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Abstract

The problem of a cylinder-plate junction resting on tensionless elastic subgrade and subjected to
point load and point moment that act at the top edge of the cylinder is investigated. An energy
minimization technique is utilized to analyze the plate subgrade system. A displacement function for the
plate is assumed in terms of generalized Bassel functions in the radial direction and Fourier series in the
angular direction. The solution for a thin circular cylinder is obtained according to the equations derived
by Flugge for this problem. The solution of the cylinder-plate junction is accomplished by achieving the
continuity conditions at the cylinder-plate interface for the displacements and the edge forces. A computer
program is developed to solve the problem iteratively, but efficiently, to predict the nonlinear behavior
produced by the loss of contact between the plate and the unbound subgrade. Numerical results will be
presented to show the validity and accuracy of the utilized approach.



Nonlinear Behavior of Cylinder-Plate
Junction of Tensionless Elastic Subgrade

by

Hassan Aly Hassan Waly

A Thesis Presented to the
FACULTY OF THE COLLEGE OF GRADUATE STUDIES
KING FAHD UNIVERSITY OF PETROLEUM & MINERALS

DHAHRAN, SAUDI ARABIA

In Partial Fulfillment of the
Requirements for the Degree of

MASTER OF SCIENCE
In

CIVIL ENGINEERING

January, 1992



INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI
films the text directly from the original or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may
be from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6" x 9" black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly
to order.

UMI
University Microfiims international
A Bell & Howell Information Company
300 North Zeeb Road. Ann Arbor. Mi 48106-1346 USA
313r761-4700 800/521-0600






Order Number 1354048

Nonlinear behavior of cylinder-plate junction on tensionless
elastic subgrade

Waly, Hassan Aly Hassan, M.S.
King Fahd University of Petroleum and Minerals (Saudi Arabia), 1992

U-M-1

300 N. Zeeb Rd.
Ann Arbor, MI 48106






S e e e S e e

3

NONLINEAR BEHAVIOR OF CYLINDER-PLATE

I

JUNCTION ON TENSIONLESS ELASTIC SUBGRADE

¢

ey,
;.«

]
S
+

fofel
R EPRS PSR ERS T

w,
v

BY

«!#ﬁi.-)’ﬁi~d§4~5&i§d%i$«b%@

]
»
.

Sl

1
1 4
}
-~

HASSAN ALY HASSAN WALY
A Thesis Presented to the

FACULTY OF THE COLLEGE OF GRADUATE STUDIES

KING FAHD UNIVERSITY OF PETROLEUM & MINERAI.S
DHAHRAN, SAUDI ARABIA : ‘

23

L .

1!

\ud

%

i
38
O]

02

t
.
..

in Parial Fulfillment of the

;}Lj Requiremenits for the Degree of
e ’ »_
N MASTER OF SCIENCE ¥
c-“ ..;/‘4»
& In Ly
-2 D)
:.; CIVIL ENGINEERING e
b4l T
’)E‘ Kiie FAmR umvsn;:;: ;'rn::,\rzgl.um & MINERALS e
ﬁ,\‘ PHAHRAN - 31261, SAUDI ARABIA é‘f(* .
., Dj;_
X JANUARY, 1992 oz
A P S S T A S P AT A P A T SERY



KING FAHD UNIVERSITY OF PETROLEUM AND MINERALS
DHAHRAN, SAUDI ARABIA

COLLEGE OF GRADUATE STUDIES

This thesis, written by HASSAN ALY HASSAN WALY under the
direction of his Thesis Advisor and approved by his Thesis Committee, has been
presented to and accepted by the Dean of the College of Graduate Studics, in

partial fulfillment of the requirements for the degree of
MASTER OF SCIENCE IN CI¥VIL ENGINEERING

THESIS COMMITEE
N

Dr. A. A. Khathlan (Chairman)

Dr. M. H. Baluch (Member)

ooV
Dr. A. A. Al-Musallam (Member)

r/‘/ B i

Crmb
Dr. G. J. Al-Sulaimani
Department Chairman

ot A (-

Dr. Ala A-Rabeh =
Dean, College of Graduate Studies

272 -2 - 991

Date

.



To My Beloved Parents, Brothers, Sister
and to Those Who Shared Their Care and Concern

-iii-



ACKNOWLEDGEMENT

First of all, I thank " ALLAH ~ for giving me the health and paticnce to
produce this work which I hope will be uscful for mankind as HE and our
Prophet MOHAMMED, peace be upon him, ordered us as muslims to work for

the prosperity of mankind and to seck knowledge where ever it is.

Acknowledgement is duc to King Fahd University of Petroleum and Minerals

for giving mc the opportunity to achicve this work through its tremendous

facilitics.

I would likc to express my decp appreciation and sincere gratitude to my
thesis advisor, Dr. A. A. Al-Khathlan, for his paticnce, guidance, his gencrous
support and encouragement. 1 would also like to cxprcss my gratefulness to the
other committee members, Dr. M. H. Baluch, and Dr. A. A. Al-Musallam, for

their valuable suggestions, helpful remarks and their kind co-operation.

-{v-



TABLE OF CONTENTS

Page
LISt OF FIGUIES oottt ee e s e e e eeseeeeesemens X
ADLSLIact (ENBISH) coooeeenneieeeeeeeee e eeea e e e e e eeeeeemeeenmen xviii
ADSLFACt (ATADIC) .ottt ee e e ee e e s s e v eeassesameene Xix
Chapter 1
INTRODUCTION
LD GMETAL ottt s sessssrescnsneane 1
1.2 Description of the problem .........ocoveeeeeeemeeceeeeeeeeec e eeeeeeeeeeseessane 3
1.3 Research objectives reeeeeersssnesstesareetesnneresrerenraneresasrnnreessnaearnanan 6
1.4 Approach and mMethOdOIOZY ...ccceeeeeereeeeeemiieeieeceseeceeeeseeaesenessessnseeanes 7
1.5  Verification of the reSUMS ....ccomeve ettt eneseaesessesenes 8
Chapter 2
LITERATURE REVIEW
20 INEEOQUCLION oot cneereseee e ssenssne e s e sene e sesesssensanen 9
2.2 Plates on bonded SUDEIAAE .....ccoueueeeeeecerevererrrecireteaee e eeeaes 9
23 Plates on unbonded SUBEraAde .........eoeeeeeeeeeeeeeeeieieeeceeeee e 10
24 Cylinder-plate intersection problems ..........coueeeeeveeieeeceecreeeneeereneeeeneens 14
2.5 Current status of the reSCarCh .....oecveeevrreeeeeereererserrerereerei e iesseenenes 15



Chapter 3
THE PLATE-SUBGRADE SYSTEM

3.1 INTOUCHON et s e eeenens 16
3.2 Theoretical asSUMPLIONS ....ecvueeceemreereetemeereecceeeeeesiteneeee e eeeseseosseeeneesessaen 16
3.3 Description of the platc-subgrade SYStem ........oeeeeeeeeeveeemeeeeeeeeeenee 17
3.3.1 Geometry and externally applied loads ......c.cccoeceueeeneen. 17
332 Plate CIEMENE ..eneeeeeeeeeeeeeeeeeeeeceeeeeeeeeetee e e eceesenne 19
3.4 Plate problem fOrMUIAtION .eeeeeeeeecmeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee v eveseeeresans 20
3.4.1  Governing differential cqUAtIon .....oeceeeeeeeveeeeeeeee e 20
3.4.2 Displacement fUNCHON ..eceeremeeeeuirecincneteeeeeeeeeaeeeneeeeseessesens 24
3.4.3 Boundary conditions formulations ..... 24
344 The RUZ MEthOd ...cocomemreeeeereeeceeeee oo esasnns 27
3.45 Matrix formulation of the energy equation .........coceeeceueneee.... 30
3.5 Solution procedure sesesetsssetnisssreassensssansesssneaesnsnreeessrnsesraas 33
3.6 Plate eqUIIBIIUM ettt ee e esee s s seeee e aena 36
Chapter 4
THE SOLUTION FOR A CIRCULAR CYLINDER
4.1 INFOAUCHON .oe..oeceeeececcrecenece e sres s e sessa et sassessesessesacasssmsaans 37
4.2 Theoretical aSSUMPLIONS ...oveeereeerereeemceerereneaesiaeesseneeseesesesssesessseeesesassssens 38
4.3 Description of the cylinder Problem .......ceeceeeecueeeiiecncneeeeeeeceeeeeesne 38
4.4 Bchavior of the Problem ......ceeeeeeeveceeecceeeeies e eetseesesesessesessesssensesssens 40
4.5 Formulation of the SOIULION ...eccevevererereecrereneerireisesceeastsie s aessesmeenas 41
4.5.1 Displacement FUNCEONS ...ccveeeerirereeeeeeeeeeeeresreseeneeeesseeseesenssens 41
4.5.2  Governing differential cquUations .........eeeeeveveeereeecvmencerererenenne 43
4.5.3  Solution of the differcntial €qUALIONS .......covvveveerereeerereenenenn. 43

vi



4.5.4  SHresS TESUIMANLS .eooueeeeneeeeeeeeee e 46

4.6 Analysis of the CYHNACT .oevrreeeeeeeeeeeeee e 4R
4.6.1  GENETAL ...t e 43
4.6.2  Boundary CONAItIONS ..........ooeeeueeeeemeemececeeeeeeeeeeeeeeeeeee oo, 43
4.6.3  Stiffness Matrix deriVAtions .........eooeeeeecmecececermemeeemeeeseenn. 43
4.6.3.1 Analysis for 1 =0 .ocoormreereeeeeeeeeeeenns 49
4.6.3.2 AnalysiS for =1 .ouueeeeceeeeeereeeeeeerennn. 50
4.6.33 AnalysiSforn = 2 .oeeeeeeeeeeeeeeeeee e 52
Chapter 5
SOLUTION FOR THE CYLINDER-PLATE JUNCTION
5.0 INITOQUCHON ..e.coceeececemeeeeeeeeeee et cenecoseesseeeeses e ess s eseeeen 55
5.2 Plane Stress ProbIEM ........ccccoeeeeceeeenvecseeecnseeeeeeeresssesesssesees oo 56
52,1 INrOQUCHON ceveeeercereeeeeeeeececeeeeecsseeecceemeeemeresese s saes 56
522 Plane Stress eleMent .....oveeeeueeeeeeeeceemseescenseeceesmeseresseseseensesers 56
5.2.3  Solution for the Problem .....ccceeeeeeuveveceerremccreeeeeresseesneesnsenns 56
524  Boundary CONGItioNS .......cceeeeeeeceeneecmemreerasneesesenessessesssnsessnnns 57
5.2.5  Stress eSUILANLS ..ccvveeecereeeenseieenececseeescseeeneeemersessssesesesesssssnes 57
5.3  General continuity equations at the JUNCHON .....veveeeveereeeeeeeeeonn. 59
5.3.1  Displacement CONtINUILY ...cvucvevvececuncrcnermseneeceeseeeeresesesne s e 60
5.3.2  Edge forces CONtINUILY ....oeveeeeereceemrecmeeeeereeeeesesesseeesessesssesesnns 62
5.4 Edge forces & plate displacement relationship .ococoveeeveeveeeenceeeece e, 62
54.1  Representation for =0 .....ccocseeeureeeererveererreerereosessesososossonns 64
54.2  Representation fOr M=1 ....coceeeeemreeeeeeeeeeereesreerenerseseeseesossons 64

