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Abstract

As a primary aim of this study, solution procedures have been developed for nonlinear analysis of
Single Mitred Bends. An analysis of single mitred bends made of anisotropic material typical of metal
matrix has also been considered. An assumed displacement finite element approach, based on the
degenerate shell concept that incorporates bending-extensional coupling and some measure of transverse
shear deformation is adopted. Attention has been devoted to achieving a computationally efficient mesh
and an accurate numerical integration across the thickness of the single mitred bend.

A special purpose computer PLAMBS7 has been developed. A number of problems have been
analyzed and results compared with solutions elsewhere in the literature. The range of problems included
elastic, elasto-plastic, and elasto-anisotropic single mitred bends under pressure or in-plane bending. For
the bending load, he effect of large deformation in relation to opening and closing moments on the elasto-
plastic response of the mitre model has been explored.
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Chapter 1
INTRODUCTION

1.1 Background Details

Single mitred bends are essential components of high pressure vessels and
piping systems. They are used widely in such fields as oil. nuclear, chemical,
power and marine engineering. In such systems. mitred bends are chiefly
employed to accommodate necessary configurational constraints as well as
to give an added flexibility to the system so that reactions impinged on
other critical vessel parts are kept as low as possible. Sufficient number of
smooth bends can, in principle, be used to provide a certain level of flexibility.
However where large diameter pipes are involved smooth bends increasingly
become ineffective and are also difficult to construct. Hence mitred bends-—of
the single, or multi types, are introduced to provide a cheaper and practical
solution than smooth hends.

In other situations. space in which piping systems are located is at pre-
mium or somewhat restricted and this necessitates the use of mitred bends.
Their perceived advantage and space economy in this regard is a prime motive
for the industrial application of mitred bends. Such technical applications of
mitred bends have been promoting a high demand for further studies. Ac-
cordingly,most of the recent work on mitred bends has been enhanced by a

desire to predict stress. stiffness or flexibility, and limit-loads in relation to



the mitre geometry which is quite unique from other piping system or vessel

components.

1.2 Geometry and Definition of Bends

Geometrical details relating to the types of bends occurring in a typical piping
system setup are principally identified in Fig. 1.1. The figure identifies a
multi-mitred bend as consisting of a number of closely spaced obliquely-cdged
cylindrical segments called the mitred segments. A single mitred bend. on
the other hand, is simply formed when two of the obliquely-edged cyvlindrical
segments, obtained by slicing a straight cylindrical pipe segment at an angle.
are joined or welded together along the oblique edge. The oblique edge is also
known as a mitre-joint, mitre-plane or mitre-edge. An important parameter
to a mitre problem is the mitre-angle a which is the angle subtended by
the mitre-edge and a plane normal to one of the mitre segment axis (the
normal-plane), see Fig. 1.1.

A further look at the mitred bends geometries undoubtedly suggests a
sense of difficulty in their analysis than do smooth bends. The latter are
simply toroidal in shape while the former are uniquely different. In terms of
mechanical behavior, mitred bends are different from smooth bends, though
in the limiting case a multi-segmented bend may permit simpler treatment
when analyzed as a derived smooth bend. One explanation for the latter
is because when an in-plane bending moment is applied to a multi-mitred
bend, the mitre-edge would flatten in a manner similar to that arising when a

smooth bend is subjected to a similar loading. Hence the limiting similarity.



/ SMOOTH BEND

__—— PIPE CENTRE LINE

N

7 7.
VESSEL | / l

K Vi
\_ _j/essn 2

!

MITRE ANGLE a

)

MEAN PIPE RADIUS ¢

N\,
NN /
BEND RADIUS R,

N

/-MWRE ANGLE
W

Figure 1.1: Mitre systems and geometry 1] (a) smooth bend (b) multi-mitred
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1.3 Response Behavior of Mitred Bends

Generally when bends are included in a piping system they have the desirable
effect of allowing greater flexibility in the system. Under in-plane bending
moment such response implicitly manifests as a decreased nominal bending
rigidity for mitre sections close to the mitre-edge. With a characteristic shell
behavior, this gain in flexibility gradually decays down with sections remote
from the mitre-edge. In the vicinity of the mitre-edge large reactive forces
are however encountered. The latter has been of major concern and therefore
a source of various other investigations.

Depending on the loading situation upon the mitred segment, the reac-
tions around the mitre-edge may exert internal forces with normal or shear
components; bending moments with components which bend the mitre seg-
ments in, or perpendicular to, the plane containing the mitre segments axes;
and twisting moments may also exist. The behavior of straight cylindrical
length of pipe under similar loading situation is straight forward. This is not
the case for mitred bends, and not the least, smooth bends. The action of
various types of these forces is to locally raise the stress level or concentra-
tion in the intersection region (the mitre-edge) with further rise in the stress
concentration caused by the sharp discontinuity at the mitre-edge.

In the particular situation of in-plane bending, the increase in flexibil-
ity associated with the flattening of the mitre cross section is found to be
much higher than would be predicted by simple bending theory. In the same
manner, the local stresses set up in the vicinity of the mitre-edge are much
larger than the simple bending theory predictions. Despite these intricacies,
the peculiarities and problems of mitred bends do not simply end with such

unexpected tendencies.



1.4 Problems of Single Mitred Bends

Characterized by the mitre angle (a), the sharp geometrical change occurring
at the mitre-edge gives rise to different levels of local stresses or stress con-
centrations. These stresses exhibit rapid decay and fluctuation with respect
to their amplitudes and wavelengths along the length of the mitred bend
segment. Mitred bends under this condition are certainly more vulnerable to
other dangers like growth of material defects, brittle fracture, enlargement of
fatigue cracks and local plastification. In practical applications, single mitred
bends would portray low fatigue strength at the mitre-edge; however, such
dangers could not be tolerated. To circumvent these dangers, single mitred
bends are often reinforced at the join plane between the two mitre segments.
For unreinforced mitres, a lack of adequate information on their behavior
exists. A brief overview of the latter has helped point out the need for such

investigations and consequently formed the basis of the present study.

1.5 Motivations and Objective Search

From behavioral point of view, early codes gave no provision for mitred bends
while later ones cater for them by formulas which are approximate and em-
pirical. Many of these formulas were based on results obtained from fatigue
tests. Closer examination of British and American piping standards revealed
that no design guideline was available for high pressure application [2]. How-
ever, the application of high pressure technology has undergone tremendous
growth in the industries.

Research demands, as in the study of material properties, have resulted in
operation pressures measuring upto megapascals. Furthermore, most recent

developments in mitred bends formation entail use of metal forming and jet



cutting unc'ler high pressure processes. Despite these, the authors of Ref. [2],
BS 806 part 1, could only provide a limited guidance which until recently
restricted the use of mitred bends or vessel components to design pressure
not exceeding 2.1MPa. In pursuance of the problem, ASME [3] is currently
extending its pressure vessels and piping code to include vessels components
which operate at pressures just exceeding 1GPa.

From the foregoing discussion, the need for studies that identifies the
broad context of mitre problems is imperative. A solution technique that
predicts plastic response and collapse load or maximum pressure load for
piping or vessel systems as well as varying degree of material properties is
essential in this context. For single mitred bend design, the trade-off between
safety factor, tensile strength, and wall thickness can be more efficiently op-
timized if such quantities like the failure loads can be deduced from the point
of view of basic material properties including effects of anisotropy and strain
hardening phenomena. Performing these investigations with the objective of
providing complete information concerning plastification and ultimate loads,
amongst other governing parameters, is a primary step for the understanding

and better use of single mitred bends.



Chapter 2

LITERATURE OVERVIEW

2.1 General Introduction

Like other shell structures, stress analysis of mitred bends possesses a va-
riety of fronts, depending upon the theory used. In general, it is not un-
known that two-dimensional shell theories are inadequate for the study of
certain mechanical properties associated with general shell behavior, even
in the elastic sense. For mitred bends, the like of such detailed properties
are distributions of displacements and stresses in relevant mitre intersections
as well as composite behavior. Thus adequate prediction can be studied
through three-dimensional elastic or inelastic analyses only. For the range
of their applicabilities, the three-dimensional static analyses are considered
benchmarks against which the two-dimensional. often theoretical, analyses
can be judged. Such judgement are important particularly in cases where
prediction of global mechanical properties like collapse loads are involved.
Due to the complicated form of the governing equations of elasticity coupled
with the intricate geometry of mitred bends, such three-dimensional anal-
yses are theoretically impossible for the mitred beuds. In the analytically
theoretical sense mitre analyses have been largely approximate while in the
computationally numerical sense the analysis of single mitred bends is rarely

found in the literature. Nevertheless the evolution of appropriate methods



for the analysis of single mitred bends is increasingly needed to ensure the

integrity of its service life.

2.2 Elastic Analysis of Mitred Bends
2.2.1 Introduction

Some commonly used analytical solutions to single mitred bends are based
upon the thin-shell theories of classical mechanics, consisting of the analysis
of deep and shallow shells. Several deep theorics exist but the one based upon
the strain-displacement relationships of Novozhilov [4] is often used. As a
specialized theory of shallow shells. the simplified strain-displacement rela-
tionships of Vlasov [5] are also used. The latter method is more approximate
than the former but is capable of achieving satisfactory performance.

A number of investigations for elastic stress analyses of mitred bends
have been carried out. A common interest shared by these research studies
concern mainly the high reactive forces or stresses that prevail in the vicin-
ity of the mitre-edge. Depending on the loading situation upon the mitre
segments the configurational changes and stress profiles in the loaded mitre
would be radically different. Owing to these, and other conditional boundary
intricacies, the more rigorous theoretical work to date on single unreinforced
mitred bends has largely been confined to elastic analysis and to geometries
approximating small mitre-angle ().

Idealization of the mitred bends in such studies involved various assump-
tions that enabled the mitre to have the simplest mathematical definition
which often limits the validity of the applied theoretical methods. The close-
ness, or otherwise, of these assumptions to experimental observations and
basic cylindrical shell concepts is as varied as the different formulations in-

volved. Generally, however, as the mitre-angle (a) increases, stress patterns



change and the approximations made to obtain the analytical solutions would
make it impossible to predict experimentally observed patterns within ade-
quate level of accuracy. For most practical applications the types of loadings

considered are internal pressure and in-plane bending moment only.

2.2.2 Previous Analytical Work

2.2.2.1 Pressure Loading

The analysis of single unreinforced mitred pipe bends for this loading has
received intensive research effort most especially in the sixties [6, 7, 8, 9, 10].
Owen and Emmerson [6] adopted the use of thin-shell theory to establish ex-
pressions for axial and hoop stresses in an unreinforced single mitred bend.
In addition, their work included a comprehensive experimental test program
of araldite model of the single mitred bends using the frozen-stress photoe-
lastic technique. Stress distributions were reported and showed good agree-
ment between the theoretical and the experimental values. Notably however
considerable discrepancies were exhibited by the axial stresses occurring at
the intrado and extrado vicinities of the mitre-edge. These discrepancies
are attributable to approximations inherent in the theoretical analysis which
include absence of three-dimensional effects.

