)2 (2.46b)
(1_ Bmx)
Be,’E, (1 - o, ) (1- Bo,)
R, = o 2 i
S ™ e

Again from symmetry ©, =®, = and also o, = 0. Differentiating R; with respect to
o;and €, and substituting the results along with (2.42) into (2.31) yield do, =0 and
dw, =do, =do givenby

d(l.) _ ZBSIEO(]'—B(D)}dSI

= 2.47
H +3B%,E,(1-Bo) (247)

Differentiating —D_,-; with respect to @, and substituting the results along with (2.47) into (2.34)

yield

$B’s,'E,’ (1 po) }del (2.48)

B



2.1.3.1.3 BIAXIAL COMPRESSION - STRESS CONTROL

s,
pA=2I15 [-o, -o, oIE‘]{—oz} (2.49)
0

o

Setting o = 0.0 in the [C| matrix and substitute the result into (2.49), yields

oA = 1 (I—B(;),)‘cl' __ 2v0'lo'2’ 0'2'(12—[3(02)' : (2.50)
2E, [ 1-Bw,)"(1-fo,)” (-PBo;)" (1-Bw;) (1-Po,)
Also
R, = p%(cy,mi)
yields
R =_L | Z20-Bo)o (B)  _26o,7(1-po,)’ ] 2.512)
2E, | 1-Bw,)"(1-Bo,)” (1-Po,)" (1-Bwo,)
R, = 1 ZB(I—?ml)‘cl' __ 250'2"(1‘5(02) : (2.51b)
2E, | 1-Bo,) (1-Boy)” (1-PBw,) (1-PBw,)
R, = 1 ZB(I‘E(‘H)'C\ __ 4[3v<)'lcr23 N ZBGZ'(:—B(DZ)' : 2.51¢)
2E, | 1-Bw,) (1-fw,)” (1-Bw;)” (1-Bw;)"(1-Ppo,)
The evolution equation can be written in the following form:
do, =d"gi (2.52)

23
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d\ = 4, (2.53)
H - A,
Where:
o R,
, = do 2.54
3R 50, 2 (2.54)
3f OR; of
Ay =———— 2.55
> R, dw, OR, (2.53)
of OR,; OR;

and

Appendix A contains all the above derivatives namely , .
OR, Oo, oo,

The damage evolution equation of (2.52) can be evaluated first by computing A, A;

and H and then substituting into (2.53) and (2.52).

The constitutive equation for stress control can be written as:

(]--ﬁml)2 -V v .
e (1-Bw,)’(1- Bw,)’ (1-Bo,)’ (1-Bo,)’ o
S —v (1-po,) —v ‘
€&, o .1 3 P G,
8' E, (1-Bo,)” (1-Be,;)’(1-Bw,)’ (1-Po,)’ 0'
3 —v —-v (1'[3(03)2

(1_[3(’*)2)2 (1—6(01)2 (I—Bml)z(l—Bmz)l_

(2.56)
where

_ 1 (1-Bo,)c, -vo, (2.57a)

©ITE, U=pw.) (-pa,)’  E,(-po,)’
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e, = 1 -vo, _, (I—Bm;)'c2 : (2.57b)
Eo (l-B(D;) EO(I—B(D3) (I—Bml)

83=L T —+ A ~ (2.57c)
E, 1-fo,)” E,(1-Bu))

The above three equations constitute the constitutive equation for stress control.

2.1.3.1.4 BIAXIAL COMPRESSION - STRAIN CONTROL

For strain control one inverts equations (2.57a) and (2.57b) which yields:

_E,(1-Bo,)’  (1-Bo,)’
o, =( g Xe, by +Ev) (2.58a)
, =M(SN +52g;Bﬂ);’) (2.58b)
(1-v7) (1-Bw,)”

By substituting equations (2.58a) and (2.58b) into (2.51), one obtains the strain energy

release components R; in terms of strain components as:

1 7 _ 4 _ 2 \12
R p|——0=Bo)®) [[a-po,y( (-po)®
(1-Bw,) (1-Boy)’ || a-v) ( 'a-Bo)* )
- 2 [ (1- 2/ _ A\
+E°|: B(l 7Bm2) 3:| (1 BO‘?B) S[V +€, (1 Bml), (2.598)
(I—Bms)-(l—ﬁml) (I—V') \ ( —Bmz)-)

R,

B(l" B(ox)2

Eo[

(1-Bo,)’ (- Bo,)’

(1-v?