vii



5.4.3 Representation for M22 ..ooeovveeeeeeeeeeeeeeeeeeeeeeeeeeeeeeem, 65
5.5 Modified boundary conditions ...........eeeeeemeeeeeeeeeeeeeeeeeeeeeeeeeee, 65
5.5.1 Boundary conditions for 1 =0 .......coeoemeemeeeeeeeeeeeee, 65
5.5.2 Boundary conditions for =1 .....cccoeeeeeeerereeeemeeemeeerereenn, 66
5.5.3 Boundary conditions for 1 22 ...ceeoeeeeeeoeeeeeeeeeeeeeeeeenn 67
5.6 Modified energy minimization eqUation ........oeoeeeememenn..... 67
5.6.1 Work done for n=0 ... 68
5.6.2 Work done for n=1 ......coeoveevemmeeeeeeornnnn. 69
563 Work done for 22 .oeeeeeeeeeeeceeeeeeeeeeeeeeeeeeee e 69
5.7 Minimization of the total potential €NETEY .....oveveueeeceememmcreereerrrrererennn. 70
5.8 SOIHON PIOCEAUTE ...cccermrerrerrrenerececeeeeseseeeeseececeeesneneseessessesesees e e ssses 73
Chapter 6
NUMERICAL RESULTS
6.1 GOMEIAL ..ottt es s s res e e 75
6.2 Applications to the plate Problem ......ooeeeeueeeeeeeeeeeeeeereeeeereseeeees oo 76
6.2.1  Solid plate PrODIEM ......eeeeeeceeeeeeecerereeeemeeeresserssesseesessessseseens 76
6.2.2  Annular plate problem .........cccoceeeeeeeeeeeeermeeemeesemees s 83
6.3  Application to the junction ProblCm ..........ccoeeeeeeeeeeeeeoeeeeeeesrerenesoesrsonns 89
6.3.1 Axisymmetric junction problCm .........ceeeeeremseercemesseresresuesnenns 89
6.3.2  Non-axisymmetric junction problem .........coecevmeemeeeressreseessrnnns 98
6.3.2.1 The effect of the cccentricity ...ccveeveeevereveeennnen. 98
6.3.2.2 The effect of the subgrade stiffness .................. 118
6.3.2.1 The effect of the cylinder stiffncss .................. 124

viii



Chapter 7
SUMMARY AND CONCLUSIONS

Tl SUMMATY  coeeceeiriereeeeiceecsctreaeesconeesssenstestensarserenssesressnssassseranssssnnnnnesses 133
T2 CONCIUSIONS ooeoreeeitieeiccreneeeesseessereensrsssonsmsssssssassarnssnsenssnssmmnssamsssmensnsesnan 134
7.3 ReCOMMENAALIONS  aoceenecieeeereceevensceeeeeenseensmnsenmsssasasensssnsasssmssramssmnseemmmanen 135
APPENDICES

Al ADPPERAIX A et eecence e te s ee s st n s s e s a s e s s n e nees 137
A2 ADPPERAIX B oottt 142
REFERENCES ..o oeeeettteereisassesesssssssssreassssasassnsnsssanmnssesnnssnsssennsnsnnn 147



LIST OF FIGURES

Figure
1.1
1.2.a

1.2.b
3.1
3.2
33

3.4
4.1
4.2
4.3
5.1.a
5.1.b
5.2
5.3
5.4
6.1
6.2

Cylinder-plate junction resting on unbonded clastic subgrade ........... 4
Partial uplift of the plate of a junction resting on unbonded clastic

subgrade .................

Top view of the contact zone of the plate with the elastic subgrade ..5

Coordinate system for an annular plate ........ I8

Plate bending element ..........ooocueeieeiemeeeeeeeeieteeeeeee et seese s 21

Contact and uplifted zones for annular plate on unbonded subgrade

............................................................ 23
Scheme of the solution for the plate problem .......ccceceeeeevreenenennnnneee. 35
Cylinder system co0Ordinate ............cceeeeeeeeereevrceeenrireeeceeeeseneecens 39
Sign convention for the displacement of the cylinder ........oevemunee... 42
Sign convention for the stress resultants of the cylinder ................... 47
Sign convention of in-plane forces ..........oceeevemveereemreeerrccrsereneseneans 58
Sign convention of in-plane displacements .......cccoeeerveerereereerreenennnen. 58
Edge displacement CONtINUILY .....cccvverveerereieerenrieereenvreeermseenenesesesnenns 61
Edge forces CoNtINUILY ......ccoceeeeeeiienrenieienesenininsesvesesessesesssssesnsnes 63
Scheme of the solution for the junction problem ........cccoeereerenennnne. 74
AXISyMmMELric SOIA PALE ..cvvevviveireireeiiriereeeseereeeeieseeseeeeseessssesseeesssns 77

Radius of contact circle for a plate resting on tensionless Winkler
subgrade subjected to point load P for various subgrade stiffness,

X



6.3

6.4

6.5

6.6.a

6.6.b

6.7

6.8

6.9
6.10

Edge and central displacement kW /P, kW,/P for a plate resting on

tensionless Winkler subgrade subjected to point load P for various

subgrade stiffness, (P =1, rg=1) e 81

Displacement along symmetry axis of a plate resting on tensionless
Winkler subgrade subjected to point load P, (P=1, r,=1, k=200) 82
Annular plate subjected to an arc 10ad ....cccoeeeeciereeeccneccieeeeeeeeaeen. 84
Contact curves of an annular plate resting on tensionless Winkler
subgrade subjected to an arc load at the inner edge for various angles
of the applied load, (P=1,r,=.3,r,=1, k=100 ) creevrrrrrerrencncn. 85
Displacement curves along symmetry axis of an annular plate resting
on tensionless Winkler subgrade subjected to an arc load at the inner_

edge for various angles of the applied load, (P=1, r,=23,r,=1,

k=100) reeetestenesste st ntenesas s sae e s easasasassseresenssssne s sesasesne nssanessanesssests 85
Distribution of The displacement along the inner and outer edges of
an annular plate resting on tensionless Winkler subgrade subjected to
an arc load at the inner edge for various angles of the applied load,
P=1,r=3,r=1, k=100 ) wrrrerrerereirerrriireemirrneesesssnseserassens 87
Distribution of the radial moment M, along the radius at 0=0 of an
annular plate resting on tensionless Winkler subgrade subjected to an
arc load at the inner cdge for various angles of the applied load,
P=1,r=3,r=[,Ek=100) wcrtrrereerrrcririrerersreserssssessestssesesnsans 88
Axisymmetric junction problCm .......cccecevvreeererieenvenernreeessesreensensennee 90

Contact radius curves of a cylinder-plate junction resting on

xi



6.11

6.12

6.13

6.14

6.15
6.16.a

6.16.b

6.17

tensionless Winkler subgrade subjected to point load P for various
subgrade stiffness and and various ratios of D", ( r=2,r=1) ...... 92
Displacement curves along symmetry axis of a cylinder-plate junction

resting on tensionless Winkler subgrade subjected to point load P for

various subgrade stiffness, (P=1,7,=.2, r;=1) .cccerrcreccrrrccnnee 93

Displacement curves along symmetry axis of a cylinder-plate junction

resting on tensionless Winkler subgrade subjected to point load P for
various thickness ratio T°, (P=1, r,=.2, r,=1,k=200)
Radial moment M? at a cylinder-plate junction resting on tensionless
Winkler subgrade subjected to point load P for various subgrade

stiffness and various thickness ratio T, (P=1,7,=2,7,=1) ......... 95

Direct shear S} at a cylinder-plate junction resting on tensionless
Winkler subgrade subjected to point load P for various subgrade
stiffness and and various thickness ratio 7°, (P=1,r,=.2,r,=1) .97
Non-axisymmetric junction problem .......ccceeceeeeerercerrerceesrerereneevenees 99
Contact curves of a cylinder- plate junction resting on tensionless
Winkler subgrade subjected to a point load P and a point moment M,
for various values of cccentricity e, (P=1, r,=.2, r,=1, k=200) ..100
Displacement curves along symmetry axis of a junction resting on

tensionless Winkler subgradé subjccted to a point load P and a point

moment M, for various values of cccentricity ¢, (P=1, r,=.2,r =1,

Distribution of the radial moment M? of a cylinder-plate junction

Xii



6.18

6.19

6.20

6.21

6.22

resting on tensionless Winkler subgrade subjected to point load P and
a point moment M, for various values of eccentricity e, (P=1,

r=.2,r,=1,k=200)

Distribution of the radial shear I? of a cylinder-plate junction resting

on tensionless Winkler subgrade subjected to point load P and a point

moment M, for various valucs of eccentricity e, (P=1, r,=.2,r =1,

Distribution of the direct shear S? of a cylinder-plate junction resting
on tensionless Winkler subgrade subjected to point load P and point
moment M, for various values of eccentricity ¢, (P=1, r,=.2, =1,

k=200) ..ccccevvevmnnn. rreseessteisinsassansasssennensateasrasssnrene 104

Distribution of the twisting shear 7 of a cylinder-plate junction
resting on tensionless Winkler subgrade subjected to point load P and
point moment M, for various values of eccentricity e, (P=1,

r=2,r,=1,k=200)
Radial moment M? along the radius at 0=0 of a cylinder-plate

junction resting on tensionless Winkler subgrade subjected to point

load P and a point moment M, for various values of eccentricity ¢,

(P=1,r=2,ry= 1, K=200) .ccoorrrerreerererererrerrerrrrerrmrerernaesesesaesennes 107

Stress resultant N? along a radius at 0 =0 of a cylinder-plate junction
resting on tensionless Winkler subgrade subjected to point load P and
a point moment M, for various valucs of cccentricity e, (P=1,

n=.2,r,=1,k=200)



6.23

6.24

6.25

6.26

6.27

6.28

Convergence of the resultant of the subgrade reaction for a cylinder-
plate junction resting on tensionless Winkler subgrade subjected to
point load P and point moment M, for various itcration number,
P=I,M=4,r=2,r=1,k=200) cceeeererrecerererenenes 109
Convergence of the moment resultant of the subgrade rcaction about
the center of a cylinder-plate junction resting on tensionless Winkler
subgrade subjected to point load P and point moment M|, for various
iteration number, (P=1, My=4,r=2,r,=1,k=200) cccovceurcuc... 110
Convergence of the contact curve for a cylinder-plate junction resting
on tensionless Winkler subgrade subjected to point load P and point
moment M, for various iteration number, (P=1,
My=4,1=2,r3=1,k=200) .ccoorerrrrrecrnrrrrerrenennesnssssnssseanasas 11
Convergence of the displaccment for a cylinder-plate junction resting
on tensionless Winkler subgrade subjected to point load P and point
moment M, for various itcration number, (P=1,
My=4, 1, =2,7g=1, k=200 ) .ureeeereeeeerereecerneceeeneresnenarnseneens 112
Distribution of the bending and membrane radial stresses at the top
fibre of a plate of cylinder-platc junction resting on tensionless
Winkler subgrade subjected to point load P and a point moment M,
P=LM=4,r=2,r=1,k=200) ccrrreerrrrrerrrrrrerrrereresrererenne 114
Distribution of the bending and membrane hoop stresses at the top
fibre of a plate of a cylinder-plate junction resting on tensionless