Nonetheless, the work of Owen and Emmerson [6] has been considered
the most comprehensive on the subject as it generally provides satisfactory
predictions provided that the mitre-angle (a) is kept small. Its acceptabil-
ity [2] to serve as a basis for making design proposals over the range of
mitre-angle (@), upto 15°, has been reported elsewhere [2]. Work of other in-
vestigators [11, 12, 13] were also reviewed in Owen and Emmerson paper [6].
Similar treatment was found in the work of Gill [1].

Dealing with a rigidly clamped mitred shell (for which @ was thercfore



.

_ arbitrary) and subjected to internal pressure, Kornecki [12] presented a solu-
tion based on equations of thin-shell thcory. The solution was divided into a
membrane analysis and an edge cffect analysis while an asymptotic method
was used for integrating the governing equations of each part of the analysis.
As thin-shell theory was used, first order approximation in the thickness-ratio
(inverse of the thinness-ratio, being radius/thickness ratio) is an expressed
limitation of the theory. A further restriction of the analysis was the consid-
eration of fixed (clamped) boundary condition which is not a true idealization
of the mitre-edge conditions in the single mitred bend. Green and Emmer-
son [12], using an idea of Johnson and Reissner [14]. started their analysis
with the three-dimensional equations of clasticity to examine the stresses
in two long cylindrical shells which were subjected to internal pressure and
to bending moments applied at the ends in the plane of symmetry. Simi-
lar to the clamped oblique-edged shells, Green and Emierson stated that
their solution for internal pressure agreed well with that of Kornecki [12]. In
retrospect, Owen and Emmerson [6] also reported that their work could be

_specialized to yield solutions similar to the perfectly clamped mitred bend,
which applies for arbitrary mitre angle and is equivalent to that obtained by
Korenecki {12], or similar to unstiffened mitred bends of small mitre-angle,
which is equivalent to that obtained by Green and Emmerson [11].

A unique approach to a similar problem was taken by Van der Neut [13]
who considered a pressurized torus with a finite number of discontinuities to
approximate an oblique-edged cylindrical shell subjected to edge moments
and forces which varied slowly along the oblique edge. The resulting relations
were used in examining a mitre bend as cylindrical shell subjected to internal
pressure for which the edge moments and forces correct for the discontinuity

in geometry. The longitudinal stress given by this solution showed variations
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around the circumference at sections remote from the discontinuous oblique-
edge. Such variations are however not known to occur, nor are they confirmed
by experiment. Not surprisingly, Van der Neut [13] himself admits that " this
type of redistribution is contrary to what would be expected.” An alternative
approach, that was devoid of the latter problem of impossible state of stress.
was presented by Murthy {7]. He examined the same mitre problem treated
in {11] except that it was stiffened. The problem was overcome by assuming
the mitre-angle (a) to be small such that tan? a was neglected compared to
unity. The analysis conceived of the mitre problem as being equivalent to
that of a long pipe under internal pressure closed at one end and supported
at an oblique-plane by a diaphragm. which is capable of resisting only forces
normal to its plane. Results obtained in this way were found comparable to
that of Green and Emmerson [11]. although basic shell theory equations were
used, by Murthy [7], as the starting point for the rigidly connected mitred
bend problem.

In investigating the problem of Kornecki [12]. Corum [8] treated a clamped
oblique-edged cylindrical shell subjected to pressure and, separately, to one of
other six different loading cases, namely: three mutually perpendicular no-
ments and three mutually perpendicular forces applied at the free end. Apart
from the use of basic relations of shell theory for a cylindrical shell, their work
involved fewer approximations and extensive experimental results were also
given. However, when compared to the experimental values, the theoreti-
cally obtained stress distributions showed substantial differences which are
much more pronounced at the extrado and intrado side of the mitre-edge
domain. These differences could not he unexpected because the edge effects
introduced for the theoretical solutions were approximate. As in previous

cases, the need for this approximation is neccessitated by the difficulty in
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theoreticaliy taking proper account of the oblique mitre geometry and hence
imposing appropriate boundary conditions along the oblique mitre-edge.
The problems considered by Kornecki [12] and Corum [S] are equiva-
lent to the problem of two cylindrical shells joined over an elliptic face and
reinforced by an infinitely rigid ring along the line of intersection, the mitre-
edge. In a different paper, however, Murthy [9] dealt with the problem of
an unreinforced intersection which is different from that of both Kornecki's
and Corum’s. Similar but stiffened problems were also examined earlior in
Refs. [11, 13, 7]. An improvement offered by the latter work of Murthy [9] is
that not much restriction is placed on the mitre-angle (a), tentatively up to
43° as reported in the paper. Nonetheless, errors which are quite significant
for moderately thick shell situations were admitted. A further limitation is
that Murthy solution [9] permits results for stresses occurring at the unrein-

forced mitre-edge only.

2.2.2.2 In-Plane Bending

Works highlighted so far were mainly focused on internal pressure loading.
In most cases, practical solutions have been reasonably achieved from such
analyses, more especially for small mitre-angle up to 30°. However. the same
type of analyses do not hold good when adopted for the action of in-plane
bending moments. Major attempts to directly or indirectly address the issue
of in-plane bending are in Refs. {1, 15, 16, 17. 10].

An established trend was that upon application of an in-planfz bending
moment, mitred bends exhibit behavior similar to that of curved pipes uu-
der the same loading condition. However, the behavior of curved pipes or
smooth bends is far less complex and, unlike the mitred bends. had received

considerable attention and had been better understood since early studies 1].



Within the'frameworks of similar studies, Jones and Kitching [15], developed
an approximate analysis based on energy methods in a manner similar to
that used for curved pipe in order to predict stress behavior of unreinforced
single mitred bends when subjected to in-plane bending. The analysis was
not completely rigorous but the simplifying assumptions involved were found
to be reasonable in the light of experimental evidence that availed in their
work. Nonetheless, comparison of stress distributions between the theoretical
and experimental solutions for the portion along the mitre-edge was noted
to show different tendencies. particularly in the intrado and extrado regions
of the mitre-edge where the theory over estimates peak stresses. With the
exception of the crown, the decay of stresses in the longitudinal direction,
along the mitre segment, was not reported.

Theoretical works concerning in-plane bending of mitred bends had been
conducted jointly and individually by Green and Emmerson [11] and Co-
rum {8]. Experimental results obtained from another worlk [6] have indi-
cated that the predictions of Ref. [11], which is based on the general three-
dimensional equations of elasticity but valid for small values of mitre-angle
(), is unsatisfactory for in-plane bending. In dealing with the current aspect
of loading condition, Corum [8]. had presented results of his investigation us-
ing approximate methods derived from basic shell theory of cylinders. His
results showed presence of significant bending from the mitre-edge upto and
including the supposedly membrane zone of the mitred bend. Typical of the
several assumptions involved. it is indicative of the latter phenomena that the
bound of applicability of the theoretical analysis are thercfore rather limited.

In a separate development. Kitching in collaboration with Bond did con-
duct a series of studies in order to present a method of analysis specifically

for multi and single mitred bends [16, 17, 18]. Based on similar method of
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approach u.tilizing energy method, their theoretical analyses was sought to
incorporate harmonic analysis on radial displacements and Donnell’s equa-
tions [19} for thin cylindrical shells. A major assumption in the analysis
was in approximating the strain energy as mostly accounted by the semi-
membrane or the slow axial-decay component of the deformation pattern.
To this part of the analysis there must be added an edge-effect solution
in order to satisfy all the boundary conditions at the obliqued mitre-cdge.
‘These assumptions are not strictly correct and the theory showed tendencies
of overestimating maximum stresses.

Chan and Sanders [20] considered the use of fewer simplifying assump-
tions in analyzing single mitred bend subjected to pure bending moment.
Obtained from thin-shell theory, their analysis employed method of matched
asymptotic solutions of the derived governing equations. The analysis was
noted to show strong singularity at those portion of the mitre-edge where
stresses are greatest. Consequently, further assumptions had to be made in
order to replace this part of the analysis by a continuous solution to the shal-
low shell equations. Comparison of such theoretical results with experimental

results of Jones and Kitching [21] were not entirely conclusive.

2.2.3 Previous Experimental Work

2.2.3.1 Pressure Loading

Historically, engineering solutions to single mitred bend problems have often
been empirically formulated using results obtained from experimental tests
of the mitre models. Recourse to literature has indicated that experimental
testing by use of electrical resistance strain gages. stress probing methods,
and photoelastic techniques are not uncommon. Accordingly, a number of

experiments have been conducted on mitred bends but for elastic pressure
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loading mo'st of the information available is contained in two investigations [6,
21).

The theoretical work of Owen and Emmerson [6] contained comprehen-
sive experimental study carried out on single mitred bends under internal
pressure. Their study used eight araldite models in which the frozen-stress
photoelastic technique was used to obtain measurement of stresses in the
small mitre-angle models. Provided the mitre-angle (a) is small, the theory
of Ref. {11] was reported to show good agreement with the measured stresses.
The only exception being at the intrados and extrados of the mitred bend
where experimental values are known to be difficult to obtain and theoretical
values somewhat overestimated peak stresses. As the mitre-angle becomes
larger, the degree of discrepancy between theory and experiment consider-
ably increases. Using stress probing method, Jones and Kitching [21] ob-
tained measurements of stress in a right-angled single unreinforced mitred
bend subjected to various types of loads including internal pressure. In all
two models of the mitre specimens, having a thinness ratio (radius/thickness
ratio) of 19, were tested.

A representative paper that has carried an experimental study of single
mitred bend under internal pressure was also reported by Sawa [22]. The lat-
ter study was based on stress freezing technique and reported results showed
that stress concentration occurred at the intrado side of the mitre-edge. Con-

siderable influence of the mitre-angle (a) on the reported stress concentration

values was also noted.

2.2.3.2 In-Plane Bending

Experimental works have been carried out on this related problem by Kitch-

ing [23], Jones and Kitching [21], and Kitching and Thompson [24]. The



expel'inlellt;tl results of Ref. [23] were measured by mechanical means on a
180° mitre pipe bend in which the pipe radius to bend radius ratio was 0.3075
and the segmental mitre-angle was 22.5°. As reported in Ref. [1], assessment
of results obtained from the above study did pave way for some modifications
in hitherto existing theoretical methods which were needed in turn for better
but subsequent experimental measurcments.

Jones and Kitching [21] presented a comprehensive study on a right-
angled single unreinforced mitred bend subjected to in-plane bending. A
remark about this study was relayed by Gill [1]. A later inference deduced
out of the study concerned its role in making obsolete a hitherto idea of using
the so-called equivalent smooth bend radius as an empirical means of design-
ing mitred bends based on prevailing design codes meant for smooth bends
only. In another investigation, Kitching and Thompsom [24] conducted mea-
surements of strain, transverse deflection and change in radius on two sizes
of single unreinforced mitred bends under in-plane bending. For each of the
two sizes, three different mitre-angle specimens were used and observations
made with various combinations of leg lengths for cach of the specimens. In
their concluding remarks, the above authors expressed disquiet quite similar
to the one mentioned above about the use of the equivalent smooth bend
radius in design of mitre hends. Entailed limitations regarding the use of
the equivalent bend concept for short lengths of the mitre segment has heen
particularly highlighted. However, notwithstanding the entailed limitations,
cautious recommendations and procedures were also given in the work of
Kitching and Thompsom [21].