H(l—ﬂm;)z (a-Boy: I
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-E, PA-Po,) (1-po,)’ (Slv+ (-fo)” ] (2.59b)
(1-fo,) (1-Pw,)” || (1-v7) *(1-Bw,)’
S \T2
r - | BO-Boo} [(l—ﬂmg) ( (-Bo,)’
(1-Bw,) (1-Bay)” [{ A-V7) (- B(D) ")
_g, | 2Bvos, |[(-po,) ( (-po,)’ +w] (-Bo,)’ (S‘v ve, (20 H
(1—(3(03)) (I-V ) (I—Bml)- ) (I-V-) ) (1—[30)2)'
E, B(I_B,mz)-cz- ; (1—[3@2,)2 (slv  U-po) ] (2.59)
(1-Bo,) (1-pay,)” (1-v?) (1-Bo,)’
The evolution equation can be written as in (2.52) where
do, =dr-ZL (2.60)
oR,
and
Al
d\ = H-4, (2.61)
where:
=L R, (2.62)
OR; og,
OR;
3 XY (2.63)
aR aco OR,
OR. OR.
Appendix A contains all the above derivatives namely Land —

R, Gg,

dw,
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Thus damage evolution equation (2.52) can be evaluated first by computing A, A3 and

H and then substitution into equation (2.60) & (2.61).

2.1.4 CALIBRATION OF MODEL PARAMETERS

The developed elasto-damage incremental laws given by equations (2.33) and (2.35)
and the associated damage evolution described by equations (2.25) and (2.31) reflect a general
form, valid for any monotonic loading state. Certain standard tests are utilized to calibrate the

model.

In the model predicting monotonic response, there are basically five parameters that
need to be calibrated using experimental data. These parameters are R, (or i), @, B, Rc and

D.

The parameter Roi defines the initiation of microcracking which occurs at about 40% of
the peak stress under uniaxial compressive loading for concrete with f:'=5600 Psi [4]. This
initiation of damage has been noted to vary with the compressive strength [21], where the
damage threshold has been noted to be almost 60% of the peak stress for concrete with f.' =
11,000 psi. For concrete strength in the range of 3000 < f.' <7000 psi, a median value of Roi =
0.08 in-Ib/in® was computed; whereas for the range 7000 < f.' <9700 psi, R, was fixed at 0.16
in-Ib/in’. Once Roi is determined then the corresponding &;, can be obtained from equations

(2.16) and (2.24).

The o parameter is used primarily for matching peak strength of concrete in direct

tension, and which has been reported in Ref. {17]. It has been found that o lies in the range
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125 < a < 6.6 for a compressive strength variation from 4000 psi to 17400 psi. Since the
model is assessed through compressive fatigue life of concrete, the value of a is immaterial

and is outside the scope of the work presented herein.

The most important and critical model parameter is B which controls the damage
growth rate and influences the pre-peak behavior as well as the level at which the peak stress
is attained. Thus the behavior of concrete of varying compressive strength is simulated by
different values of . The variation of B (referred to as B, for monotonic loading) as a function
of concrete strength f' is shown in Fig. 2.2, where the higher the concrete strength, the lower
is the value of B. This variation guarantees a slower accumulation of damage in order to attain

levels of stress commensurate with increase in concrete strength.

The parameter R, is the critical energy release rate and is the magnitude of the energy
release rate vector R; when the loading surface f = 0 reaches the bounding surface F = 0. Just
as R, is a function of concrete strength, R, must also vary with f.'. However, the introduction
of the scaling parameters o and B obviates this requirement, and R. is chosen to be fixed at

1.29 in-lb/in’.