Winkler subgrade subjected to point load P and a point moment M,,

(P=1,M;=4,r=2,r,=1,k=200) coceevtreerrrrreererecrerrerrresrererenes 115

xiv



6.29

6.30

6.31.a

6.31.b

6.32.a

6.32.b

6.33

Distribution of the axial bending and membranc stresses at the outer
fibre of a cylinder of a cylinder-plate junction resting on tensionless
Winkler subgrade subjected to point load P and a point moment MM,
P=LM=4,r=2,r,=1,k=200) ereerrrrrcereerereneeee 116
Distribution of the hoop bending and membranc stresses at the outer
fibre of a cylinder of a cylinder-plate junction resting on tensionless
Winkler subgrade subjected to point load P and a point moment M,
P=1L,My=4,r,=2,1,=1,k=200) .ccccoruvrrrrrrrercrrerrrcrernnee 117
Contact curves of a junction resting on tensionless Winkler subgrade

subjected to point load P and point moment M, for various subgrade

Displacement curves along symmetry axis of of a junction resting on
tensionless Winkler subgrade subjected to point load P and point
moment M, for various subgrade stiffness, (P=1,
My=4,1=2,73=1 ) et 120
Contact curves of a junction resting on tensionless Winkler subgrade
subjected to point load P and point moment M, for various subgrade
stiffness, (P=1, My=2,1=2,7=1) wrrerrrcrrererreerenns 121
Displaccment curves along symmetry axis of a junction resting on
tensionless Winkler subgrade subjected to a point load P and a point
moment M, for various subgrade stiffness, (P=I,

Mu=2,1,=2, 4= 1) s sssssnsassssssssssssssssssssss s 121

Distribution of the radial moment M? of a cylinder-plate junction
resting on tensionless Winkler subgrade subjected to point load P and

Xv



6.34

6.35.a

6.35.b

6.36.a

6.36.b

6.37

a point moment M, for various subgrade stiffness, (P=1,

Distribution of the radial moment M? of a cylinder-plate junction
resting on tensionless Winkler subgrade subjected to point load P and
a point moment M, for various subgrade stiffness, (P=i1,
Mu=2,1=2,10=1,) oeereeetrrerrsrressresssenssessesssesssensesesssess e ssnens 123

Contact curves of a junction resting on tensionless Winkler subgrade

subjected to point load P and point moment M, for various thickness
ratio T°, P=1,My=4,r=2,r,=1, k=200) .rrevrereeeaee.e. 125

Displacement curves along symmetry axis of a junction resting on
tensionless Winkler subgrade subjected to point load P and point
moment M, for various thickness ratio , (P=1, M,=.4, r,=.2,r =1,

k =200)

Contact curves of a junction resting on tensionless Winkler subgrade

subjected to point load P and point moment M, for various thickness
ratio, P=1, My=4,r=.2,r;=1, K=50) cccererrrrrrrreecrcereccrcrrrrunc. 126

Displacement curves along symmetry axis of a junction resting on

tensionless Winkler subgrade subjected to point load P and point
moment M, for various thickness ratio T, (P=1,
Mi=4,r=2,r0=1, K=50) cereerreererreerererrerenenreerereererentsesensenas 126
Distribution of the radial moment M? at the interface of cylinder-
plate junction resting on tensionless Winkler subgrade subjected to

point load P and point moment M, for various thickncss ratio T,

xvi



6.38

6.39

6.40

6.41

P=1,My=4,r,=2,1,=1,k=200) oooormmerrrrrrrrmereerrrrerrrrrrrrrrrrrrree 127

Distribution of the radial moment AM? of a cylinder-plate junction
resting on tensionless Winkler subgrade subjected to point load P and

point moment M, for various thickness ratio T, (P=I.

My=4, =2, 10=1,K=50) eeereeeeeoeereeeereereeesmereereveneesessssssensesssnnes 128

Ratio of the relative maximum radial moment M, of a cylinder-

plate junction resting on tensionless Winkler subgrade subjected to

point load P and point moment M, for various subgrade stiffness and

Maximum edge displacement kW /P of the plate of a cylinder-plate
junction resting on tensionless Winkler subgrade subjected to point
load P and point moment M, for various subgrade stiffness and
various levels of the applied moment M, (P=1, r,=.2,r,=1) .... 131
Ratio of the relative area 4 of a cylinder-plate junction resting on
tensionless Winkler subgrade subjected to point load P and point
moment M, for various subgrade stiffness and various levels of the

applied moment M, (P = Ln=2,r=1)

Xvii



ABSTRACT

Name : Hassan Aly Hassan Waly
Title NONLINEAR BEHAVIOR OF CYLINDER-PLATE
JUNCTION ON TENSIONLESS ELASTIC SUBGRADE
Major Field  : Civil Engineering

Date

o

January 1992

-

The problem of a cylinder-plate junction resting on tensionless
elastic subgrade and subjected to point lload and point moment that act
at the top edge of the cylinder is investigated. An energy minimization
technique is utilized to analyze the plate-subgrade system. A
displacement function for the plate is assumed in terms of generalized
Bessel functions in the radial direction and Fourier series in the angular
direction. The solution for a thin circular cylinder is obtained
according to the equations derived by Flugge for this problem. The
solution of the cylinder-plate junction is accomplished by achieving the
continuity conditions at ‘the cylinder-plate interface for the
“displacements and the edge forces. A computer program is developed
to solve the problem iteratively, but efficiently, to predict the nonlinear
behavior produced by the loss of contact between the plate and the
unbonded subgrade. Numerical results will be presented to show the
validity and accuracy of the utilized approach.

MASTER OF SCIENCE

KING FAHD UNIVERSITY OF PETROLEUM AND MINERALS
DHAHRAN, SAUDI ARABIA :

January 1992

-Xviii-



Ayl 2lfs,

s A O (e Gaua - il ad

Gpo 053 e 33550 0 Tlghaaly Losly a Wiayl hdll yui buadl = Aalyoll glgie
cWoae Laasa 1 g——Adl

- pVAAY sl dnléall 2ab

3553500 Blphaal y Tosky Gn TgSU Waa gl Uliaa Tual 5 a3 Sanedl 132 i
sall le gdbans gum p5ey ol 5 Jand Lz yas i AU TS 02 Tioa L5 le
- Gl ghsdld (g gladl

A bl Jlas il Gk ge Tkl T,y Uadall pllas Julal a3y
sl olaS¥l 5 U3 Jlas 5 kS Tslall Tad 330 Uls 2,45 . Gtk Julasl
sl ala3¥ L 5 ctbabiatiag

laols Tl ys Lantll e¥olaall Tk Tai 0 Lt lall Glshwd! Ja yudas
sk Gaiaty ajlail aiai c Wagdl Ulul JalSH Jall Lai . Uld) 23y Lalally
Assall (oilfly @lal3T o JSIUT sl ad] ga Uadall Jlash phiw wie Lo, radend]

Cre San sae Sy« LloSs Uagd) Ul Jad J3gmas palie e o305
onr elaalasill Glais ge @lill Lhall ;a0 Wbl uadsl o Tnbuwall ellasl
) caddl 3hbie 3 Loally il

- paniadl Julaslf Tisy Lasa saa gload Tosse g3E5 G350 gl

Lewsigll poladl b sulualll 1a,s
Osbdly Juohall s el Laals
Lisgraddl Logall Whll o glyekll

VaaY b

-Xix-



Chapter 1

INTRODUCTION

1.1 General

The problem of plates resting on elastic subgrade is encountered in
many civil engiﬁeering structures. They are frequently used as column
footings, pile caps, footings of towers, circular tanks and many other types
of structures. This problem is also encountered in the construction of

concrete slabs for highways and airport runways.

To deal with the plate problem, an idealized model for the subgrade
should be assumcd.' The subgrade may be modecled as a group of
individual springs with a subgrade stiffness coefficient K, which is referred
to as the Winkler model. Alternatively, it may be modeled as an clastic
half space where the shear deformation of the subgrade is taken into
consideration. Another model which utilizes a threc-dimensional elastic

space may also be assumed.

In general, plates on clastic subgrade may be divided into two
categories, bonded and unbonded. The first implics that the plate and the
subgrade always have the same upward and downward displacement. In
the unbonded case, which is referred to as tensionless, the subgrade will
deform with the plate when it moves downward but will separate from it

when the plate moves upward. In other words, the subgrade docs not
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provide any tensile pressure to the platc. As a result, the plate will lose
contact with the subgrade in certain parts. It is common knowledge that
very weak subgrades usually produce full contact. However, as their

stiffness increase, partial contact is likely to occur.

The behavior of a thin plate on tensionless or unbonded clastic
subgrade is complicated by the fact that the shape and size of the contact
region between the plate and the subgrade is not known in advance. The
shape and size of the contact region depend on the plate size, the relative
stiffness of the plate to that of the subgrade, and in certain cases on the

load configuration that act on the plate.

It should be mentioned that when the plate is subjected to one type of
loading, the shape and size of the contact zone will not depend on the level
of the load. However, when it is subjected to a combination of loads, the
shape and size of the contact zone will be affected greatly by the
distribution and levels of the applied loads. In other words, the problem
will become nonlinear, and the principle of superposition become
inapplicable. As a result, a closed form solution for such a problem is very

difficult, if not impossible, to obtain.

The problem of elastic stress analysis of shell intersections has recently
become an active field of rescarch. These intersections usually produce
high stress concentration levels at the junction. These interscctions could
be between any two different types of shells. One of the most common
types of the intersection problem is the cylinder- flat plate problem. It is

known that a flat platc is a special case.of a shell. In addition, the
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governing diffcrential cquation of a plate on elastic subgrade is very similar
to the equation for thin shells. Thercfore, the problem of cylinder-shell
intersection could be trcated as a cylinder-plate intersection resting on
elastic subgrade. This will significantly simplify the analysis of the shell
intersection problem. However, when the subgrade is of the unbonded
type, the stress distribution and the stress levels at the interscction will be

greatly affected when the plate has partial contact with the subgrade.