Parallel to the forgoing developments, Corum [8] used an epoxy resin
cylindrical model having a radius to thickness ratio (thinness ratio) of 15

and inclined at an angle of 45° in order to test the applicability of his theory
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toa relati\;ely thick cylindrical shell with such a large angle of inclination.
The experimental setup was instrumented with strain gages and tested under
in-plane bending mode and, separately, under other loading modes that were
been investigated together. Consistency in loading was ensured because of
later comparison which was found reasonably good for the majority of the
loads. For sufficiently thin shell situations, Corum [8] pointed that his the-
oretical results would provide satisfactory solution for all the seven loading
modes that were considered in the study.

The use of photo-elastic stress freczing technique for the study of stress
distribution in mitred pipe bends subjected to uniform in-plane bending was
reported in the work of Sawa [25]. A bend angle of 90° (mitre-angle of 15°)
with twelve combinations of wall thicknesses and fillet radii were all together
tested. A wide range of results, including reinforcing effect of the fillet radius
at the bend portion of the mitre on the stress concentration factors, were
reported and discussed.

Similar elastic experimental studics on single mitred bends have been
reported in Refs. [6] and [18]. However expressed limitations on these and
indeed other experimental studies generally concern experimental imperfec-
tions of manufacture, like out-of-circularity of pipe: variation of pipe wall-
thickness; welding imperfections: reinforcing effects of weld: and non-linearity
of stress distribution across the wall-thickness of the mitre shell occuring at

positions close to the the mitre-edge.

2.2.4 Previous Numerical Work

Analysis of mitred bend problems is an area that is typical of fatigue and sim-
ilar hot-spot problems [26, 27. 28. 29, 30], and [31, 32, 33, 34, 35] which have

benefitted from the power and advancements in digital computing. Survey
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of the avaiiable literature have revealed that various forms of finite clement
methodologies have been employed for the stress analysis of several class of
high-pressure piping system components [36, 37, 38]. Specifically, however,
only a few of the surveyed literatures (39, 40, 41, 42, 17] were concerned with
the analysis of mitres and the oncs principally on single mitred bends are
even fewer and they have not been comprehensive. The published literatures
on single mitred bend were found mainly dealing with elastic analysis and
internal pressure or in-plane bending 42, 17, 40, 41}

The early work of Kitching and Bond [17] included a computer program
developed for efficient analysis of multi-mitred bend based on related theo-
retical work conducted by Kitching [16]. A number of refinements were made
possible by the computer program. Presently. the development of the finite
element method as an effective tool of analysis has permitted a new trend
to emerge in the formulation and solution of mitre problems. The desire
to accurately represent the stringent boundary conditions and the unique
geometry at the mitre-edge as well as the ability to model various loading
conditions with ease has been a prime factor in the emerged trend. Follow-
ing this trend, Pan et.al. [40] presented a three dimensional stress analysis
of mitred elbows. The doubly-curved triangular thin-shell elements of the
MARC [43] finite element flect was used for the study. A feature of the
study was the formulation of seven reference load cases that would serve as
unit loads for any later investigation involving combination of similar loads
as might be considered for the mitred elbow.

In 1984, a new finite ring element method was proposed by Watanabe
and Ohtsubo [41]. This element was a refined extension of a similar one
developed in a separate work [38] by the same authors. The refined element

was specially derived to enhance efficient analysis of mitred pipe bends. A
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range of numerical data obtained from the study was also used to provide
empirical formulas for flexibility and stress indices for in-plane and out-of-
plane bending of the mitred bend. A limitation, though, of their element was
its failure to respond to zero strain mode and therefore could not satisfy the
correct representation of rigid body motion or condition of zero membranc
strains. Despite its acclaimed efficiency, their element was reported to he
computationally expensive elsewhere [36].

The use of semi-analytical concepts for the analysis of single mitred bends
was proposed by Khathlan [42] in the early nineties. An obvious reason be-
hind this somewhat mixed/hybrid formulation is to combine the advantages
of both the analytical and the numerical methods in an optimum way. The
approach also offered added flexibility in overcoming mitre associated diffi-
culties and the limiting simplifying assumptions for achieving better perfor-
mance and results. The method was used to examine stresses in a single
mitred bend under internal pressure or in-plane bending. Stresses can only
be determined at the plane of the joint (the mitre-edge) but results showed
good agreement for the tested range of mitre-angle. («), upto 45°.

A numerical study of mitred bend under pressure loading was also re-
ported by Skopinski and Mellorovich [39]. Finite element analysis incorpo-
rating thin-shell theory in the Novozhilov [4] variant was used. Based on this,
a development was made of a four-angled element of arbitrary shell rotation
whose characteristics were further determined using the Khellinger-Reissner
change in variable principle. The overall algorithm was found feasible and
experimental model studies were also carried out for approbation of the nu-
merical analysis. Only a few distribution of stresses were reported and the
degree of correlation between the experimental and the numerical results

was apparently inadequate. The work of Cook [37] was an attempt to find
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a simple y;at efficient numerical idealization of a pipe elbow problem. He
employed a standard asymmetric analysis which was augmented by a single
global degree-of-freedom, a technique regarded as an expression of the global-
local method [44]. An entailed deficiency of the study is that loads must not
vary in the circumferential direction and thus proper modelling could not be
achieved for end force on the 90° pipe bend.

So far, various literature reviews directly related to the study have been
presented to clearly indicate important aspects involved in mitre analysis.
Typical of the review, mitre analyses, whether in the experimental, theo-
retical, or computational sense, are largely confined to elastic rather than
inelastic behavior. Implied limitations towards this is apparent in recent
codes which tend to restrict the design of mitre components to the effect of
guarding against gross plastic deformation or delayed shakedown to elastic
action under service conditions. Satisfaction of these requirements would
inadvertently result in conservative and grossly uneconomical design. How-
ever, this is not surprising but only serve to explain the fact that difficulty
do really exist in ascertaining the complexities of the oblique mitre-edge as
well as its acute influence on both local and gross behavior of the mitred
bend—most especially during the post-yield phase. To improve upon stated
offerings as well as to ensure the safety, reliability. and continued mitre usage.
current research efforts have begun to show similar tendencies and interest
in that direction. Taking proper cognizance of this has been an important

haul-mark of the present study.

20



2.3 Current Trends

2.3.1 Introduction

Despite the hyper-sensitive nature of mitred bends in the pressure vessel or
piping systems, mitred bends must safely sustain various effects of thermal
and mechanical loads. Under the effect of these loading situations the re-
sponse of the mitre would take a variety of forms, the simplest of which is
elastic behavior. If however the vessel structure undergoes elasto-plastic de-
formations, several complicated possibilities may arise. The structure may
shakedown to elastic action, may incur alternating or reversed plasticity. or
may lead to ratcheting behavior sometimes called * progressive deformation”
or " progressive failure”.

In practical applications, all these kinds of behavior can occur to a cer-
tain degree which therefore make the response of the mitre structure very
complicated. Hence, not surprising, only a few such problems which are as-
sociated with the simplest idealization were solvable analytically upto the
present [45, 46, 47, 48]. However, an informative review in this regard have
shown that experimental and theoretical studies concerned with providing
a better understanding of similar yielding characteristics were reported for
thick-walled cylindrical vessel subjected to burst pressure [49]. A strain-to-
failure theory which ensured complete monitoring of expansion characteris-
tics upto and including the burst pressure was considered in the theoretical
study. Similar, albeit numerical, treatment of the problem was conducted by
Logman and Wahab [3]. They employed incremental theory of plasticity for
which Mendelson [50] method of successive elastic solutions to the elastoplas-
tic and residual stress problems were utilized. On the basis of Hodge plastic
vield condition, the problem of limit analysis of circular cylindrical shells

having different boundary conditions was considered for analytical solution
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by Cinquin'i [51]. His solution was complete in the sense of the limit analysis
theory. Although the just mentioned studies were geometrically less comn-
plex, an interesting point noted out of it was that different yicld conditions
and methods of solution including lincar programming were feasible within
the frame of plasticity studies [52, 53].

In seeking a rational basis for the elasto-plastic study of single mitred
bends, considerations based on purely analytical treatment, as was the case
for the cited simpler geometries, would be much more frustrating if not en-
tirely untenable. In this regard the analytical approach should be comple-
mented by a systematic numerical tool and a limited number of experiments.
The latter are required for verification purposes only. For the former, the
use of finite element method has achieved prominence owing to the ease with

which complex inelastic behavior can be dealt with.
2.3.2 Elasto-Plastic Mitres

The most recent report on numerical investigation into the plastic collapse
of single mitred pipe bends was given by Kitching, et.al. [54] for in-plane
bending only. Typical of such analyses. the investigation was carried out us-
ing a powerful general purpose finite element program called ABACUS [53].
The element type employed for the discretization of the unreinforced sin-
gle mitred bend was the isoparametric doubly curved quadrilateral element.
Both material and geometrical nonlinearities were considered but no strain
hardening was assumed for the analysis. Results of the analysis were used
for comparison with a parallel experimental study conducted on two models,
mitre-angle 30° and 45°, of the single mitred bends made from an aluminum
alloy. Owing to a premature failure of the 30° test model, results from the

experimental study were limited to the 43° model. For the 45° model. the



degree of c.orrespondence between the finite element ABACUS and the ex-
periment results was not that appreciable. Prior to material collapse, the
experimental results of the 45° model showed significant strain hardening
but this was not considered for the ABACUS analysis. The decision for
lack of strain hardening consideration was not clear.

With the exception of the above investigation, literature search has in-
dicated that no conclusive study has been made about the inelastic load
analysis of even the simplest single mitre geometry—presumably that of
mitre-angle not excecding 15°. Those available are only problems related
to pipe bends, elbows, and tubular joints, some of which have been reported
to some extent {56, 37, 38, 59, 60).

In the elastic-plastic range, Hellen [56] calculated the limit moment using
both the BERSAFE system [61] and experimental technique for pipe bend
under in-plane bending. Bunhnell [57, 58] studied elastic-perfectly plastic be-
havior of pipes and elbows under pressure with bending. Calculations were
performed with modified version of the BOSORS computer program [62] and
buckling effect under external pressure was also considered. The effect of
material nonlinearity on the analysis of welded elbows subjected to in-plane
bending was jointly investigated by Suzuki and Nasu [59]. The four-node shell
element belonging to the program ADINA [62] was used for the study. Geo-
metrical nonlinearity was included in the analysis and results obtained were
closely confirmed by experiment. Moreover, verification of the results with
regard to response caused by opening and closing moments showed similar
tendencies as those reported by Kitching, et.al {54]. Kawashima and Ito [60]
numerically solved a similar problem using elastic-plastic curved tubes under
simultaneous bending and axial force. The rigid body-spring model [63] was

utilized in the employed numerical method.
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The sigl.liﬁcance of the forgoing literature presentation lies with the demon-
strated feasibilities of performing elasto-plastic analysis for the kind of struc-
tural objects under consideration. More importantly,it serves to indicate the
level of agreement an analyst can expect when using similar computer based
methods capable of inelastic analysis. Before concluding the literature sur-
vey, it has been of interest to the present study to consider the problem of

elastic stress analysis in anisotropic mitres.