The parameter D controls the softening phase of material response in ¢-€ space. In
order to simulate sharper softening gradients as depicted by concretes of increasing brittleness
and higher strength [22], the variation of D with concrete strength was adopted as shown in

Fig. 2.2.
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2.1.5 MODEL RESPONSE UNDER MONOTONIC LOADING

In order to simulate the response under monotonic loading, the strain control model of
section 2.1.3.1.1 was coded into a Fortran program. Input for four model parameters (R, , R,

B and D) was provided as a function of concrete strength.

In as much as the model presented is elasto-damage, there is no account for any
residual or plastic strain. In the o-€ response, a plastic strain component P, assumed
proportional to the damage strain ¢ with constant of proportionality to be 1.5 (i.e. " = 1.5 eh)
has been superposed as proposed in Ref [4]. The total strain is thus calculated as € = e+ 1.5

g, where £°¢ = £° + &4, the sum of elastic and damage strain components.
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2.2 CYCLIC LOADING

The distinguishing feature of cyclic loading from monotonic loading is a rational
updating of the threshold of damage with increasing number of stress cycles. For monotonic
loading, the threshold of damage is identified by the limit fracture surface f, = 0 and whose

size is R, =R, Fig. 2.1. However, for cyclic loading R, is hypothesized to change and increase

1
with each successive cycle and is represented as R, = R, (w) where o =(0o,»;)? is the

magnitude of the damage vector ®,. Accordingly, a higher stress level is needed for

subsequent cycles to cause extra damage beyond whatever damage was accumulated and this
is done by allowing R, to move and expand isotropically in the R-space leading to degradation
of mechanical properties such as the modulus of elasticity and an overall increase in the

flexibility.

2.2.1 MOVEMENT OF LIMIT FRACTURE SURFACE ;, UNDER
CYCLIC LOADING

The Ilimit fracture surface is the surface beyond which the material behaves
inelastically due to initiation or propagation of crack damage. The size of the surface R, is a
function of the amount of the accumulated damage. Different functional forms describing the
movement of the surface f, = 0 were considered and that of an elliptical form was found to

successfully predict the experimental results for cyclic loading in compression [20]. The form

of the surface in R, —o space may be expressed as:
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(&, -RJ  @-&,) _
(> -RT @ -otTl:,)2 - (2.63)

The parameters R,‘and o : correspond to the initial size of the limit fracture surface and

the associated damage, respectively with Roband ®s corresponding to the bound or the

limiting size of the limit fracture surface and the associated damage, respectively shown in

Fig. 2.3.

The function in equation (2.63) represents an ellipse in R, o space, where R, grows

monotonically as damage ® increases until it reaches a limiting value R,’, which is the size of

the bounding limit fracture surface Fig 2.1. At this stage the damage will reach @, as shown
in Fig 2.3. It is emphasized that the iimit fracture surface may reach its bounding surface
whilst the loading surface f = 0 may still be remote from its own conjugate bounding surface F
= 0. Consequently, further damage is deemed to occur at a fixed size of limit fracture surface
R.” until damage reaches its limiting value ©n and the loading surface f = 0 reaches the

bounding surface F = 0, defining incipient failure.

The experimental results of Suaris et al. [4] indicate that crack initiation in
compression occurs at about 40% of the peak stress for the particular case of concrete strength
f.’ = 5600 psi, assuming an inherent initial damage ® ;= 0.05. The strain energy release rate
components corresponding to this initial damage and stress level are used on equation (2.13)

in order to determine the initial size of the limit fracture surface R,’. However, the initial size
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R.! tends to increase with concrete strength as damage is initiated at higher levels of threshold

stress [21].