1.2 Description of the problem

The proposed work is concerned with analyzing a structure that
consists of a thin vertical circular cylinder attached to a thin annular
circular plate resting on tensionless Winkler subgrade as shown in figure
(1.1). The outer edge of the plate is assumed to be free. The cylinder

may be subjected to a concentric vertical load P and a tipping moment M_

that act at the top edge of the cylinder, which is free to displace. Since the

cylinder is rigidly connected to the plate, the applicd loads are transmitted

to the plate and then to the subgrade.

It is known that when the plate is bonded to thc subgrade, thc
problem of the plate on elastic subgrade has a linear behavior. In the case
of unbonded contact, the subgrade is unable to provide any tensile forces
causing the plate to partially uplift. (figure 1.2). This loss of contact
between the plate and the subgrade redistributes the subgrade reaction

under the plate. Consequently, a redistribution of the stress resultants at

the junction will occur.
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1.3 Research objectives

The main objective of this research is to analyze a structure that

consists of a thin circular cylinder attached to a thin circular annular flat

plate resting on tensionless Winkler type of subgrade. The analysis will

include the investigation of the contact region of the plate with the

subgrade as well as the stress resultants at the plate- cylinder junction. A

computer program will be developed to perform the analysis for the above

mentioned structural system. The dcveloped technique will make it

possible to investigate the following problems:

i-

The effect of the relative stiffness of the elastic subgrade reaction
coefficient K to the bending stiffncss, D, of the plate. Prcvious work
has proved that the contact region is affected primarily by this relative
stiffness.

The effect of the relative stiffness of the cylinder to the bending
stiffness of the plate. It is expected that the radius to thickness ratio of
the cylinder will play a significant role in the stress levels at the
junction.

The effect of the ratio of the applicd moment M, to the applied force
P. It is expected that duc to the nonlinearity of the problem, this ratio

will affect the behavior of the problem significantly.

The effect of these parameters will be investigated thoroughly in

combination with each other. This investigation will undoubtedly result in

better understanding of the bchavior of the whole system.



1.4 Approach and methodology

To analyze the stated problem, an efficient and sufficiently accurate

approach has to be derived. As mentioned earlier, a closed form solution

for such a problem subjected to general loading conditions is very difficult

to obtain. Therefore, a semi-analytical solution will be adopted. An cnergy

minimization technique will be utilized to derive the mathematical solution

of the plate-subgrade system. In addition, the solution of the cylinder will

be based on Flugge’s cquations [20]. The nonlinear behavior of the

problem will be dealt with through an iterative procedure. The complete

solution for the problem will be performed as follows:

1-

Derive a mathematical solution for an annular plate resting on
tensionless elastic subgrade. A displacement function for the
transverse deflection of the plate will be assumed in terms of
generalized Bessel’s functions [21,22] in the radial direction and
harmonics in the angular direction. This assumed displacement
function will be forced to satisfy the applied boundary conditions of
the plate. The solution of the plate problem will be completed by
minimizing the total potential energy of the plate-subgrade system.

Develop a solution for the circular cylinder. The analysis of the
cylinder will be based on the set of equations derived by Flugge [20]
for a semi-infinite circular cylinder subjected to cdge loads only. A
relationship analogous to the stiffncss matrix cquation will be derived
for the lower cdge of the cylinder for each harmonic. In addition, the

membranc solution for the cylinder will be utilized to handle the

extcfnal loads.
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3- Through a general computer program combining the solution for the
plate problem and the cylinder problem, the continuity between both
structures will be achieved at the junction. Through continuity of the
displacements at the junction, the edge forces could be prescribed in
terms of the displacement function of the plate. This will modify the
boundary conditions of the plate and as a result the energy equation.
Since the contact region of the plate with the subgrade is not known
apriori, an efficient iterative solution will be nceded to trcat this
nonlinear behavior of the problem. This iterative solution will continue
until convergence for the contact zone and the edge forces at the inner
boundary are achieved. Throughout the analysis, force and moment

equilibrium of the system will be checked out to monitor the accuracy

of the solution.

1.5 Verification of the results

Upon the development of the previously mentioned approach, results
will be checked and verified using available information about the behavior
of similar problems. It should be pointed out that no solution is currently
available for this specific problem. However, solutions have been obtained
by others that cover scgments of the problem or limiting cases of some of
the main parameters. These available solutions will be used, whenever

applicable, to confirm the validity and accuracy of the developed

technique.



Chapter 2

LITERATURE REVIEW

2.1 Introduction

In the present chapter, the available literature on the subject of the
plates on elastic subgrade will be reviewed. Studies investigating bonded
and unbonded behavior will be presented separately. In addition, previous

work on the stress analysis of plate-cylinder intersection problems will be

reviewed.

2.2 Plates on bonded subgrade

In the earliest studies on the subject, only bonded subgrades were
considered. Timoshenko and Woinowsky-Kreiger [1], developed a solution
for an infinite circular solid plate subjected to a concentrated load at the
center by assuming a Kelvin functions solution for the plate displaccment.
The solution was completed by considering vertical equilibrium of forces

acting on a small circle at the origin.

Recently, Kastikadelis and Kallivokas [2], investigated the problem of
clamped plates on Pasternak-type clastic subgrade using the boundary
element method. The plate may have holes and may be subjected to

concentrated loads, line loads and uniform loads. The analysis presented
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deflections, stress resultants, subgrade reaction and support reactions at
the boundary.

Bezine [3] investigated the problem of plates on elastic subgrade using the
boundary element method. The bending of the plate was solved by using
the original boundary integral equation method involving the fundamental
solution for the plate flexure problem. The solution was assumed to be in
the form of Kelvin function of the first order. By discretizing the integral
equation, it was possible to eliminate the boundary unknowns.

Kastikadelis and Armenakas [4], investigated the problem of clamped
plates on elastic Winkler subgrade by solving the boundary integral

equation for plates of any shape. The plates may be subjected to general

loading conditions.

2.3 Plates on unbonded subgrade

Recently, investigators started to pay more attention to the problem of
the unbonded contact between plates and elastic subgrades. Most soil-

structure contact problems actually fall in this category.

The earliest effort was by Weitsman [5] who investigated the contact
problem between an infinite elastic plate and a semi-infinite elastic half-
space. The plate was subjected to a concentric point load. Weitsman used
the Fredholm integral cquation to solve this contact problem and to obtain
an approximate solution for the radius of contact. His results were verified
by Keer et al. [6], who investigated the contact problem bectween a layer

and an elastic half-space. The layer, which modecls the plate, was
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subjected to an axisymmetric type of loading. The Frcdholm integral
equation has been used to treat this problem. The integral equation was
proved to be 2 homogeneous equation which made it possible to write the
contact radius as an eigenvalue problem. The integral equation was then
solved numerically to the desired degree of accuracy.

Another paper by Weitsman [7], included an investigation of the contact
problem between infinite plates on elastic subgrade modeled as cither
elastic half space or as Winkler type. The effect of a concentric point load
with or without uniform pressure was investigated. An analytical solution
for the differential equation that governs the problem was introduced. In
addition, he investigated the same problem for an infinite beam subjected
to the same loads and used the same technique for the solution.

Gladwell and Iyer [8] solved the unbonded contact problem betwecen a
circular plate and and an clastic half-space. The plate is pressed by means
of rotationally symmetric distributed loads and its own weight. A Hankel
transform solution was used for the half-space and the plate deflection was
determined by inverting the plate equation. The coefficients expanded in a
power scrics form were obtained by equating the deflection of the plate
and the half-space at a number of points in the contact region.

Villagio [9], solved the boundary value problem for a rectangular platc on
tensionless Winkler subgrade. The plate was free ét the boundary and was
subjected to a concentric point load. An explicit form for the contact
region was assumed. The diffcrential equation for the contact region was
solved using Kelvin functions in the radial direction and Fourier series in

the tangential dircction. He expressed the outer boundary conditions in
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Fourier series form and solved the differcntial equation of the uplifted part
using the classical solution for bending of plates. By satisfying the
boundary conditions and continuity between the two parts along the
contact curve, the solution was obtained for that problem.
Another solution using a combination of Navier-typc and Levy-type
solutions was obtained by Li and Dempesy [9]. The plate was subjected to
centrally symmetric vertical loading. The problem was transformed into
the solution of two coupled integral series equations over an unknown
contact region. Special attention was given to the singular behavior at the
corners.
Ascione and grimaldi [10] bim'/estigated the unbonded contact between a
solid plate and an elastic subgrade. They used a variational approach
which was considered to be the most convenient approach to obtain an
approximate solution. The plate was subjected to vertical pressure that act
on part of the plate. A displacement function in the form of power series
was assumed to represent the deflected shape of the plate.
Selvadorai [11] solved the contact problem of a Reissner platc and an
isotropic elastic half-space. The plate may be subjected to axisymmetric
uniform loads that act on a finite area at the center of the plate. He used
a power series function to represent the deflected shape for the plate. He
accomplished the solution by minimizing the total potential cnergy of the
system.
Another solution using a combination of Navier-typc and Levy-type
solutions was obtained by Li and Dempesy [12]. The platc was subjected

to centrally symmetric vertical loading. The problem was transformed into
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the solution of two coupled integral scrics equations over an unknown

contact region. Special attention was given to the singular behavior at the

corners.

It should be pointed out that all the previously mentioned work
considered axisymmetric loading conditions only. This made it possible to
assume an explicit form for the contact region. However, the problem of
solid plates resting on tensionless elastic subgrade and subjected to
eccentric point loads was not investigated, although it is a very common

problem.

One of the very few attempts to solve the nonaxiéymetrie problem was
by Celep [13]. He used an energy approach to solve th_e nonaxisymmetric
contact problem of a circular solid plate on tensionless Winkler subgrade,
where the plate was subjected to an eccentric point load and a2 moment in
addition to uniform pressure. The displacement function was assumed in
terms of Bessel functions in radial direction and Fourier cosine series in the
angular direction. These functions were selected since they represent the
free vibration modes of a free plate. The study investigated the effect of
the relative stiffness of the plate to the subgradc and also the load
configuration on the shape and size of the contact region.

Using the Galerkin method, Celep [14] also solved the contact problem of a
rectangular plate that rest on tensionless elastic subgrade. The plate was
subjected to an eccentric point load and a moment in each of the cartesian
coordinate directions. The displacement function for the plate was

assumed in terms of the eigen-functions for the free vibration of a free
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beam in each direction of the cartesian coordinates.
Also Celep et al [15] solved the problem of a circular plate that rest on
tensionless unilateral support at the outer boundary. The plate was
subjected to a uniform line load that acts on an arc of a circle. The
solution of the problem was achieved by matching the classical solution of
bending of plates for both ihe inner solid plate and the outer annular
plate. In addition, Celep [16] solved the contact problem for the
axisymmetric vibration of a circular plate on tensionless elastic subgrade.
The plate was subjected to a concentric point load which was a function of
time. The problem was solved using Galerkin’s method by assuming a

displaéement function for the plate in terms of Besscl functions.

2.4 Cylinder-plate intersection problems

The problem of stress analysis of plate- cylinder intersections has been
widely investigated. The evaluation of the stress concentration at the

junction was the main goal of these studies.