2.3.3 Elastic Anisotropic Mitres

The existence of literature on the above aspect of single mitred bends is scarce
and not known to the present study. Thus, both theoretical and experimental
limitations exist with regard to analysis and characteristic response of single
mitred bends stacked with arbitrary fiber orientations. A dual report recently
relayed jointly by Kitching and Hose [64, 63] was primarily concerned with
smooth bends. Even for the smooth bends, this type of study had not been
investigated before.

Extending an earlier method adopted by Kitching and Bond [17], Kitch-
ing and Hose [65] presented an approach for analytical analysis of anisotropic
pipe bends subjected to an in-plane hending moment. To enhance com-
putation a computer program was written to solve the linear simultaneous
equations that were derived. Derivation of the equations was based on min-
imization of the total potential energy in the system considering constant
flattening analysis {17, 1). Close agreement of results was observed when
compared with experimental measurements obtained for the range of the
analyzed geometries. However outside strains(stresses) at the crown of the
bend appeared over-predicted. In another investigation [64], the effect of the

variation of mitre wall-thickness was studied by the joint authors. In the
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latter study, Kitching and Hose [64] used an appropriate laminate theory
incorporating an extension of their carlier work [65]. Results were expressed
in closed form, and their practical implications were discussed. Terms such
as wall thickness, flexural modulus and transverse shear modulus were shown
to impact a profound effect relative to those anticipated in a straight pipe
having the same construction and subjected to pure bending moment. These
variations are not unrealistic but highlight the importance of similar tenden-
cies expressed elsewhere in the literature 66, 67, 68].

Though confined to simpler geometrics and in-plane bending, the works
in Refs. [65, 64] furnished useful arguments that showed the relevance of
such an investigation towards anisotropic mitres. The arguments indicated
strong correlation that is in tune with recent interest and increased usage
of advanced fibrous materials. With this in place. the broader and specific
objectives of the present research study are conveniently expressed in the

following section, with subsequent chapters achieving the realization of these

objectives upto application.

2.4 PRESENT STUDY

2.4.1 Introduction

In the preceeding sections, a cross examination of problems and limitations
concerning mitre analysis have been highlighted. Reported works on elas-
tic mitres were preponderant. but those on inelastic mitres were rather re-
stricted. Many of the works on elastic mitres possess limitations of some
kind and they failed to embrace analysis which takes full advantage of recent
practical applications associated with material nonlinearities, anisotropic be-
havior, extreme loading situations, and combination of these. Closer study

of the reported analytical works showed persistent problem of assessing the



reliability (;f hot-spot stresses because behavior in these areas is propitiously
inelastic. In order to develop a methodology suitable for this level of ex-
traction, the feasibility of the finte element method would rather become
more obvious. The relative ease with which complex geometrical, material
and associated loading nonlinearities can be dealt with by the finite element
method is one of the key factors of its prominence. Its versatility and suc-
cesses towards nonlinear analyses in practice is well documented [69]. The
present study is, therefore, an attempt to broadly permit an effective analy-
sis of single mitred bends without restriction on geometry, material property,

boundary and loading conditions.

2.4.2 Scope Specification

As the title, Elasto-Plastic Collapse Load Analysis of Single Mitred
Bend ,indicates, the primary scope of this study is focused on developing a
solution procedure for a complete elasto-plastic analysis of single unreinforced
mitred bends. Inherent in this level of extraction is the prediction of plastic
collapse load at which the mitre structure is deemed to behave in a fully
(perfectly) plastic manner.

Based upon the finite element discretization, special attention would be
paid in the study to achieve a computationally efficient element mesh that
could offer the ability to obtain satisfactory simulation of the mitre model.
A relatively wide selection of element based on three types of basic-elements
together with their transition counterparts is therefore provided. Following
this. the problem of numerical integration across the wall thickness of the
single mitred bend will be assessed for its applicability to the problem in an

optimal manner.

Consistent with acquiring greater generality, the on-going study will ex-
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tend to cov'er the analysis of literature-scarce situations of elastic-anisotropic
mitres. Being a pioneer one, this aspect of anisotropic single mitred bend
analysis was never investigated. Accommodation of variable material prop-
erties for the anisotropic mitre construction would be made possible by the
layered approach.

Another important expedition of this study is the consideration of geo-
metrical nonlinearities that arise due to large deformation in the mitre anal-
ysis. A key interest for the geometrical inclusion is in assessing the influnce
of opening and closing-moments on the post-yield response characteristics of
the single mitred bend subjected to in-planc bending.

Therefore by way of fulfilment the broader scope of the present research
study; as may be seen from the point of view of stress, material and/or

geometric synthesis of single mitred bends, has been intended to permit in-

vestigation of :

—

. elasto-plastic behavior of single mitred bends:
2. collapse load prediction with respect to experimental definitions:

3. maximum elastic stresses (or stress concentration factors) in single un-

reinforced mitred bends:

4. effect of loading types (pressure and in-plane bending) on maximum

elastic stresses and post-vield behavior of mitred bends:

5. influence of mitre-angle a as an important characteristic of single mitred

bends;
6. influence of mitre thinness-ratio (a/t);

(. differences between simple isotropic, transversely isotropic and cross-

ply elastic-anisotropic single mitred bends;
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8. feasibility of simple-layered approach to the mitre analysis;

9. computationally efficient and stable meshing strategy including devel-

opment of transition elements; and

10. the effectiveness of the proposed enhanced numerical integration across-

the-thickness.

Central to the study is the creation of a FORTRAN based computer
program that implements the relevant developments. This special purpose
program is called PLAMBS7 which stands for Plastic Load Analysis of
Mitred BendS and the seven (7) represents the latest version number in the
program development secuence. Special features and programming logic of
PLAMBST are highlighted later and verification of the code will be made
on representative set of problems. For all practical intent, the range of mitre
problems to be treated using PLAMBS?7 involved internal pressure and

in-plane bending moment only.



Chapter 3

COMPUTATIONAL
ELASTOPLASTICITY

3.1 Introduction

3.1.1 General

In this chapter, ideas underlying the formulation of theoretical relations for a
general continuum within the realm of the degenerate shell concept would be
discussed. Included in the formulation is establishment of clasticity relations
which take into account material nonlinearity in the elasto-plastic sense. A
full Huber-Mises yield criterion is then emploved.

Following the developments of Owen and Figueiras [70]. the initial stiff-
ness approach, the tangential approach and the combined approach are
adopted. In addition, an associated flow rule based on the assumption that
the plastic potential is the anisotropic yield function is used to define the
elastoplastic incremental constitutive relations. Consolidation of these con-
cepts is here been made as a prelude to similar but computational treatment

presented in subsequent chapters.

3.1.2 Basic Requirements

Essentially, plastic behavior is characterized by an irreversible straining which

is not time dependent and which can only be sustained once a certain level of
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stress has been reached. In this regard, the mathematical theory of plastic-
ity [71] has been used to provide a theoretical description of the relationship
between stress and strain for such a material which exhibits an elastoplastic
response.

In order to formulate a nonlincar theory governing elastoplastic material

response, three requirements have to be met:

1. An explicit relationship between stress and strain must be formulated to
describe material behavior under elastic conditions— before the onset

of plastic deformation.

2. A yield criterion, indicating the stress level at which plastic flow com-

mences, must be postulated.

3. A relationship between stress and strain must be developed for post

yield behavior— when the deformation is made up of both elastic and

plastic components.

However, it has been noted that a general theory which is applicable to
different classes of nonlinear materials is not yet established [72, 70]. In the
course of the present study, the Huber Mises law which closely approximates

to the metal plasticity behavior is found suitable.

3.2 Elastic Laws

3.2.1 Generalized Hook’s Law

Anisotropic materials consisting of unidirectional fibers embedded in a ma-
trix are of interest in this study. For the most general case of anisotropy the
number of independent elastic constants is 21. but this number is consider-
ably reduced if the material internal composition possesses symmetry of any

kind [72, 70, 73).
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Consequently, a state of anisotropy which possesses three mutually or-

thogonal planes of symmetry at cach layer is assumed. Fiber reinforced

with

composite structures almost invariably possess this kind of symmetry
the mid-layer surface being a symmetric plane at each point. Implicit in the
fiber construction is the assumption that the shell thickness consists of per-
fectly bonded layers whose principal material properties can be transformed
with respect to a specified local reference coordinate axes. By taking the
subscripts 1,2 and 3 as referring to the principal material axes (m-axes) of
anisotropy and that the axes coincide with the local reference system of or-
thogonal axes (r-axes: z,y,2), the equations of the generalized Hook’s law can
be written as:

g =D,€ (3.1)

where g,, and ¢, are vectors of stress and strain respectively, D, isa 6 2 6
matrix of elastic constants. To allow for *degeneration’ process, it is assumed
that the resultant stress in the out-of-plane direction (z-direction) is zero, i.e.

03 = 0; = 0. The explicit expression of the vectors involved (in m-axes) is

then:

and

Qm = _D—33 0 0

symm. Dy 0
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where

Dy = E/A

_ﬁg-z = Ez/ A

D)y = Ewp/A

D33 = Gy

Da = kiGxn

Dss = kyGa (3.3)
and

A = 11—y

The terms k) and k, are shear correction factors in the 13 and 23 planes,

respectively. These are well defined in Ref. [70].
3.2.2 Coordinate Transformation

Generally, the principal axes of anisotropy (m-axes: 1,2,3) are not oriented
without a certain angle 6 with respect to the local reference axes (r-axes:
,y,2). Therefore the new constitutive relations of Eq. 3.1 for such situation
must be transformed from the principal material axes (m-axes:) into the local
reference axes (r-axes). Noting that a cartesian operator transforms [74] local

strains (¢, ) into principal ones (,,) according to:

en = L&, (3.4)

the invariance of the stress virtual work yvields:

Qm = L(T,-



33

= T o, (3.5)

while the invariance of the elastic strain energy density gives:

D,=T"D,T. (3.6)
where
Ty, O -
I = 0 T, (3.7)
in which
cos’ § sin? @ sinf cos @
T, = sin’@ cos® 8 —sinf cosf (3.8)

—2sinfcosd 2sinfcosf cos?d — sin’

and
T cosf sind (3.9)
B sinf cosé .
From Eq. 3.1, Eq. 3.4 and 3.5 we can write:
g, =D.e, (3.10)

where D, is a transformed elasticity matrix in local reference frame. whose

form, as given in Eq. 3.6, becomes:

[ Dy Dy D3 0 0 ]
Dy Dy O
D, = Dyy 0 0 (3.11)
symm. D,y Dy
I D35 |

3.3 The Yield Criterion

3.3.1 Generalized Huber Mises Law

For the present study, the outset of material nonlinearity is based on the full

three-dimensional Huber-Mises vield criterion which has been generalized



to consider anisotropic metals [72, 70]. In its general form, the criterion

determines the stress level at which plastic deformation begins according to:
Flo.x) = f(o) =Y (x) =0 (3.12)

in which f is function of the deviatoric stress invariants and the yield level
Y is a function of hardening parameter y. By defining the plastic potential,
or effective stress, 7, in a manner similar to Huber-Mises vield function for

anisotropic materials, the following can be written:

f=7 = [an(on — 02) + axn(osn — o33)°
+as(ogz — o11)? + BauTh + 3a5sTh

+306675] (3.13)

where the ¢’s are stress components, the a's are the additional so called
anisotropic parameters. The subscripts 1,2.3 refer to the usual notation for
the three principal material axes (m-axes) of anisotropy. To develop this

expression, the assumption o33 = 0. = 0 is imposed to yield:

., 2, . 2 2 2 2
G = W00y + 20120109 + 4205 + az7y, + a7y + (5T (3.14)

where ) = 015.09 = 092, T2, T3, Toy are non-zero stress components and

a1, @12, @9, a3, a4, and «s are the simplified form of the anisotropic parameters
which are determined experimentally. In matrix form Eq. 3.14, referred to

m-axes, can be written as:
=2 _ T, -
o= Qm'—_img-m (310)

where A,, is the matrix of anisotropic parameters assuming the principal

material axes (m-axes: 1,2,3) coincide with the local reference axes (r-axes),
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and is written as:

[ @ T 0 0 0]
[ 0 0 O
4, = @ 0 0
symm. a 0

| 0 @ |

3.3.2 Coordinate Transformation

In general, the principal material axes (m-azes: 1,2,3) do not coincide with
the local reference axes (r-axes: x,y,z), but are rotated by a certain angle, say
6, Fig. 3.1. Therefore the matrix of anisotropic parameters transforms from

m-azes to r-azes according to the following sequence of transformations:

a,=T,0, (3.16)

where T', is the transformation matrix (referred to m-axes) which can be

deduced from Eq. 3.5 as:
T,=1T"7 (3.17)
and T, is explicitly defined previously in Eq. 3.7. Using Eq. 3.16 in Eq. 3.15

the effective stress, expressed in the local reference axes (r-axes: x,y,z) is

then:
?=gldg, (3.18)

in which A, is the required new matrix of anisotropic parameters given by

A, =Tr'a T, (3.19)

which according to Eq. 3.17, becomes:

a  ap 0 0 07
as) 0 0
4, =TA,T "= a3 0 0 (3.20)
synn. a; O
L as |




Figure 3.1: Anisotropic fiber orientation.
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3.4 Elasto-Plastic Laws
3.4.1 Elasto-Plastic Model

In the present study, the approach reported by Owen and Figueiras [70],
and Hinton and Owen [72], utilizing the shell stress components coupled
with the extended Huber-Mises yield surface as presented in Hill {71, 75
for anisotropic materials, is followed. In this approach, equivalent, or ef-
fective stress, 7, is first computed in conformance with the Huber-Mises
criteria; then the equivalent stress level at which further plastic deformation
takes place is computed to correspond to an associated plasticity theory—the

Prandtl-Reuss flow rule [71] to be specific.

3.4.2 Incremental Flow Rule

The incremental flow theory is chosen for the present work over the defor-
mation theory. This choice incurs the merits as well as the generality of
the incremental flow theory most especially its suitability for adaptation in
computer analysis [76]. Following this, the development of the elasto-plastic
constitutive relations for the chosen displacement based finite element for-
mulation is on the basis of incremental strains being related to incremental
stress components. In developing these relations. the strain increments are

assumed to be divisible into elastic and plastic components.
de = de€ + d¢’ (3.21)

where de° and de? are the incremental elastic and plastic strain components,
respectively. Following the developments in Refs. [77. 72],the following elasto-

plastic incremental stress-strain relationship is therefore used:

do = Dyde (3.22)
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where
Da"Da"

QT:Q—.'{'FQ_TQQ-

(3.23)

It is noted that the triple product terms in the numerator and denomina-
tor of the preceding equation are scalars, and thus Eq. 3.23 can be factored

(with ¢ = @) as:

Dy=D [1 - (3.24)

aDa”
A+aT Da

This matrix reflects the effect of material nonlinearity on the elastoplastic
behavior of the structure.

If the yield surface is defined in terms of a uniaxial stress, the scalar
hardening parameter A can be deduced based on work hardening hypothesis
and yield function. This has been found [77] to be equal to the local slope H/

of the uniaxial stress-plastic-strain curve and can be explicitly written as:

do E'l'

.4=H’=a;;=1_—ETﬁ (320)

In other words, the parameter A represents the tangent to the effective stress-

plastic-strain curve and is a function of the accumulated effective plastic

strain €. a
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Chapter 4

SHELL FINITE ELEMENTS

4.1 Introduction

The development of an appropriate procedure for the determination of dis-
placements and stress distributions in mitred bends is of fundamental impor-
tance in the prediction and assessment of the mitre strength and structural
integrity. In addition to stress-singularity peculiarities, mitred bends pos-
sess unique characteristic shell behavior whose understanding from research
point of view have continued to attract increased attention. Several analyti-
cal and experimental methods by which estimates of peak stresses occurring
in mitre shells can be obtained have been examined. Analytical methods
to the problems are limited in scope and are not, in general, applicable to
arbitrary shapes, load conditions, and irregular support and boundary con-
ditions as could be found in mitred bends. The survey of the literature has
indicated that closed-form solutions were only tenable for the relatively sim-
pler smooth bends and relatively approximate solutions for mitred bends of
small mitre-angle. However, as the most viable method for analysis of simi-
lar structural objects, finite element technique is effectively handy, and could
provide relative ease based on which mitre joint complexities could be dealt
with. The choice of a particular shell finite element for proper discretization

is important in this regard.
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4.2 Curved Shell Elements

Four distinct approaches to finite element geometric discretization of gener-
ally curved shells have been in use [78]. These are based on; flat elements:
asymmetric shell elements; curved elements on the basis of classical shell
theories; and elements derived or degenerated from asymmetric or three-
dimensional solid elements and specialized to handle thin and moderately
thick shells. Depending upon the shell problem, these elements were em-
ployed by several investigators with convenience but varying degree of suc-
cesses [79, 70, 78, 76, 80, 81, 82, 83, 74, 84]. Simplicity is the major attractive
feature of the flat elements. However in curved shell situations, they give rise
to a number of shortcomings such as the presence of discontinuity bending
moments at element juncture lines which do not appear in the continuously
curved actual situations. Although their range of applicability have been
extended to include nonlinear effect [85]. asvinmetric shell elements with
straight or curved edges along the meridian are suited for the analysis of
shells of revolution only.

On the basis of classical shell theories curved shell elements have been
formulated with a view to overcoming limitations in the use of flat cle-
ments for shell analysis. Different shell theories had been developed from
three-dimensional field equations in which various assumptions appropriate
to shell behavior were incorporated. Common formulations for these in-
clude Hellinger-Reissuer principle [76], Kirchhoff hypothesis [86]. Mindlin and
Reissner theories [87, 88, 89, 90, 91]. Similar to plate bending elements,
curved elements based on Kirchhoff theory encounter difficulties of impos-
ing continuity and compatibility requirements necessary for finite element

formulation [88]. Mindlin-Reissner element bypassed these difficulties but
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introduced its own problems notably that of locking [87, 89]. A somewhat
different class of elements provided the semiloof plate and shell elements, and
these were derived based on thin plate and shell theories. The excellent per-
formance of these elements in vibration and stability analysis of thin shells
have been reported for more sophisticated models of analysis [92, 73].

For nonlinear analysis [93] an alternative element that was found easier to
apply is the degenerate element which was first presented by Ahmad et al. [90]
for the linear analysis of moderately thick shells. Using the so-called degen-
erate process, this element was derived from an approach that avoided the
complexities of fully general shell theories. It allowed direct discretization of
the three-dimensional equations of continuum mechanics, a procedure known
for retaining a measure of transverse shear deformation effects. Without di-
rect recourse to any particular shell theory the approach can be applied to the
nonlinear finite element modelling of arbitrary shell geometries [78, 74, 94].
Representative works that have carried over the degenerate shell formulation
to geometric and material nonlinear analysis as well as to combined geo-
metric and material nonlinearities can be found in [72, 84, 74, 83, 95, 70].
A particular application of the concept to 9-noded Lagrangian element was
presented in the work of Parisch [96]. To understand clearly the various as-
pects involved, basic details related to the ideals of degeneracy are considered

below.

4.3 Degeneracy
4.3.1 Basic Philosophy
Eversince the degenerate concept of formulating general shell elements was

proposed by Ahamd et al. [93], the approach has found wide acceptance

in subsequent developments of the elements [83]. This was partly due to
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the need to analyze moderately thick shell problems and partly their advan-
tages. The degenerate procedure begins by discretizing directly the three-
dimensional equations of continuum mechanics. The three-dimensional for-
mulation is then degenerated, in terms of nodal variables in the shell midsur-
face, by introducing the assumption that ’originals’ normal to the mid-surface
are inextensible and remain straight. Furthermore, normal sections do not
necessarily remain normal after deformation and therefore allowing a measure
of transverse shear deformation in the formulation.

The inherent hypotheses underlying the degenerate solid approach and
the classical shell theory are the same except that reduction to resultant
form is typically carried out numerically in the former and analytically in
the latter. Obviously, the approach using classical theory directly is more
complex mathematically. The degenerate formulation allows independent
study of shear effects from the bending ones and only C'continuity isopara-
metric representation is sufficient in the finite element approximation. Its
capability to represent the coupling effects between membrane and bending
actions is another attractive feature in its use for higher order elements. In

practical applications, however, degenerate based finite element formulations

are not devoid of problems.

4.3.2 Locking Problems and Remedies
4.3.2.1 Shear and Membrane Lockings

Degenerate elements perform satisfactorily well when used with thick and
moderately-thick shells. However their performance become rapidly deterio-
rated when applied to shells in the ’thin’ limit. This phenomenon is called
locking. Two types of locking have been identified and have been the sub-

jects of many publications [78, 93, 97, 98, 99]. First type of locking stems



from overconstraining effect of the condition of zero transverse shear energy
involved in the formulation of thin-shells. This is known as shear locking. A
shear locked element cannot take up pure bending mode without inducing
parasitic transverse shear energy which is readily in excess in the case of
thin-shells. The second type of locking is known as membrane locking and
is associated with the overconstraining effect of the condition of zero mem-
brane strains or rigid modes in curved shells. Its physical interpretation is the
inability of an element to bend without stretching and this causes bending-

dominated deformation to become replaced by a membrane-dominated de-

formation [98].

4.3.2.2 Remedies and Limitations

To alleviate locking associated deficiencies, several techniques have been de-
vised in many investigations [78, 100, 98, 101, 97, 83, 95, 89, 87, 96] which re-
duced or even circumvented shear or membrane locking. Popular techniques
include but not limited to selective or reduced integration [96] heterosis ele-
ments [72, 84, 102], stabilization methods [103] discrete Kirchhoff elements 86,
88, 73, 92|, mixed or hybrid formulations (101, 100, 87].covariant or assumed
strain methods [97, 98, 95, 83], mode decomposition, vy-projector and free-
formulations. However, there is no general concensus in favor of any partic-
ular approach due to a number of distinct limitations.