Using @, =20, =0.0707 into equation (2.63) yields the size of the limit fracture

surface R, as a function of ®

@ -a,)°

— (2.64)
(0.0707 -&@,

R, =R, +(RS —R‘,,)Jl—-

Equation (2.64) is a two-parameter model in terms of R,’and @, for describing the

size of the limit fracture surface in R, —o space. These two parameters remain to be

calibrated in accordance with phenomenological data available from cyclic loading of concrete

in uniaxial and biaxial compression.
2.3 RESIDUAL STRENGTH

Residual strength Is defined as the residual or remaining strength of a structural
component which has been damaged due to the application of a finite number of load cycles
less than the fatigue life. This is determinate by applying 2 monotonic load to failure to the

structural component, which has inherent damage participated due to the presented applied

cyclic loading. Fig. 2.4 shows the movement of surface in c—¢ space for residual

strength determination.
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CHAPTER 3

DEVELOPMENT OF COMPUTER SOFTWARE

This chapter presents a detailed discussion regarding the development of the computer
software discussed in chapter 2. These programs are written in FORTRAN code. In the

following sections, the description of the programs is presented.

3.1 UNIAXIAL MONOTONIC LOAD PROGRAM

3.1.1 TYPE OF THE PROGRAM

This program is strain control program. Strain control program depends on the increment
of the strain to calculate the damage and then get the equivalent stress. Strain control program
is used to calculate the damage in monotonic loading model. The stress strain curve that
results from strain control testing exhibits the softening part as well as the peak stress which

represent the strength of the concrete.

3.1.2 SOLUTION ALGORITHM

The flowchart in Fig. 3.1 consists of two main loops: the inner loop accounts for
computation of damage increment based on the values of damage and strain energy release
rate of previous increment as an initial guess. The iterative procedure is implemented until

convergence is attained in terms of a constant set w;-R;, followed by updating of damage and
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Figure 3.1 Flow Chart for Monotonic Loading Program
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stress values. The outer loop is related to the incrementation of strain from zero to a

maximum specified value of 0.006.

Two monotonic load programs have been developed. The first one predicts the
concrete stress-strain curve corresponding to a specific maximum strength. The second
calibrates the parameter Bgyn for uniaxial cyclic load model to yield a peak stress, which is

17% greater than the compression strength obtained from the static load test [1].

3.2 CYCLIC LOAD PROGRAM

3.2.1 TYPE OF THE PROGRAM

This program is stress control program. Stress control program uses increment of stress
as an input, followed by computation for corresponding damage and the equivalent strain in
cyclic loading model. This software is developed to predict the required number of cycles to

failure under a concrete stress less than the concrete strength.

3.2.2 SOLUTION ALGORITHM

The general problem of response of elasto-damage material to a prescribed loading is
highly nonlinear. The use of incremental form for description of state variables such as
damage o; is necessary in order to describe their evolution. A Fortran 77-program code has
been written, the flow chart of which is shown in Fig. 3.2. The code computes cumulative

damage as the number of cycles N is increased.
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The flow chart consists of three main do -loops: the innermost loop accounts for
computation of damage increment based on the values of damage and strain energy release
rate of previous increment as an initial guess. The iterative procedure is implemented until

convergence is attained in terms of a constant set ©, — R;. The intermediate loop is related to

the incrementation of stress starting from zero until the prescribed stress level is reached
followed by unloading to the origin; the outermost do-loop monitors the movement of the

loading surface as it approaches the bounding surface. The latter effect is shown symbolically

in o-¢ space in Fig. 3.3.

3.2.3 Calibration of R,® for cyclic loading
For uniaxial cyclic loading the evolution of the limit fracture surface has been defined in

terms of the parameters R.’ and o)—,, - In general these parameters are noted to be functions of
the maximum amplitude of cycling load ¢ / f' . For the range of experimental data presented

in [20], for concrete with f.' = 6100 psi it was noted that (assuming ®»= 0.7= constant for

simplicity)
RS = 0.356(1'J —0.069 0.6< (—G—) <0.92
/e /e
RS’ =025 (}’—J >0.92

Fig 3.4 shows the relation between o/f.’ and R,

(3.1a)

(3.1b)
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Read material parameters and initialize variables
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bounding
surface reached

Check for
convergence

Calculate strains

NO Record number of cycles to failure

Check if
maximum stress

level reached

Unload to origin using current secant
modulus

'

Update Ro and number of cycles

STOP

Figure 3.2 Flow Chart for Cyclic Loading Program
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Cyclic Load Determination
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For biaxial cyclic loading the evolution of the limit fracture surface depends also on the

ratio 5,/c; where o, is the confining stress. This parameter was obtained for a range of data

presented in [1] and for the same f.' that was considered in the uniaxial cyclic loading case.