For the problem of a nozzle attached to a flat plate, Hulbert, et al.
[17] investigated the problem of plates with single or clustered nozzles using
the boundary point least squares method where the nozzle was. subjected to
edge loads at the top. The stresses in the nozzle and transverse bending
deformations in the plate were investigated.

Can'xpcn {18] investigated the stress distribution in an arbitrarily loaded
nozzle-to-flat plate connection. A finite clement mecthod was developed to

solve this problem including both mechanical and thermal effects. The
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general solution for the displacement functions for the plate and the
cylinder were assumed to be in series form. The proposed method was used
for determining the peak stresses at the intersection for relatively small
ratios of the inner radius to the outer radius of the plate.

In addition, Redekop [19] investigated the three- dimensional behavior of a
hollow circular cylinder normally intersecting with a fiat plate. The
geometry of the intersection was divided into three segments, the cylinder,
the plate and a circular ring connecting them. Boundary conditions
between the ring and the plate and the cylinder were satisfied using the '
numerical boundary least squares method while all the other boundary

conditions were satisfied exactly using the governing elasticity equations.

2.5 Current status of the research

The literature review indicates that the bonded bchavior of plates on
elastic subgrade has been investigated thoroughly for general loading and
boundary conditions. However, almost all of the studies of the unbonded
behavior have been confined to the axisymmetric behavior. In addition,
the importance of the cylindcr—t)late problem was emphasized. Therefore, it
is very clear that there is a need for an investigation of the
nonaxisymmetric behavior of unbonded plate-cylinder structures. Such an

investigation will fill an existing void in the knowlcdge in that fieid.
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Chapter 3

THE PLATE-SUBGRADE SYSTEM

3.1 Introduction

In this chapter the theoretical formulation for the solution of an
‘annular plate resting on tensionless elastic subgrade will be presented. The
plate may be subjected to a general state of transverse loading at the inner
edge. These forces include distributions of shear force and radial bending
moment expanded in terms of Fourier cosine series. The outer edge is to
remain free from loads. Since the subgrade can react in compression only,
a possible lift-off region is expected in certain cases. To analyze the
problem, a displacement function in terms of general Bessel functions in
the radial direction, and Fourier cosine scries in the angular direction will
be assumed. The solution of the plate-subgrade system will be

accomplished by minimizing the total potential energy stored in the system

of the plate and the subgrade.

3.2 Theoretical assumptions

The following assumptions will be made during the analysis of the

described plate—subgrade system.

I- Al materials are linear, elastic, homogencous and isotropic for the

plate and the subgrade.

2- The Kirchhoff hypothesis for small bending deformations, for thin
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plates, or so-called classical theory for thin plates [1,23], will be
adopted to analyze the plate.

3- The ratio of the inner radius to the outer radius of the plate does not
exceed 0.3.

4- Regarding the subgrade itself, the smooth tensionless Winkler modcl
will be considered where the subgrade rcaction at a certain point is
proportional to the deflection at that point in the compression zone

only.
3.3 Description of the plate-subgrade system

3.3.1 Geometry and externally applied loads

The plate system consists of an annular plate which has an inner

radiuS r, and outer radius r,, as shown in figure (3.1). The plate has a

I

Ef -
bending stiffness Dp = F(I—P—’), where E it, v are the plate’s modulus
-v

of elasticity, thickness, and Poisson’s ratio, respcciively. The plate rests on
elastic subgrade with modulus of subgrade rcaction K. The subgrade is
assumed to be of thc unbonded type. It should be noted that the bonded
type subgrade is a spccial case of the unbonded problem, and conscquently

could be treated easily with the approach developed in this thesis.
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Annular plate

Axis of Symmetry .

Elastic subgrade

Figure 3.1: Coordinate system for an annular plate
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The polar coordinates system of the plate r, 0, and z is shown in figure
(3.1). The direction of the displacement function of the plate W(r,0), is
taken to be positive downward. The plate will be loaded transversely at its

inner radius. These loads are general distributions of shearing forces v,

and radial bending moment M, expressed in terms of Fourier cosine series.

3.3.2 Plate element

Using a differential plate bending clement in polar coordinates, ﬁgurev
(3.2), the stress resultants acting on that element can be shown. These
stress resultants can be expressed in terms of the displacement fﬁnction of
the plate W(r,0). For example, two bending momcnts and one twisting

moment act on the surfaces of the given element and have the following

expressions
M, = i aa;:/ + —rl; a;;/ )i (3.1
o= -u,,[: "’a’," P 6
M= -9 DL IK _ =50 (33)

where A, My, M, arc the radial, tangential and twisting moments.

Similarly, two shear quantities act on the clement which are

0,= - D, 2-(AW) (3.4)
0= -0, L 2-aw) (3.5)

where Q,, Qy are the radial and the tangential shear. The Laplacian
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operator A is defined as follows

A= "+ —— + - (3.6)

To represent the boundary conditions of the plate, the Kirchhoff shear is
needed and defined as

_ o n .8 I-v 8 13&W _ 1w
Ve = D"[E(AW)—F r E)-(r drof 2 00 i G-7

3.4 Plate problem formulation

3.4.1 Governing differential equation

When the plate is in partial contact with the subgrade, its domain can
be divided into two zones, the contact zone I and the uplifted zonc II as
shown in ﬁguré (3.3). The governing differential equation for zone I is

D,AA W(r8) + KW(r0)=0 (3.8)
In addition, the differential equation for zone I1 will be

D,AA W(r8) =0 (3.9)



Figure 3.2: Plate bending element
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Independently, equations (3.8) and (3.5) can be solved analytically in the
form of Bessel functions solution and the classical solution for a plate
bending problem, respectively. These solutions can be used to obtain an
exact solution for an axisymmetric plate profalem where the contact curve
has an explicit form as a circle. However, for the general state of loadings,
an explicit form for the contact zone can not be obtained, which means
that it is not possible to obtain a closed-form solﬁtion. Therefore, for
general loading conditions, the governing differential equation for the
plate-subgrade system will be as follows
D,AA W(r) + W) K W(r,§)=0 (3.10)
where Q(W) is the contact function and dcfined as

for the contact zone (W >0)

. (3.11)
for the uplifted zone (W<0)

an-

Equation (3.10) is nonlinear, so it can not be solved in closed form. Thus
an approximate technique is needed for the solution. The Ritz method is
one of the most suitable alternatives and will be adopted to solve the plate-

subgrade system by assuming a suitable displacement function for the

plate.
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3.4.2 Displacement furiction

A displacement function that models the deflected shape of the plate
under any general state of loading is assumed to be of the following form

in the polar coordinates
W(r0) = E, + E reos + 3 E, w(r) cosnf (.12)
n=0 N

where E , E'| are constants used to model the rigid translation and rigid
rotation of the plate, respectively. In addition, E, represent a group of
constants corresponding to the different harmonics in the Fourier series.
The radial displacement function w,(r) will be defined as

w(r) = A ber, (A1) + B bei (A r) + Cker,(A,r) + kei (A.r) (3.13)
where 4,,B,,C,, are constants, and A is the cigen-value of the boundary

value problem and the four quantitics need to be evaluated according to
the prescribed boundary conditions for each harmonic. The functions
ber,, bei,, ker,, kei, are the Kelvin functions of the first and second kinds,

respectively, as defined in Appendix A.

3.4.3 Boundary conditions formulations

As indicated in the previous section, therc arc four unknowns that

define the shape function for each harmonic, A,,B,,C, and A,. Therefore,

four boundary conditions for the plate are necded.
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At the inner edge, the plate will be subjected to general distributions of the

radial shear and radial bending moment expressed in Fourier scries as

follows
M, = ¥ M, cosnl (3.14)
n=0
V,= ¥ V,cosnd (3.15)
n=0 .

At the outer edge, which is to remain stress-free, the two boundary

conditions are
M =0 (3.16)
V.,=0 ' (3.17)
The four boundary conditions can be rewritten in terms of the
displacement function w_(r) by substituting equations (3!!) and (3.7) into

equations (3.14)-(3.17). This will result in

i(dzwn L Law, _ ¥y
dar 47 r dr P
- dw W -V
-G - ) " DE (3.18)
i i pn
dw, | dw w -M
+v(— ==+ -t = . (3.19)
- \n dr 2’ " DE,
& d
dvy v, w,
dr g@ Fodr ~
e L T
PG _ (3.20)
d*w dw w
=+ v(ri - et =0 (3.21)
0



26
By introducing ‘equation (3.13) into cquations (3.18)-(3.21) and arranging

the resulting equations in a matrix form, one can obtain

A, V.
B M
"y = a 22
B Het=1, (3.22)
1 0
where
ol 4
A" .
= BF (3.23)
pn
M = = 3.24
n DPE,, . (3-:24)

Equation (3.22) can be written in a compact form as follows

BI{T} = (& (3.25)
where [B] is a matrix that depends on A, {T} is a vector including the
unknown constants A4,, B,, C, and {/} is a vector containing the values of
the externally applied loads at the boundarics. The clements of the matrix
[B] are defined in Appendix B. By examining equations (3.22) and (3.25),
onc may observe that the system of cquations can be solved directly to

dctermine the four unknowns A, A, B, C,. Howcver, in the case that

both Vf. and Mf’, are equal to zero, i.c. when there are no applicd edge

loads for that specific harmonic, cquation (3.25) becomes homogenous. As

a result, matrix [B] becomes singular, and the valuc of A, ought to be

determined by setting the determinant of [ B] to zero.

'By examining the assumed displacement function, cquation (3.13),
which includes Keclvin functions, it can be scen that it is impossible to

determine a root A, which will make the determinant of [B] cqual to zero.
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As a result, an alternative displacement function is nccded to handle the
special case of a homogenous set of equations. The new function is

w(=AJ, (M) + B I + C. KO + Y (1 (3.26)

This new function replaces the Kelvin functions by ordinary Bessel

function of the first and second kinds and they are defined in Appendix A.

The new function proved to be useful in the analysis and produced the

needed values for the root and the constants. The rcason behind that is the

fact that the Bessel functions used in cquation (3.26) represent the free

vibration modes for an annular plate, which is not the case for Kelvin

functions used in equation (3.13).

So to summarize, the deflected shape corresponding to each harmonic
can be assumed in one of the two forms cxpressed in equations (3.13) or
(3.26). Depending on whether there arc externally applicd loads for that

harmonic or not, either one of the two equations will be utilized.

3.4.4 The Ritz method

The Ritz method is one of the most popular tcchniques for obtaining
solutions of complicated problems. This mcthod will be used to obtain an
approximate solution for the plate-subgrade system. By minimizing the
tota} potential energy stored in the system, it is possible to obtain a system
of linear algebraic cquations which could be solved iteratively to obtain the

unknown constants of the displacement function, E,.
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The total potential energy of the system is

M=0+U-W, 3.27
where U,U, W, are the strain energy of the plate, the strain encrgy of the

subgrade, and the work done by the applicd loads, respectively.