Huang and Hinton [104] recognized that even though locking in shell
elements results from artificial strain energy terms that exist at all points
within the elements except at reduced integration sampling points,the actual
use of the reduced or selective scheme is not always successful in overcom-
ing locking.Use of such scheme for problems with highly constrained bound-

aries results in matrices that are rank deficient [72, 96] and these endanger
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spurious or zero energy modes called hourglass modes.To remove hourglass
modes, stabilization matrices were introduced, though stabilization methods
involved certain parameters which still lack physical interpretations [97].An
alternative use of Heterosis was also reported.However for problems with ir-
regular meshes overstiffening effect is said to occur and unreliable solutions
may result with elements of small aspect ratio [87].

Covariant methods are very successful in the treatment of shear locking,
except that in the case of higher order curved elements the approach is not
readily satisfactory for membrane locking [83]. In terms of handling shear
locking, it has been indicated that the hybrid or mixed approaches are equiv-
alent to the displacement-based formulations with reduced integration [78].
Findings based on Ref. [97] also showed that use of reduced integration for
shear strain often introduce the beneficial effects of reduced membrane lock-
ing. Unfortunately, such reduction is accompanied by deterioration of the
membrane-bending coupling, an essential characteristics of shell behavior.

In addition to shear-locking and membrane-locking. another class of prob-
lems found in low-order shell elements is that of drilling degrees-of-freedom
(DDOF) which is associated with rotations about the normal to the shell
surface [105]. Reference [98] provides a useful discussion to such problems
but are not of concern for the present study, however. Further upto date re-
view specifically on locking in thin shell elements can be found in the works

of Yang, et.al. [78], Parisch [96], and Choi and Paik [97].

4.4 Element Requirements

In selecting a specific type of element, a number of requirements have to be
taken into consideration. The element had to be based on a three-dimensional

degenerated elasticity formulation, enabling the modelling of both 'thin’ and
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‘thick’ shells. The inclusion of transverse shear deformation in the element
formulation was therefore deemed essential. Furthermore the desirability of
the element to be amenable to mitre models both in the linear and nonlinear
situations must be upheld. The requirement of the element permissibility
to geometric nonlinearity was also under consideration. Without limitation
on the range of generality of the mitre joint geometry, the element must be
capable of incorporating the complex mitre loading and boundary conditions.

Not to mention the cited but unforceable locking drawbacks, the selection
of a particularly single degenerate shell element of the isoparametric family
that could fulfill the above mentioned requirements was a difficuilt task. Con-
sequently the present study has opted for three distinct types of the degen-
erate isoparametric elements. These elements are the 8-noded Serendipity:,
the 9-noded Lagrangian, and the Heterosis elements. Being formulated on
sufficiently higher order in-plane displacement fields,the adopted elements
possess the decided advantage of capturing high deformation gradients and
modelling shells of curved irregular geometries.

Numerical study {101, 96] on the part of the 9-noded Lagrangian element
has indicated its superiority over the 8-noded Serendipity element. Therefore
from computational stand point of the present research study. due preference
will be given to this element as much as possible. The added choice of the
Heterosis element was to allay concern regarding locking problems which may

plague the reliability of the 9-noded Lagrangian element.



Chapter 5

MODELS
IMPLEMENTATION

5.1 Introduction

Like analysis of general shells, the finite element analysis of mitred bends can
take a variety of forms. But depending upon the theory of classical mechanics
used different levels of accuracy can be achieved. As a specialization of the
classical theories, the present study has chosen to analyze the mitre shell
using finite elements based on the degenerated solid element-known as the
superparametric shell element [95]. In line with this assertion, the following

treatment of this aspect of formulation basically follow the work of Hinton

and Owen [72] and a similar one by Weaver and Johnston [94].

5.2 Degenerate Shell Concepts

In simple terms, degeneration process allows curved elements for shell anal-
ysis to be devised by specializing a solid element to be thin in one direction
while introducing constraint conditions on nodal displacements [94]. An in-
stance of this is where a hexahedron solid element based on a quadratic
displacement field is specialized to become a quadrilateral degenerate shell

element that is curved in three-dimensional space. Inherent in the degener-
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ation process are the explicit assumptions that:

1. Normals to the mid-surface remain straight but not necessarily normal

to the mid-surface after deformation.
2. Stresses normal to the mid-surface are negligible.

These assumptions are illustrated in Fig. 5.1. The assumption that the resul-
tant in the the out-of-plane direction (z-direction) are zero implies that there
are only five independent strains defined at a point and does not necessarily
preclude the development of normal stresses if so desired in the formula-
tion [106].

Five degrees of freedom are specified at each of the degenerated nodal
points. These correspond to three displacements (u, v, w) and two rotations
(B, ) of the 'normal’ at each of the nodes. Thus while allowing for membrane
and bending deformations, the independent definition of the rotational and
translational displacement degrees of freedom permits a measure of transverse
shear deformation which is deemed essential for moderately thick shells.

As described in Ref. [72], the above approach is equivalent to using a
general shell theory and that it reduces to the hypothesis of Mindlin [90] and
Reissner [91] when applied to plates. In other words the first assumption
constitutes a tacit statement that Mindlin/Reissner plate theories also prevail
in the foregoing formulation. In addition, the present approach facilitates the
inclusion of different yield criteria since the difficulties involved in defining
a yield condition and flow rule in terms of stress resultants in the classical

theory do not arise [76).
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Figure 5.1: Degenerate shell concept: assumption regarding deformation.
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5.3 Basic Elements

5.3.1 8-noded Serendipity

The 8-noded Serendipity element, Fig. 5.2a, is commonly used as a basis
of the popular family of ’isoparametric’ elements [105] which are deduced
mainly by inspection and intuition, (sce appendix B). When compared to
other elements, Fig. 5.2b and ¢, the most conspicuous feature of the Serendip-
ity element is the absence of an interior node which therefore minimizes the
likelihood of mapping distortion for irregular meshes found in mitred bends.
As discussed earlier in section 4.3.2, good results can be achieved when this
element is used with reduced integration. However. for very thin shell situa-
tions results using reduced integration become increasingly stiff and therefore

locked in a similar manner as if normal integration rule were used.
5.3.2 9-noded Lagrangian

In the the light of reduced or selective integration schemes, the performance
of 9-noded Lagrangian element, Fig. 5.2b, is considered superior to that
of 8-noded Serendipity element [94, 101]. However a major drawback not
exhibited by the 8-noded Serendipity element when reduced integration is
used, is that the 9-noded Lagrangian element may result in very erratic
solutions caused by the appearance of spurious mechanisms. Consequently,
additional consideration is taken as a safeguard by incorporating the use of
the third type of the basic elements, the Heterosis element. It should be
noted that the implementation of the 9-noded Lagrangian element used in
this study is based purely on Lagrangian shape functions [107] where each of
the functions satisfies the required interpolatory property at each of the nine

nodes in terms of the five independent degrees of freedom (u, v. w.a, 3).
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5.3.3 Heterosis Element

The Heterosis element under consideration is the quadratic 9-noded element
with 42 degrees of freedom as shown in Fig. 5.2c. The eight side nodes have
five degrees of freedom each; three translations (u,v,w) and two rotations
(8, ). The ninth central node has only the two rotational degrees of free-
dom. Consequently, a hierarchical formulation of Ref. [72] is adopted in the
Heterosis implementation. As such the shape functions of the eight bound-
ary nodes belong to the serendipity shape functions, whereas the hierarchical
shape function for the central ninth node is the bubble function.

Regarded as paragon of plate behavior [105]. the Heterosis element under
reduced integration yields correct stiffness rank and achieves higher accu-
racy than the 9-noded Largrangian element. Morcover, the appearance of
spurious mechanism is improbable, but mapping distortion introduced by ir-

regular meshes may somewhat deteriorate the performance of the Heterosis

element [103].

5.4 Generic Coordinate Systems

5.4.1 Generic Element Description

A typical quadratic degenerated shell having curved geometry as shown in
Fig. 5.3a is considered as a representative element for the three basic ele-
ments employed in the present formulation. The element may have variable
thickness and such variation is defined by specifving the position of the two
opposite nodes on the top and hottom surfaces of the shell element. This
will facilitate the use of local fiber (or nodal) coordinate system at each
node to maintain displacement continuity when the element is used for mitre
problems with geometric discontinuities at the mitre joint. For deriving the

element equations, the mid-surface of the mitre shell is taken as a reference
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Figure 5.3: Element configuration and coordinate systems (a) element geom-

etry (b) global-structure coordinate (c) local-fiber coordinate (d) mitre-edge
coordinate



Figure 5.3: Element configuration and coordinate (continued) (e) curvilinear
coordinate (f) local-lamina coordinate (g) nodal vectors.
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datum.

For reasons of convenience five different coordinate systems, Figs. 5.3- 5.3,
will be utilized for the present implementation. Some of these coordinate

systems are partly discussed in Ref. [72].
5.4.2 Global Structure Coordinates—z;

The global structure reference frame, Fig. 5.3b, is a rectangular cartesian
(x,y,2) system with the corresponding base vectors designated by e; (i =
1,2,3). It is freely chosen and used to defined the structure geometry and
translational (u,v,w) degrees of freedom at each node. Nodal coordinates as
well as the global stiffness matrix and applied force vector are referred to this

system. The following notation, depicted in Fig. 5.3b. is used.

2(i=13) and v)=2, 3=y, a3=1:

u(t=1,3) and uy=u, upy=v, uz3=w

é(i=1,3) is a unit vector in the x; direction.
5.4.3 Local Fiber Coordinates—v;;

A local fiber coordinate system (v ; i = 1,3) is constructed at each node (k),
Fig. 5.3c. The associated orthogonal base vectors are Ty, Do JOar. The

direction of y, is chosen to coincide with the fiber direction at a given node,

k, as follows:
vy = (xf —20)/ I (5.1)
he = 2" - |l (5.2)
where 2t is the position vector of the kth node on the top surface of the

shell; i is the position vector of the kth node on the bottom surface of the

shell; hy is the thickness of the shell at the kth node (see Fig. 5.3g) and el



denotes the Euclidean norm (or length) of the embraced vector. There are
several ways to define the direction of vectors g, i = 1.2-sce for example
Refs. [94, 72, 108]. These vectors are orthogonal to the vector vy, and parallel

to the global xz-plane. Thus

Ty = (82 X va)/ || B2 X vag || (5.3)
Bop = Uy X T (5-4)

In the case that Zy, is parallel to & in Eq. 5.3, the latter is replaced by
€3-that is ), is taken to be in the direction of minus &. \With reference to
Fig. 5.3g, the unit vector @iz, defines the direction of the 'normal’ at node
k. which is not necessarily perpendicular to the mid-surface at k. The unit
(tangential) vectors &, and 'y, define the rotations (ay and J3; respectively)
of the corresponding 'normal’.

The advantage of this definition for the vector @y not necessarily per-
pendicular to the shell mid-surface is that as a result there are no gaps or
overlaps along element boundaries. Therefore this effectively ensures interele-
ment compatibility. Furthermore. the definition adopted for #,,, Eq. 5.3,
provides an easy identification of its direction. and hence that of a, and 3.

in a general mitre or curved shell structures.
5.4.4 Mitre-Edge Coordinates—u;;/

The mitre-edge coordinate system is a coordinate set used to locate a mitre
nodal point £ on the mitre joint as shown in Fig. 5.3d. Mitre nodal-point
vectors are expressed in terms of unit vectors ry/ (i=1.2,3) which respectively
are tangent, normal, and binomal to the helicoidal mitre edge at & It is
convenient to use the helicoidal mitre edge associated angles 4. ¢ and af at
node & wherein 5 is the hoop angle compliment. ¢ is the helix angle and a7

the corresponding local mitre angle all referred to any given node & of the

Ct
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helicoidal mitre edge or mitre edge plane.