The relation between o/f.’ and R,? was determined as:

I. Case cl1/62 =0.2

R’ = 0.348(
R, =027
II. Case cl/c2 =0.5

R’ =0.318

II1. Case cl/c2 =1.0

®=0.34
=03 %

R’ =028

c
X

®=0.
=045

0.8 < (;—) <1.20

c

(E-J >1.20
j'cl

]
c

(i} >1.20
j;l

0.7 s(-;—) <1.10
(%)21.10

08< (9—] <1.20

(3.3a)

(3.4a)

(3.4b)

Figs 3.5 to 3.7 show the relation between o/f;’ and R, for the three cases of biaxial

loading.
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The movement of the limit fracture surface is noted to a function of o/f.. The maximum size
of the elastic core as R,’ is constrained so as to decrease with decreasing amplitude of peak
stress, resulting in a corresponding increase in the damage growth zone that allows for greater
accumulation of damage. This transition allows for failure to occur at a number of cycles

commensurate with experimental findings when cycling at lower o/f.".

The elastic core evolution also implies that the system is rendered more elastic or

flexible when cycled at higher o/f;".

3.3 UNIAXIAL RESIDUAL STRENGTH PROGRAM

3.3.1 TYPE OF THE PROGRAM

This program is a stress control program. Stress control program is driven by an input of
increment of the stress followed by computation of damage and equivalent strain. In this
specific program, the residual strength of an element is determined by applying a monotonic
load to failure to the component which has inherent damage induced by previous application

of a finite number of stress cycles, less than the fatigue life, at a given stress level, o/ f.'.

3.3.2 SOLUTION ALGORITHM

The flow chart in Fig 3.9 consists of two steps

1. Three main do-loops: the innermost loop accounts for computation of damage
increment based on the values of damage and strain energy release rate of previous

increment as an initial guess. The iterative procedure is implemented until



49

convergence is attained in terms of a constant set ® ; — R, . The intermediate loop is

related to the incrementation of stress starting from zero until the prescribed stress
level is reached followed by unloading to the origin; the outermost do-loop
monitors the movement of the loading surface as it approaches the bounding
surface for a finite number of cycles which is less than the fatigue life. Since the
number of cycles is less than the fatigue life, the loading surface will not reach the

bounding surface.

. Changing the main model parameters from cyclic load to monotonic load
parameters followed by loading to failure. The residual strength is the maximum

stress level attained under the monotonic load.
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Read material parameters and initialize variables

I Increment stress as defined by (o/f.")

v

Compute damage increment NO
dmr = amr-l’Rl’-l)

*y

Update damage and strain energy release rate vector

NO Check if required
Check for number of cycles
convergence reached
Calculate strains
Change den to Bsuuc
NO

Check if
maximum stress

I

level reached

Load monotonically to failure

y

Record residual strength

Unload to origin using current secant

modulus i
l STOP

Update R, and number of cycles .

Figure 3.9 Flow Chart for Residual Strength
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CHAPTER 4

RESULTS

In order to verify the based continuum damage mechanics model for prediction of
response of brittle materials under monotonic and cyclic loading, results in terms of stress-
strain response and number of cycles to failure for a specified o/f.’ are compared with the
reported data in the literature. The analytical results obtained from the model are based on the

Fortran programs described earlier in chapter 3. These programs are:

1- STCUNMN is a static uniaxial monotonic loading program for uniaxial
compression case. It is employed to predict the monotonic behavior of concrete

under compressive loading to obtain the stress-strain response for a specified

concrete strength f.'.

2- DYNUNMN is a dynamic uniaxial monotonic loading case program to calibrate
the model parameter By, for uniaxial compression. It is utilized to predict the

response of concrete that fails due to one cycle of cyclic loading.