The strain energy equation of the plate in polar coordinates is [1, 23]

a2 1 oW 1 3w

-1p 2 _ RRCLANNE Y
%= 2% I[MW) S AT
13w _ 1 oW,
+ _— - dr d .
20=) (=5 gae)]" (3.28)
On the other hand, the strain energy stored in the elastic subgrade is
2n ra
U, = % ffem kw2 rar a0 (3.29)
0

In addition, the work done by the external loads can be expressed as

follows

2z 2n ow
W, = —ngucosnOWrIdG + {ZM" COS"_O e r; 9 (3.30)

Using equation (3.12) into equations (3.28)-(3.30) and substituting the
results into cquation (3.27), the total potential energy of the system can be

expressed as follows

t

% _[Z{Eznan(w: + -!-w,1 - n*w,)?
r

S L
~2(l-v) Ez,l a, {w, (TW" - —2wn)}
»
+2(1-v) B a(Zw, + Lw Y rdr
r rz

r°
+ K Q(E, + E rcos0 + E, w_cosn0) x
(] { nn

0r;
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(E, + E rcosd + E,_w_ cosm0) r dr d0
HVAE + E,w) + V(E' + E;r) + YV, Ew ) ra,
R 2

~{M,E,w, + M(E" + E w)

+ M, E, w)ra (3.31)
2
where
» 2z, n=m=0
Icosnﬂcosm()d0= 0, m*zn
8 ®, m=n
= 0, n=m=0 .
JsinrOsinmd dd = {0, mza
s =, m=n
a,=2nmn, a, = n, n2l (3.32)
a,=0, a, =mn, n2l (3.33)

According to Ritz method, in order to minimize the total potential
energy IT, the derivatives of IT° with respect to the unknown constants
o’ or” o’

E ., E ., E_have to be equal to zero as =0, =0,
oL, q oF, oF, 3E,

=0, for

n=0,1,2,..,00.

DifTerentiating equation (3.31) with respect to the rigid displacement terms

yield

2 Kifﬂ (E, + E " rcos0 + E, w,cosn0) r dr d0

+V,Qnr) =0 (3.34)
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2 K;' f Q(E, + E; rcosd + E, w, cosn0) r* cos0 d0)

0 r
+(V,t - M,r)m=0 (3.35)
Then setting the derivatives of equation (3.31) with respect to the

remaining constants E, (n20) to zero, one obtains

D, fzIEnan(w: + %wn — n*w,)?
— 2~V E,a w (Lw - Lw)
nn n r n r2 n
+2(l-V)E,a, (;:—l-w; + %wn)z] rdr

+2K f f Q(E, + E; rcosO + E, w, cosm0) w, cosn0 r dr dO
or;

r{Vow, + Vi +YV, wlra,

- {M, w'o + M, w'l +YM, w;} ra, =0 (3.36)

3.4.5 Matrix formulation of the energy equation

By writing equations (3.34), (3.35), and (3.36) for cach harmonic and
arranging them in matrix form, onc obtains
[GHE}={L} (3.37)
where [G], {E}, and {L} represcnt thc cnergy matrix, the vector of the
unknown constants, and the load vector, respectively.
It should be pointed out that the encrgy matrix [G] is a symmetric matrix .
The elements inside thc matrix [{G], can be evaluated by carrying out the

necessary integrations over thc domain of the plate. Since the rigid
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displacement constants, (i.e. E o and E’)) arc scparated from the other

constants, the first two rows and columns of [G], will bc defined

separately. The elcments in the first row are

G(1,1) = 2 K] {2 r dr (3.38)
0
G(1,2) = 2K} [@ P cos dr O - (3.39)
or
G(im+3) = 2 K] [Q w, cosm0 r dr B,  m20 (3.40)
0r

Similarly, the elements in the second row can be determined as follows

G2.2) = 2 Kf @ 7 cos®d dr dO (3.41)
0r;
G2m+3) =2 Kf ’fQ. w,, cosm r* cosO dr d0, m=0 (3.42)
0,

Other elements will be classified as diagonal and off- diagonal elements to
simplify the presented equations.

The diagonal elements are determined using

G(n+3,n+3) = D, f[a"(w: + Lw" - n*w,)?
r; ¥

i

" 1 ' ]12
—2(1-v)a, {w,(—w, - —w,)}
r rl
+ 2(1 —v) a;(iw; + Lwyrar
4 r2

+2K[[Q(w,comn0)rdrd), n20  (3.43)
ar; )

On the other hand, the off- diagonal clements could be evaluated as

follows
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Gn+3,m+3) =2 Kh!Q. w, cosnl w, cosm0 r dr d0 ,
0r

nzm, m=0 (3.449)

It should be pointed out that the off-diagonal terms indicate the
coupling between the different harmonics. By cxamining equation (3.44), it
is clear that if the contact function Q@ does not depcnd on 0, the off-
diagonal terms will vanish, indicating no coupling between the harmonics.

The vector { E } in equation (3.37) which includes the unknown constants,

could be defined as follows
{E}T = {E‘()’ E‘p an """"" ’E } (3‘45)

In addition, the elements of the force vector { L } could be determined as

follows
L) = -2nrV, (3.46)
L2)= -ri}V,+nrM, (3.47)
Lin+3) =a,(-V,w, + M, w), n20 (3.48)

It should be noted that the iterative solution and the assumption of the
contact function Q will transform the nonlincar behavior of the problem
into a sct of linear algebraic equations (3.37). Every itcration will lcad to

an improvement in the contact zone and thus the solution will converge.
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3.5 Solution procedure

The solution of the plate-subgrade system will be completed by

developing a computer progrém based on the derived encrgy approach.

Through the numerical part of the solution, it will be nceded to
calculate the values of the Kelvin and ordinary Bessel functions as well as
 their derivatives. These functions will be assumed in power series forms.
In addition, derivatives will be evaluated according to the governing
recurrence formulas for each function [21], (Appendix A). Also, as
indicated in section 3.4.4, the computation of the [G] matrix requires a
significant amount of integration. All these integrations will be performed

numerically using the Gauss-Legendre rcpcated quadrature in the polar

coordinates [21,24].

The following steps illustrate the solution proccduré of the system as
follows

1-  Specify control data such as the plate dimensions, the bending stiffness
of the plate, the stiffness of the subgrade and the prescribed boundary
conditions at the inncr edge of the plate.

2- The solution starts by assuming full contact between the platc and the
subgrade or in other words, the contact function § will be cqual to 1
in all of the platc domain. By satisfying the boundary conditions of
the plate, the constants 4,, B,, C, and the root A, will be determined
for each harmonic.

3- .Calculating the clements inside the matrix [G] in addition to the load

vector {L}. Hence, solving cquation (3.37) yields thc unknown constant
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vector {E}.
Calculate the displacements at Gauss points and hence determine the
revised values of the contact function Q at thesc points.
By revising the solution, new constants A,, B, C, are obtained in
addition to the root A, for cach harmonic of the applicd loads.
Re-solving the cnergy equation (3.37) produces new unknown

constants vector {E}, which produces a refincd solution.

The solution will be revised and will continue until the fulfillment of

the convergence criterion. The solution will be checked in each
iteration for the stabilization of the contact zone in addition to
monitoring the equilibrium of the total vertical forccs and the moments
that act on the plate.

When the convergence criterion is satisfied, the deflection and the
contact curve for the plate will bc obtained. In addition, the stress

resultants and stresses anywhere in the plate may then be determined.

The solution procedure is summarize in a flow chart in figure (3.4).



( Start )
Iﬁput

[-Assume full contact,Q = 1

Iterate | =1, NITER

Loop over the harmonics

Satisfy B.C."s using Satisfy B.C.’s using
Bessel functions Kelvin functions
A4 ! \'4

Calculate

A,B C,\

End of loop

|
Calculate

* The cnergy matrix [G]
* Theload vector (L}

Solve for the unknown constants {E)
Calcuiate : *Displacement W(r,0)
* Contact function Q(w)

End

Figure (3.4) Scheme of the solution for the plate problem
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3.6 Plate equilibrium

To monitor the convergence of the solution and to verify the final
answer, force and moment equilibrium necd to be checked at every
iteration. It should be noted that the harmonics corresponding to n=0
and n=1{ will be used to represent the applicd concentrated load P and
the tipping moment M, respectively.

By taking the summation of the externally applicd shear on the plate

and the subgrade reaction, the following equation nceds to be satisfied
2n 7
= —2nr,V, = [ [KQ W(r,0) r dr &0 (3.49)
0 r
Similarly, by summing the moments about the center of the plate for the
cxternally applied shear and moment on the platc and the subgrade
reaction yields

2 T
My=—nRV, +nr,M, = [ [KQW(r0) Acosddrdd  (3.50)

0 r
It should be pointed out that the intcgral cquations (3.49) and (3.50) will
be evaluated numerically according to the Gauss-Legendre quadrature

procedure.
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Chapter 4

THE SOLUTION FOR A CIRCULAR CYLINDER

4.1 Introduction

In this chapter, the solution for a thin circular cylinder will be
presented. The analysis of the cylinder will be bascd on one of the most
accurate solutions, which was developed by Flugge [20]. Actually, several
different solutions for the cylinder equation exist, each with its own
advantages and disadvantages. In general, simplified equations tend to
produce inaccurate results and vice versa. Flugge’s equations [20]

represent the best choice since they are relatively simple but also accurate.

The cylinder may be subjected to edge loads only. therefore, the
problem could be trcated as an edge load problem. The cylinder is assumed
to be long cnough so that each of the cylinder edges could be analyzed
independent of the other edge. The displacement functions for the cylinder
will be assumed to be exponential in the axial dircction and sinusoidal in

the angular direction.

Based on Flugge's equations [20], one can derive a relationship,
analogous to the stiffness matrix relationship, for the lower edge of the
cylinder for each harmonic. This relationship will be instrumental in

satisfying the continuity conditions bctween the plate and the cylinder.
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4.2 Theoretical assumptions

The following assumptions will bc made for the analysis of the cylinder

problem.

I- The material of the cylinder is linear, elastic, and homogeneous.

2- The cylinder is assumed to be thin with a minimum radius to thickness
ratio of 10.

3- Flugge’s equations for small deformations in a thin circular cylinder
will be used.

4- The cylinder is subjected to edge loads only.

5- The cylinder is long enough to justify its treatment as semi-infinite.

- 4.3 Description of the cylinder problem
The cylinder has a radius r, and a thickness ¢,. The bending stiffness of

the cylinder D_= » Where E and v are the modulus of elasticity

<
12(1-v?)
and Possion’s ratio for the cylinder, respectively. The length of the
cylinder is assumed to be slightly larger than its critical length to justify its
treatment as semi-infinite. However, the cylinder should not be too long
otherwise the P- A cffect might affect the overall behavior. The cylinder is
subjected to an axial load P and a tipping moment M, that act at the

center of the top edge (figure 4.1).