The significance of this coordinate system is that when, often, the heli-
coidal mitre edge orbit forms a symmetric plane, the translational displace-
ment quantities (u,v,w), typically referred to the earlier global structure co-
ordinate z;, would become easier to handle as displacement boundary condi-
tions. Otherwise, the specification of the latter conditions in the global struc-
ture coordinate system would undoubtedly be prohibitive if not impossible.
In this regard, the expediency offered by referring all mitre edge associated
displacement boundary conditions to the mitre-edge coordinate-systen Lt
(1=1,2,3) is considered the most central core of the ongoing displacenient
finite element analysis of the single mitred bends.

In order to transform a system of translational displacements vector (A,)
in the global structure coordinate to a corresponding system translational
displacements vector (4,,) in the mitre-edge coordinate, a rotation trans-
formation matrix, R,,. similar in form to that for space transformation in

space-truss or frame analysis [109] is generally required in the form:

. =R, (3.5)
where A4, is a vector consisting of (u. v. w)y in the mitre-edge axes (r;./) and
A, Is a vector consisting of (u. r.w); in the global structure axes (x;). The
form of the rotation matrix R,,. depends upon the particular orientation of
the mitre 'node’ k defined explicitly in terms of the angle set (. e.al), as
shown in Fig. 5.3d.

There are various way in which the orientation angles (. ¢ al)e can be
defined, but the one involving the hoop angle (6) and the mitre angle (a)

are suitabily obtainable in Refs. [16, 10, 15]. For a given mitre node (k), the

more precise definition of these rotation angles takes the following relation:

T = 7:'/2 - 9&.



Yr = tan~'(tanapsin 0:) (5.6)
apl = tan~!(tan ay cos 6y cos i)

It follows therefore that three successive rotations are necessary to permit

explicit determination of the single transformation matrix (R,,,) in the form:

-B-ms = I—?nl-B-t.’.'B'y ( .

31}
-1

where R., R, and R,, are, rspectively, the three rotation matrices required
to successively account for rotation angle v, and a/ so that transformation
from z; — azes to vyl — aves is materialized. Writing these matrices in
expanded form gives

[ cosy 0 —sin=
R, = 0 1 0 (5.8)
| siny 0 cos~

costr since 0

R. = —sine cose 0 (5.9)
| 0 0 1
[ 1 0 1

R, = 0 cosal —sina/ (5.10)

| 0 sina/  cosal
Considering Eq. 3.5 it can be secn that the case of transforming translational
displacement from mitre-edge coordinates to global structure coordinates,

with R, being orthogonal, vields:

A, =R A (5.11)

==t s=m

It should be noted that the rotation transformation matrix R, . is valid

for all nodal points on the mitre-cdge. In essence R,,. constitutes of rows

which define the direction cosines of such a "node” with respect to the global

structure coordinate, hence the following expression:

.I_?.ms = [l_‘ll-.(_"lhglil]'[{.‘ (

)
—
(8]

—
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5.4.5 Curvilinear Natural Coordinate—¢,n,(

In this system, Fig. 5.3c, £, 7 are two curvilinear coordinates in the middle
plane of the shell element and ¢ is a linear coordinate in the thickness direc-
tion, Fig. 5.3a. It is assumed that £, 7 and ¢ vary between -1 and +1 on the
respective faces of the element. The relations between the curvilinear coor-
dinates, Fig. 5.3e, (£.7.¢) and the global structure coordinates, Fig. 5.3b,
(z,y.2) are given by expressions 3.17, which will later define the element

geometry in the isoparametric implementation.

5.4.6 Local Lamina Coordinates—X;/

This is a (primed) cartesian reference system, Fig. 5.3f, defined at each in-
tegration point in an element such that two of its axes are tangent to the
lamina (or middle) surface of the shell. The integration points are locations
where strains and stresses are also calculated. The lamina coordinate is spec-
ified by three orthogonal base vectors 2,/ i=1.2.3 of which g/ (z7) is always
perpendicular to the lamina (face = constant). being obtained by the cross

product of the £ and 75 directions:

ox; ox; .
Iyl = <52) X (8—17) (5.13)

To maintain consistency in relating the definition of principal material axes
p-azes to the definition of the lamina system of axes l-azes, the direction of
xy! (a1) is defined in a similar manner to that of direction Ui in the global
structure coordinate system. The direction s/ (y/) is then obtained by the

cross product of the a3/ and ;7 directions:

Lyl = 230 X x4/ (5.14)

Further exposition of this definition can be found in Refs. (72, 110}.



Since the lamina system of axes varies from integration point to inte-
gration point, an orthogonal relationship exists between the global structure
coordinate system (z,) and the local lamina coordinate system (i according
to:

=Taz (5.15)
where T; is a transformation matrix consisting of direction cosine between
the global structure coordinate and the local lamina coordinate systems.
The quantities z, and 2, respectively denote the position vectors of a generic
point of the mitre shell with respect to the global structure and local lamina

coordinate systems. The definition of T, is thus given by:

Ty = [z 41, 30"

(5.16)

where Z7. §/, 2/ are unit vectors in the direction of the £l yl and 2/ axes

respectively.

5.5 Generic Element Equations

5.5.1 Geometric Equations

Following the isoparametric based finite element formulation, the initial ge-
ometry of a generic element (see Fig. 5.3a) can be described in terms of a
set of the curvilinear natural coordinate axes €, 5. by applying the element

shape functions to the nodal coordinates as follows:
Al h 2 o
§.1.¢) = Zfl. l,A+ZfAC——vgk (5.17)
where

e i=1.2.3 refers to the three global structure directions (.y.2);

e N-is the number of nodes per element;



* fi = fil&n) (k =1, N) are the element shape functions correspond-

ing to the surface ¢ = constant;
® hi-is the shell 'thickness’ at node k, i.e. the respective *normal’ length:

¢ &,n,C-are the curvilinear natural coordinates of the point under con-

sideration; and
0

e z;-are the nodal coordinates corresponding to the surface ¢ = 0, the

middle-surface.

More explicitly, expression 5.17 can be written as

X N x) N ] oL,
- . ; 7S .
Y =X f| R |+ X 5 | B (5.18)
k=1 0 k=1 = .
Z ~k U3

Specific representation of the interpolation shape functions f appearing in
this equation can be found in Ref.[107]. The ones relevant to the three basic

elements under consideration are given in appendix B.

5.5.2 Kinematic Equations

Generic displacements (u; ; u; = u, uy = v, uz = w) at any point A on the
shell (mid-surface) are taken to be in the directions of the global structure
axes, Fig. 5.3a, whereas the two small rotations o, and I are defined about
the two tangential fiber axes defined earlier by ¢, and Vs, and indicated in
Fig. 5.3g. Hence for a typical node %, the nodal displacement vector qr would
consist of:

4, = [ux v wy B an]” (k=1.N) (5.19)

To derive the element kinematic (displacement) equations, the usual assump-

tions involving degenerate shell concept (section 3.2) are employed. Thus,
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the generic displacement vector u; = (u,v,w) at a generic point of the mitre-
shell element is given in terms of the components of the nodal displacement

vector g = [ug vy wy By a-k]r as follows:

u; = z i + z fil iy (5.20)

In this formula, the symbol ;. and @, denote the following submatrices:

Vi U

e = | v, —vd (5.21)
T

& = [ha]"

Colummn 1 in the array U, contains positive values of the direction cosines
of the first tangential vector vy, and column 2 lLas the negative direction
cosines for the second tangential vector (see Fig. 5.3g) being all referred to

the local fibre coordinate set (u;.). More explicitly, Eq. 5.20 can be written

as:
. Ui —US
u N U Y b e U By,
L/ = &
wi=tv =) fil w |+ Z ka vl =3, (5.22)
w = wy Uik — U3 Ok

Referring to Fig. 5.3g, the second summation in the above equations is as a
result of local generic translations u/ and —u/ (in the directions of vy, and
va) which arise due to the nodal rotations 3; and «; respectively. The form

of this local translations can be given as:

!
ul = Cu 3

1
Cim (5.23)

vl

Contribution of these terms to the (global) generic displacements at any

point (k), constitutes the second summation in Eq. 5.22. In symbolic form,
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Eq. 5.22 can be represented by

we=f,4q, (5.24)

which succinctly represents the contribution to the global generic displace-
ments from a given typical node (k) of the mitre shell clement. The array
fy» in Eq. 5.24, represents a matrix of modified shape functions and q 1s

the nodal displacement vector given by Eq. 5.19. By combining the terms in

Eq. 5.22, the form of matrix L s

f k 0 0 5k Ufk - 5/,- U-_‘_).,‘.
L,=10 fi 0 &uf, —d08 (5.23)
0 0 fi dprf, —04v5,
in which d; represents the term f,.Chs /2. For the complete set of element

nodes (k=1,N), the symbolic representation of Eq. 5.24, becomes

U= i(l (5.26)

where

is the vector of the element nodal displacement variables.

For specifying displacement boundary conditions occurring at the heli-
coidal mitre edge, the following considerations have to be taken into ac-
count during the formulation of the kinematic relations. The first con-
sideration involves the components of the nodal displacement vector q, =
(up, vy, wy, Broy) being referred to the global structure coordinate axes must

now be referred to mitre-edge coordinate axes as q,) = (upl vpd wpld Bl o).
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Therefore by taking recourse to Eq. 5.20, the generic displacement vector in

terms of the components of the new vector ¢,/ must take the form:

N N

. hy = o

u =) fiRhuad + :fk(—é‘-u,-kl@kl (5.27)
k=1 k=1

or in symbolic form

w = fiiqt (5.28)
where
RT, = [ufzahuy), see Eq.5.12
wl = [-l-’-'l.'"gk,sﬂy.kl]
and

ot —ugt”
Miel = | vyt? —vyt¥ (5.29)
vipl® —uyl*
Following similar development to that of Eq. 5.25. the new form of [ in

Eq. 5.28 is:

frvwd™ froad™ fropd® Spvps® —dpvgl
Lkl= fk'l‘lkly fkl?-_y‘.l-'/ fkv3kly 5A.L?1kly —dk‘L'-_)_k/U (530)

fevwd® freal® frvgl Sl —Gruns®
In essence, Eq. 5.30 is deemed to supplant Eq. 5.25 whenever contribution
to generic displacement vector u, is to be accrued from mitre associated
nodes which are specified as having displacement boundary condition(s). In
this regard all specifications relating to the mitre nodes boundary conditions
(viz: translational and/or rotational displacement boundary conditions and
their respective joint loads) are locally referred to become ’parallel’ to ac-
tual helicoidal mitre edge configuration. By taking this consideration at the

kinematic level, a consistent formulation of the structure stiffness matrix is



ensured, although the nodal quantities related to the vector g, are locally de-
fined (with respect to the new local base vectors v/, vgi/, usy/~ constituting
the mitre edge coordinate systems) while the remaining quantities relating
to the vector g, are still globally referred.