3- UNICYC and BIACYC are uniaxial cyclic and biaxial cyclic compression loading
programs, respectively. These programs have been used to predict the S-N curves

for concrete subjected to uniaxial and biaxial compressive cyclic loading.
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4- RSDSTRN is a residual strength determination program that is utilized to predict
the residual capacity of concrete in uniaxial compression after being subjected to a

number of stress cycles less than the fatigue life.

4.1 MONOTONIC LOAD

“STCUNMN” PROGRAM

The main feature of the STCUNMN program is the prediction of stress-strain
response of concrete. Different concrete grades have been used. The different parameters
calibrated inside the program are listed in Table 4.1. Experimental stress-strain response was
available for uniaxial compressive loading from Ref. [22]. Stress-strain curves presented in
Fig. 4.1 show the stress-strain behavior for different grades of concrete strength as reported
from experimental data and as predicted from the model. The model parameter D has been
calibrated in order to predict the strain softening part, where Bs; & Bayn control primarily the
peak strength value. R, and R. control the size of the initial limit fracture surface and the

bounding surface, respectively.

“DYNUNMN” PROGRAM

In order to analytically predict the difference between the observed peak strength
of concrete subjected to static uniaxial compressive test and under cyclic load of one cycle to
failure [1], this program has been developed. From this program, a value of Bayn has been
calculated for different concrete grades. Table 4.1 and Fig. 4.2 show the difference between B

and den.
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It may be observed that By is always less than By in order for the peak strength of
the “one cycle to failure test” be greater than the peak strength as observed from a static

monotonic load to failure
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£’ D Bst Bayn
(Psi) (in-Ib/in®y | (in-Ib/in’)
2200 0.02 0.0756 0.0605 0.04 1.29
4000 0.03 0.04745 0.03767 0.08 1.29
6100 0.08 0.03855 0.03053 0.08 1.29
7000 0.12 0.03665 0.02895 0.08 1.29
8000 0.22 0.03812 0.02975 0.17 1.29
9700 042 0.034475 0.0267 0.17 1.29
Table 4.1  Parameters Calibrated in STCUNMN and DYNUNMN
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4.2 CYCLICLOAD

“UNICYC” PROGRAMS

The S-N curves for cyclic loading of concrete under various conditions of biaxiality as
defined by the ratio o,/c; have been determined experimentally Ref. [1]. From these curves, it
has been noted that strength of concrete is 17 percent greater than for the case of “one cycle
reach to failure test” in comparison to the fatigue test. In order to simulate this phenomenon in
the analytical model, a dynamic Bgyn in contrast to By has been introduced to modify the peak

of the stress-strain curve.

Table 4.2 and Fig. 4.3 show a comparison of experimental and the analytical

results for concrete of compressive strength of 6100 psi under cyclic loading.

“BIXCYC” PROGRAMS

Tables 4.3 to 4.5 and Figs. 5.4 to 5.6 show the difference between experimental
and analytical results for a concrete with f.' 6100 psi under biaxial load with /0> equal to
0.2, 0.5 and 1.0, respectively. It is noted that the results obtained from the analytical model
approximate the experimental results with reasonable accuracy. It is interested to note that for
all degree of biaxiality, there is a significant increase in the fatigue load comparing to the “one

cycle to failure test” due to the effect of confinement.
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4.3 RESIDUAL STRENGTH
The residual strength is the residual capacity of concrete in uniaxial compression

after being subjected to a number of stress cycles less than the fatigue life. The uniaxial cyclic
load program has been modified to calculate the residual strength of concrete with fc’ of 6100
psi using cyclic with inherent damage resulting from varying number of stress cycles at fixed
o/f;. The residual strength has been calculated for concrete with damage sustained in
increments of 10 cycles for the case of o/f,’ = 0.93 and 0.82. Variable increment was used for

o/f. = 0.72. The results are shown in Table 4.6 and Fig. 4.7.

The result indicate tha<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>