Point load P

Point mmoment Mo
Top edge ———-//Zbﬂ

fa———— Circular cylinder

1o —ofa—

g /\\
] L‘-————Boﬂom edge

Arbitrary boundary
tonditions

Figure 4.1: Cylinder system coordinate
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The top edge of the cylinder will be free to displacc while the lower cdge

may be subjected to any arbitrary boundary conditions as shown in figure

@.1.

4.4 Behavior of the problem

It should be pointed out that the analysis of the cylinder for the
harmonics n=0 and n=1, will be trcated separatcly from the other
harmonics, n22. In the first case, the membrane analysis will be performed
separately from the bending analysis. The bending analysis for those
harmonics will be obtained from Flugge's equations [20]. Howecver, the
membrane analysis will be derived independently since it could not be
obtained from Flugge's equations [20]. One should note that the bending
solution will decay along the cylinder length while the membrane solution

will remain constant.

In the second casc, n>2 , the membrane solution will be interconnected
with the bending solution. The utilized approach (Flugge’s modcl) has the
capability to give 2 combincd membranc-bending solution for the general
harmonics n>2. It has to be pointed out that in this case, thc combined

solution will decay along the cylinder length at different rates.

To get the complete solution for the cylinder, algebraic summation for
the individual solutions of cach harmonic should be done. This indicates
that the behavior of the cylinder is lincar. So, the nonlinear behavior

which governs the plate problem will not be introduced in the solution of

the cylinder.
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4.5 Formulation of the solution

As mentioned before, the formulation of the cylinder solution will be
based on the solution given by Flugge [20]. Both thc bending solution and

the membrane solution will be considered.

4.5.1 Displacement functions

The displacement functions for the circular cylinder will be periodic in
the 0 direction. They could be expressed using cosine and sine Fourier
~ series depending on their periodicity.

The axial, tangential, and radial displacements will have the following

forms, respectively

U= iu‘n cosnf , | (4.1.3)
n=0

¥=Y ¥, sinnf (4.1.5)
n=0

w'= i‘ w*, cosnl (4.1.c)
n=0

where the coefficients u°, v, w, arc functions of z. The cylinder

coordinate axes z, 0 arc shown in figurc (4.2). The positive directions of

these displacements arc shown in figurc (4.2).



wc‘—-

Figure 4.2: Sign convention for the displacements of the eylinder
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4.5.2 Governing differential equations

Equations (4.2) through (4.9) have all been derived by Flugge [20] and

are prescnted here for the sake of complction.

Since the treated problem is an edge load problem, i.c., the cylinder is
free from internal pressures, the governing differential equations are
homogeneous. In this way, for each harmonic n, a set of three
simultaneous differential equations with only one indcpendent variable z

could be arrived at:

u‘: - l;:v it u, + -l—-;—v-nvc; + vw‘;

T ;" R, +w + Y atut) =0 (4.2.3)

- l—vnv‘; - v+ i—v s

2 n n n
k‘(—(3;") v, + ——3“2“') nw)=0 (4.2.5)

vzf; +nv, +w, + k"(——l-;—v-n2 u",l - u‘: - 3;\' nv‘:
g ”
+w -2 w, +ntw, —2 A w +w) =0 (4.2.c)
- ’ a !zc . . ‘
where in general () = " and k¢ = , Which is a very small term
2

12 rf

compared to unity.

4.5.3 Solution of the differential equations

The governing differcntial equations (4.2) have constant cocfficients
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and may be solved by assuming cxponential functions in the z dircction for

the three displacements,

— L2)r; .
u,=A%e"", (4.3.2)
v, = B, (4.3.b)
w® = e (4.3.0)

where A, B, C° are complex constants and { is a complex root.
By substituting (4.3) into (4.2), the following three ordinary linear

equations in terms of the constants A°,B°,C° are obtained:

@ -1V iy a+ {’"2“’ Cn) B

vl - KQC+ I—;X-an)} c=0 . (4.4.a)
(Crima+ (-0 - 2k B

+{n - i;—"léczn}cc =0 (4.4.b)
Vi@ SRt a - ki B

+{l+kC -202+n* -2+ 1} C =0 (4.4.0)
Since these cquations arc homogencous, Thc solution for constants
A%, B°, C° may be obtained by sctting thc dcterminant of the coefficient
matrix to zero. By cxpanding the dctcrminant, onc can obtain the

following formula

1 —v?
kC

C-22m -v) + ¢ + 6n*(n* - 1Y ¢

- w20t - 4 -Vt + 2 - V) + A — 1P =0 (4.5)

By solving equation (4.5), the following four roots are obtained
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L =x, tin, L=x —in, (4.6.3)

G=x, tin, L=x,—in, (4.6.b)

It should be mentioned that since the trcated problem is a semi-infinitc

cylinder, the other four roots arc discarded since they represent
exponentially increasing displacements with decrcasing z.

By substituting the roots from (4.6) into the displacement equations (4.2),

the following relations for the displacements are found:
i =14 + A°) cos(nzfr) + i{(A5 — A°) sin-(nlz/r,.)
+ e I(AS + A°) cos(nyzfr) + i{(AS — A°) sin(n,z/r) (4.7.) _
v, = e (B + BY) cos(nz/r) + i{(B5 — B sin(n,z/r)
+e* 1% (B + B) cos(n,zfr) + i{(BS — B°,)sin(nyz/r) (4.7.b)
w', = e (T + ) cos(n,z/r) + i{(C — C) sin(n,z/r)
+ 27T + C) costyz/r) + i{(C5 — C°) sin(n,z/r)(4.7.0)

By solving (4.4.a), (4.4.b) for each root of equation (4.6), two of the

constants, A‘P B‘i, can be cxpressed in terms of the third onc, Cj, as

follows:
A5 =0, C j=1..4 (4.8.3)
B =B, C; j=1..4 (4.8.b)
where @, B, are known complex cocfficients. By substituting for the

constants from (4.8) into (4.7) one can obtain a general formula that

represents any of the displacements or stress quantities in the following

form:

S = q{e"‘zl"[(a,Cl + a,C,) cos(n,2/r) + (a,C, — a,C)) sin(n,z/r)]
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+ e?*!(g,C, + a,C)) cos(,zJr) + (a,C, — a,C;) sin(nz/r)}  (4.9)
where f, is a general function of the coordinate z that represents any
displacement or stress resultant in the cylinder. The quantiiies q, a,, a,, a;,
and a, are known coefficients derived by Flugge (Table 5.1, page 228, in

reference [20]) which vary according to the specific quantity to be

represented by f,. The remaining constants C,, C,, C;, and C, will be

determined according to the four prescribed boundary conditions at the

analyzed edge.

4.5.4 Stress resultants

In general, a cylinder edge is acted upon by four strcssvrcsultants, axial
bending moment, direct shear, axial force and twisting shear
M, 5%, N, T, as shown in figure (4.3). The cffective shear quantity S, is
equivalent to Kirchhoff shear in the analysis of plates. Each of these
quantitics can be expressed as a function of the three displacement
quantities (sce equation (5.9) in recfercnce [20]). By examining the
contribution of each of thesc stress resultants to the equilibrium of the
cylinder one will notice that only the axisymmetric component of N:,
which corresponds to n=0, contributes to vertical cquilibrium. Similarly,

the anti-symmetric componcnts of N¢, and M, which correspond to n=1,

contribute to the moment equilibrium of the cylinder, while S°, and T,

contribute to the lateral force cquilibrium. The high harmonics (n22) of all
the stress quantities are known to be sclf-cquilibrating. All of the stress

resultant quantities could be obtained from cquation (4.9).



js—————— Circular cylinder

Figure 4.3: Sign convention for the stress resultants
of the cylinder
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4.6 Analysis of the cylinder

4.6.1 general

The analysis of the cylinder will focus on analyzing the lower cdge of
the cylinder. At this edge, four arbitrary boundary conditions may be
prescribed for each harmonic and a stiffness matrix will be derived for

each of these harmonics.

4.6.2 Boundary conditions

For each harmonic at the lower edge, the four constants C,, C,, C;,

and C, should be dctecrmined. This will be achicved by prescribing four
quantities out of the stress resultants M°,S°, T"z, N°, and the

displacements w", we, ¥ ,if. It should be mentioned that the derivative
with respect to 0 for the terms T°, v, will bc used. This will make it

possible to define all the quantitics in terms of Fouricr cosine series.

4.6.3 Stiffness matrix derivations

The matrix equations will be derived independently for n=0, n=1,
and n 22. This will be done for the lower cdge of the cylinder (z=0). The
ana]ysis will include both the membranc and thc bending solutions. It
should also be pointed out that in the following scction for the harmonics

n=0 and n=I, the constants C,, and C, corrcspond to the membrane
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solution. Therefore, they will be discarded from the analysis since the
membrane solution will be performed separately from the bending solution.

It should be noted that the subscript "m” will refer to the membrane

analysis.

4.6.3.1 Analysis forn = 0

By solving equation (4.5), two different roots will be obtained g, =0,
which contributes to the membrane solution, while ;#0, which
contributes to the bending solution.

Membrane solution:

Using vertical equilibrium of the cylinder, onc obtains

P
NeY) = — 4.10
(N 2nr, (4.10)
From stress-strain relations
—V(NG,)m
= e 027m 4.11
#9m = —F; @.11)

e
In addition, the cylinder may also cxpcriencc a rigid translation
Therefore, one obtains

(), = Uy, (4.12)
Bending solution:
Using cquation (4.9), the following rclations for the cdge forces and
displacements may be derived,

Mg, = uG + £i,G (4.13)

So: = J21Cs + [, (4.14)
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wy = d;,C; + d,C, (4.15)

why = 4y, C; + dyCy (4.16)

In addition, equilibrium and continuity will show that

T =0, NG, =0,V =0,15,=0 4.17)

Rearranging ecquations (4.13) and (4.14) in a matrix form yields,

M‘& _ j;lf;z C; —
{S‘L} - [fnfn] {c} R (4.18)

Introducing the membrane solution from equation (4.11) and rcarranging

equations (4.15) and (4.16) in a matrix form yiclds,

W 4. d1(c '
2 = n 12 3 = 4. l 9
{v.—(ufo.} [dn dn] {C} 4 e} (4.19)

By inverting equation (4.19) and substituting it into cquation (4.18), the

symmetric stiffness matrix will be obtained in the following form

k 3 .
(-6
S by kp | vf,— ().,
where the stiffness matrix for this harmonic [k;] is equal to:
kol =01 41" 4.21)

4.6.3.2 Analysis for n = 1

Solving equation (4.5) will produce two roots, {, =0, which contributes
to the membrane solution and {; #0, which contributes to thc bending

solution. The same procedure used for n=0 will be followed for the

harmonicn=1
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Membrane solution:

Using moment equilibrium of the cylinder, onc obtains

M .
N = ——= (4.22)
e}
From stress-strain relations
—v(N%
(W) = i (4.23)
£t

c

In addition, the cylinder may also experience a rigid rotation y, which

produces a rigid translation and a rigid rotation as follows

() =17, (4.24)
W D = 7, (4.25)
Bending solution:

Using equation (4.9), the following relations for the edge forces may be

derived:
M;, = fuG + £i,C (4.26)
St: = FuCy + 1G4 (4.27)
N, = ﬁ'-Cg + 1 " (4.28)
i’i ri
T;, =fuCs + fuCo | (4.29)

Equations (4.26) and (4.28) show that the two stress resultants M¢, and N;,

arc linearly dcpendent. Of course, this is because the two quantitics
togqthcr should satisfy the moment cquilibrium of the cylinder. Therefore,

only one of these two quantitics , M,, will be used in the remaining

analysis for n=1. Similarly, the two stress rcsultants S¢

‘p I°y, are related
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and only the direct shear stress S°,, will be utilized.