An alternative to such consideration could have been taken at the actual
stiffness computational level, instead of the above B-matrix level. However
the former would entail increased computational cost since the nonlinear
analysis often requires several stiffness recalculations while the B-matrix is
needed to be calculated only once. Hence the obvious choice of this consid-

eration at the kinematic equations (B-matrix) level.

5.5.3 Strains, Stresses and Stifness Matrices

5.5.3.1 Strains

The local lamina coordinate system (Fig. 5.3f) is to be adopted in defining
strain components. In this system of coordinates, it is relatively easy to
impose the degenerate shell assumption of zero normal lamina-stress (o./)
and it is also a natural system to define the constitutive relations, especially
for extension to anisotropic materials. Furthermore, the local lamina system
of coordinates is the most convenient for expressing the stress components
(and their resultants) for mitre shell analysis and design.

Referring to the local lamina coordinates (7. yr, z1), the five significant

strain components at a given generic point of the mitre shell are:

[ ¢, ] r % -
€yt %:f:
o Bl I R (5.31)
Tarst % + ((7)_;1,/.
R i % + %t;_ll ]
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where u/, v/ and w/ are the displacement components in the local lamina co-
ordinate system (z;/). Equation 5.31 contains certain derivatives of the local
generic displacements with respect to the local lamina coordinates. Thesc lo-
cal derivatives are obtained from the global derivatives of the (global) generic
displacements u,v, and w [72].

‘The strain matrix B, relating the strain components (in the local lamina
system) to the element nodal variables ¢ (in the global structure system),
can be constructed as

=By (5.32)

where € and ¢ are defined in Egs. 5.31 and 5.26 respectively, and B is a

matrix with five rows and a number of columns equal to the number of nodal

variables.

5.5.3.2 Stresses

Neglecting the stress in the direction perpendicular to the mitre shell mid-
surface (o./ = 0), in accordance with the degenerated shell assumption, the

five stress components in the local lamina system are:

Our ]

Q
Il
&
<
I
=
ot
)
3]

where ¢ is defined in Eq. 5.31. The elasticity matrix D is a 5x5 matrix, whose

derivation and specific form were considered in chapter 3.



5.5.3.3 Stiffness Matrix

The element stiffness matrix & is derived in the usual way from the principle

of virtual work and can be written as:

k=" [ [ B"DB | 1] dedna (5.34)
In this expression, matrices B and .J are functions of &, nand (.

Integration of Eq. 5.34 through the thickness direction may be computa-
tionally expensive but is more appropriate for mitre shells in which proper
account has to be taken of point to point variation of the local lamina sys-
tem of axes as well as the through the thickness variation of the Jacobian
matrix (J). For a nonlinear stiffness to be formed. the elasticity matrix D in
Eg. 5.34 must be replaced by the elasto-plastic or tangent-elasticity matrix
(D7) derived earlier as shown in Eq. 3.23.

For the purpose of calculating the generic element internal force vector

f¢, the following classical expression is used

Lol okl
o= / / Bg | 1| dedndc (5.35)
= S I
in which ¢ is defined in Eq. 3.33. It should be noted that all integration
is done numerically and as such all integrals must be replaced by summa-

tion of the integrands over a selected quadrature rule-the Legendre-Gauss

quadrature rule being the one adopted in this work.
5.6 Large Deformation

For the inclusion of large deformation, or geometrical nonlinearity, a total
Lagrangian formulation is adopted [72). The formulation accounts for large
translations and moderate rotations for which the Piola-Kirchhof stress and
Green-Lagrange strain fields are used to respectively define the current state

of stress and strain.
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The displacement ficld gives the current (deformed) configuration in rela-
tion to an initial position. During the nonlinear process, the usual infinitesi-
mal strain-displacement matrix, By, is calculated only once and its nonlinear

part, B;, is used to get an update of the current B-matrix:

B=B,+B, (5.36)

Similar update of the stiffncss matrix results in

K =Ko+ K, (5.37)

where K is the usual infinitesimal stiffuess part and K, is the geometric

stiffness defined as
K, = /\ B} gdV’ (5.38)

In order to determine I\, . explicit evaluation of B; must be made. For
the degenerate shell elements employed in this work. the specific and appro-

priate terms involved can be found in [72].

5.7 Numerical Integration

5.7.1 In-plane Integration

For exact integration (mxm gauss points) of the expression in Eq. 5.34, the
highest grade polynomial (m) in the expression must be considered. Hovw-
ever by integrating the expression numerically in the plane of the mitre shell
(surface ¢ = constant). the shear and membrane stiffuess terms become over-
estimated, i.e. locking phenomena was manifested. In such a case the bene-
ficial effects of a reduced integration technique (m-1 x m-1 gauss points) on
the isoparametric shell element have been established in a number of investi-
gations [72, 83]. Another way to enhance numerical stability of the numerical

technique is by using selective integration wherein the reduced (m-1 x mn-1)



integration is used in evaluating all transverse shear stiffucss terms and the

exact (m x m) integration is used for the calculation of the remaining stiffness

terms.

5.7.2 Across-Thickness Integration

In its simplest form, integration across the thickness of the mitre shell can be
implemented using layered model wherein stress dependent quantities such
as in Eq. 5.34 are evaluated by the mid-point rule (separate layers). However
central to the present study is the development and use of an extended layered

approach in addition to the simple-layered model.

5.7.2.1 Simple-Layered Models

In its own right. the layered approach [77, 72] facilitates integration through
the element thickness. Nonetheless, its major significance lics in its ability to
accommodate across the thickness variation in anisotropic material properties
as well as in allowing to monitor the spread of plastification across an element
thickness.

'To employ a layered model a shell element must simply be subdivided into
a series of layers. Fig. 5.4. Each of the resulting layers is then considered
to contain one mid-layer integration point which duly serves as as stress
sampling point. Fig. 5.4a. In this way, the actual stress distribution of the
shell is simply modelled by a piecc-wise constant approximation Fig. 5.4b.

In the present implementation. layers are to be numbered sequentially,
starting at the bottom surface of the mitre shell element. Different layer
thickness can be employed but the number of lavers in each clement must be
the same. The specification of the layer thickness is done with respect to the

third component of the curvilinear natural coordinate axes. (. This permits a
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Figure 5.4: Layered element model (a) across-thickness discretization (b)
layer stress representation (c) layer plastification.
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convenient way in specifying the variation of the layer thickness as a function
of the normalized fractional value of the absolute shell thickness.

It is understood that the foregoing assertions could not be detrimental if
only elastic mitre analysis were to be considered. To improve ou its inherent
beneficial offerings, the simple layered model must therefore be propped up
in some way so that it can reasonably extend to account for inelastic analysis

too.

5.7.2.2 Extended-Layered Models

The possibility of extending the use of lavered model for accurate inelastic
analysis is sought using higher order quadrature rule that is greater than the
default mid-point rule, used in the simple layered model. Calling it extended
layered model, the increased order layered model is considered most appro-
priate since the computational overhead it entails will pale to insignificant
when due account is taken of proper variation of across the thickness proper-
ties including elastic-plastic stiffnesses. The desirability of a relatively higher
order rule is also suggested by the need for faster and uniform convergence
of the inelastic stresses which often assume complicated distributions with
sharp slope discontinuities at the clastic-plastic interfaces. Fig. 5.4c.

In using this so-called extended-layered model four folds benefits are ap-
parently accrued. First, it is seen that since stiffness terms are calculated by
integrating a quasi-parabolic function of the ¢ (miter shell thickness) direc-
tion, two gauss points in cach layer are cffectively enough for linearly clastic
anisotropic single mitred bend problems. For isotropic situation of a similar
problem, it follows therefore that only a single layer is required to obtain the
desired mitre analysis. The above remark is particularly important because

a large number of the mitre analysis runs to be used for the validation of this



study are elastic runs. Moreover, many of the inelastic runs would require
preliminary elastic modelling or trouble shooting. As such the advantage of
using as fewer number of layers as permissible is obvious. Secondly, the use
of the relatively higher order rule permits accurate modelling of the compli-
cated helicoidal mitre edge geometry cven at the face of a large mitre angle
(a). The absence of this latter capability in many of the reviewed literatures
is therefore a major motivation for this improvement. For the third point,
it is obvious that fewer number of layers are required when the extended
layered approach is used and this is quite an advantage due to its reduced re-
quirements on data input and preparations. Consequently the likelvhood of
input data modelling error akin to numerical models is also reduced. Fourth.
greater numerical accuracy is ensured in addition to savings in time required
to bring the complicated elasto-plastic stress distribution into normalized
global equilibrium of the general elasto-plastic solution algorithm, as high-

lighted later in sections 6.1.1and 6.1.5.

5.7.3 Stress Resultants

A sign convention nomenclature assigned for the stress resultants is illus-
trated in Fig. 5.3. The stress resultants are obtained by numerical integra-
tion of the corresponding stress components with respect to the thickness

coordinate (:

h

. 7 &

N, = /h aJ.(.:=%Za’;__XC' (5.39)
-3 i=1

3 P

.‘[1. = - _T,LO'J.(I::.—TZIU;.C'AC' (340)
% hJds . .

Q. = /’h T,:(1:=;24ZT;.:AQ' (5.41)

i=1



Figure 5.5: Stress resultant nomenclature.
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where i=1,n and 7 is the number of layers. Similar expressions can be de-

scribed for Ny, M, M.,, and Q, resultants.

5.8 Domain Discretization

5.8.1 General Considerations

In view of the complex mitre geometry, a particular interest is in place for
this study to consider a meshing strategy that will offer the ability to adjust
a desired mitre mesh according to the perceived behavior of a given loaded
single mitred bend. Thus in addition to proper choice of the three basic
elements together with their transition counterparts, a further improvement
in the solution quality of the mitre will be required to be sought in an optimal
manner [111, 112, 113}.

The review of the literature has served to indicate the mesh-critical nature
of mitred-shell problems. This eriticality depends not only on the complex
mitre edge geometry but also on the type of loading. In the vicinity of
the plane of the mitre edge where stress values and decay rate are generally
higher, a greater degree of freedom DOF density-the number of DOF per unit
area of the mitre domain—is necessary. From literature point of view, such
arguments are in line with the work of Burnett [107) who amply explained the
relationship between a desired solution quality and the DOF density. Similar
treatment including the criteria for goodness of a mesh and a step-by-step
procedure of mesh selection. improvement and refinement have been found

useful from Refs. [114, 115]and [116].
5.8.2 Meshing Strategies

In order to take proper account of the oblique nature of the mitre edge

geometry, the determination of a discretization strategy that is capable of



satisfactorily representing the stress raising effects of the mitre edge is im-
portant. A uniform mesh consisting of elements all about the same size and
shape and repeated in fairly regular pattern is the casiest type to construct.
However such a mesh will provide more-or-less uniform DOF density and
hence it is generally most appropriate in the large but remote areas of the
mitre edge where mitre stress distributions tend to be least complicated. In
the portion of the mitre edge where the mitre solution is most comp<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>