Rearranging equations (4.26) and (4.27) in a matrix form yiclds,

() -E](E) -

Obtaining the membrane solution, a similar matrix for the displacements

could be obtained in the form

w"l_(w"x)_ _ d,d,1{C _
{w“-(uf.).} B [d,. d,J {C.} [} {c} (4.31)

By inverting equation (4.31) and substituting it into equation (4.30), the

symmetric stiffness matrix will be obtained in the following form:

{M‘ﬂ} - [kll ku] {“fll —(w"l).} - ( 4. 32)
Sa ky ko | \wry — (w7),,
where the stiffness matrix for this harmonic [k,] is equal to

(k] = A4 (4.33)

4.6.3.3 Analysis for n>2

In the same manner as done before for n=0 and n=1, a stiffness matrix
for the general harmonic n>2 can be derived. It is worth mentioning that
all these harmonics 722 are always sclf-equilibrating. In other words, the
value of the resultant for any of the forcc quantitics is always zcro. For
example, the resultant of the axiai moment corresponding to the n-th

harmonic, M*,,, is
2x
Moment Resultant = {M°, cosn0 cosO r,dd} = 0, n22 (4.34)
: 0

This means that the forces or the displacements for these harmonics could

be prescribed without the need for any cxternal supports.
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By solving equation (4.5), two nonzcro roots {, and {; will be obtained.
This implies that the membrane solution and the bending solution are
combined.

From equation (4.9) onc can obtain,

M, = fuC G + £i3G + [.Cy (4.35)
Similar expressions for 5%, N, 7°  could be obtained.

Expressing M, 5%, N°,, T ,, in a matrix form, yiclds

R} =G (4.36)

where {R}" = {M°, 5, N, T° .} and {C,}T = {C, C,C, C,}
A similar derivation for the displacements results in

(R }=ld}{C,} (4.37)

where {R"}T = (w®, v, o, v )

Substituting for {C,} from equation (4.37) into cquation (4.36) gives

r 3 r . W
:’ kll kl} kB kll wcn
o ky by | |
4 = » 4.38
N, kg k, i ( )
. k, .
" =) ¥

where the symmetric stiffness matrix {K,] is cqual to

AR IAICAY (4.39)

Finally, the previous derivations will produce a 2 x2 stiffness matrix
for the each of the harmonics n=0 and n=1, and a 4 x4 stiffness matrix

for each of the remaining harmonics n22. These matrices will be
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introduced in the plate solution prescnted in chapter 3 to achieve

continuity between the two structural components.
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Chapter 5

SOLUTION FOR THE CYLINDER-PLATE JUNCTION

5.1 Introduction

To complete the analysis of a cylinder-plate junction resting on
tensionless elastic subgrade, one has to combine the sub-problems of plate
on unbonded subgrade, circular cylinder, and plane-stress in such away to

achieve continuity at the junction.

In the present chapter, and including the derivations in chapters 3 and
4, the continuity formulation for the displacement and the edge forces at
the junction will be obtained. By utilizing the appropriate continuity
conditions, the edge forces at the junction may be expressed in terms of the
displacement function of the plate. Hence, modified operations in the
boundary equations formulation for the plate will be needed.
Consequently, the cnergy equation of the system will have a different

synthesis, typically in the term of the work donc by thc external loads

acting on the plate.
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3.2 Plane stress problem

5.2.1 Introduction

During the analysis of the plane stress problem, the plate will be

considered as an infinite plate. This may be justified by the assumption

F,
that the ratio —~ will be Iess than 0.30. Hence, the in-plane stresses will

r

decay along the radius of the plate, and thus satisfying the boundary

conditions that in-planc forces at the outer boundary should vanish.

5.2.2 Plane stress element

Using a plate element in the polar coordinates (figure 5.1), the positive

direction of the stress resultants, the radial, the tangential and the shear

stress resultants, M, NP, NP, are indicated. In addition, the displacements

v’ and + in the radial and the tangential directions, respectively, are

shown.
5.2.3 Solution for the problem

The governing differential equation for the planc stress problem in the
polar coordinates is the well-known biharmonic equation (scc reference
251

AAY(r,0) = 0 (5.1)
where W(r,0) is the Airy stress function. The solution for this equation,
considcring that the plate will be subjected to even distribution of loading,

is
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[
¥(rf) = bjnr + L cosd + ¥ (e + dr™*?) cos nf (5.2)
n=2

where the constants b, ¢, c,, d, have to be determincd according to the

prescribed boundary conditions at the inner boundary for cach harmonic.
5.2.4 Boundary conditions

The plate may be subjected to the following boundary conditions at its

inner boundary
NP = ¥ (N), cos n (5.3)
n=0
Ny = 5 (N, sin nd (5.4)
n=0

These prescribed boundary conditions should be satisfied for each

harmonic.
5.2.5 Stress resultants

The stress resultants for the plate are evaluated using the following

relationships
1 o¥ 1 o
P = . + — .
NP o 2 0 (5.5)
s 4
Np = 5.6)
‘ or (
a 1 ao¥
NPy = —~ e (5.7)



Figure 5.1.a: Sign convention of in-plane forces

T\ N}[r

Figure 5.1.b: Sign convention of in-plane displacements
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By substituting equation (5.2) into cquations (5.5), (5.6) and (5.7), the

following expressions for the stress resultants are obtained

A? = 5 _ —Zicose
R
— 3 (an+ Dr "D + d (m1)(n+Dr7)cosnd  (5.8)
n=2 .
N = —% + %cos()
+ 3 (en+ DrD 4 d (n-1)(n-2)r")cos nd (5.9)
R=2

Ny = %sin() + uz:z(cnn(n+ Dr~®*D + d n(n-1)r™sin nd  (5.10)

It should be mentioned here that the stiffness of the plate in its plane
is much larger than the bending stiffness of the cylinder for any harmonic.
As a result, one may assume that the plate is infinitely rigid in its plane.
Therefore, the values of the in-plane displacements of the plate at the inner
edge will be zero. This assumption was tested for the axisymmetric case

and was found to produce very minor crrors.

3.3 General continuity equations at the junction

In this section the continuity equations for the displacements and the

edge forces at the junction will be derived.
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5.3.1 Displacement continuity

Through the continuity of the displaccments at the cylinder-plate
intersection, the four displaccment quantities for the plate should be equal
to those for the cylinder (figure 5.2). A sct of four equations will represent

the continuity conditions at the junction as follows:

WP = wf (5.11)
WP = —uf (5.12)
¥ = w (5.13)
P=v (5.14)

where the super-scripts p and c refer to the plate and thc cylinder

respectively.

However, since the plate was considered to be infinitely rigid in the in-

plane direction, equations (5.13) and (5.14) will be replaced by:
w=w=090 (5.15)
w=v=90 _ (5.16)

This set of equations should be satisfied for cach harmonic independently.
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Circular cylinder

The Junction

Annular plate

Figure 5.2: Edge disblaccmcnt continuity
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5.3.2 Edge forces continuity

In the same manncr as has been donc for the displaccment continuity,
four equations are introduced to represent the edge forces continuity at the

junction, figure (5.3), as follows:

M? = M, (5.17)
V= N, (5.18)
W =5, (5.19)
Ny =T, (5.20)

This set of equations should also be satisfied for each harmonic.

5.4 Edge forces & plate displacement relationship

In chapter 3, the edge forces of the platc were prescribed as numerical
values. However, in the cylinder-platc problem due to the continuity
conditions at the junction, these valucs are not known at the outset.
Therefore, the edge fqrccs nced to be expressed as functions of the plate
displacement in addition to the prescribed cxternal loads. In this scction,
the edge forces, the radial moment, and transverse shear will be formulated
in terms of the transverse displacement function of the plate. This will

facilitate the inclusion of the cffect of the cylinder in the energy equation

of the plate.
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fe————— Circuldr cylinder

The Junction

Annular plate

Figure 5.3: Edge forces continuity
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5.4.1 Representation for n=0

-Using the stiffness matrix for the cylinder from cquation (4.20) and

utilizing the continuity equations (5.11)-(5.20), it can be shown that

MPy = My + E, (-0, w,) (5.21)

V=¥ (5.22)
where

My =K, (—v9,, (5:23)

Ve = (W) (5.24)

5.4.2 Representation for n=1

By obtaining the stiffness matrix for the cylinder from equation (4.32)

and using equations (5.11)-(5-20), one can obtain

. w’?
M, =M, 6+ EK,W,- -r—f) (5.25)
3 cow
=V +E =2, — ) (5.26)
i i
where
My = =k}, ) (5.27)

kl
Vo= = (e, + (), (5.28)

i
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5.4.2 Representation for n>2

Utilizing the general stiffness matrix for the cylinder from equation

(4.38) and using equations (5.11)-(5.20), one can obtain
M =E (KW, kK',W) (5.29)

Vo = E (K, W, — K"y wP,) | (5.30)

It should be pointed out that the edge shear and moment have been
formulated as functions of the displacement function of the plate for all the
harmonics, in addition to numerical valucs of these forces for the
harmonics n=0, n=1 only. Therefore, a modification of the boundary
conditions formulation at the inner cdge of the plate is nccessary.

Consequently, the energy equation will also be modified due to this

modification.

5.5 Modified boundary conditions

In this section, thc boundary conditions at the junction will be

formulated independently for n=0, n=1, and n 22.

3.5.1 Boundary conditions for n=0

The boundary conditions should be satisfied at the inncer and outer edges
of the plate. At the inner edge, the original boundary conditions cquations
were given in equations (3.18), (3.19). By introducing cquations (5.21) and

(5.22), the new boundary conditions at the inncr edge will be
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d'w, + l(d’”o) _ Ky, dwy — —M, (531)
P r, o dr D, dr D,E,

dw, dw -V
4% 1B, "o (5.32)

dr' g2 r dr’  D,E,
Similar expressions could be obtained at the outer edge where the radial
moment and shear are zero as follows:

fwo_'_vd“’o:
dr ry dr

0 (5-33)

d  dw, { dw,
4 + LTy .
e s ) (5.34)

5.5.2 Boundary conditions for n=1
The derivation of this section will follow the same procedure used for n=0.
At the inner edge, we substitute equations (5.25) and (5.26) into cquations

(3.18) and (3.19) to obtain the following cquations:

dw, - dw w k', dw w -M
il BV W B L i e L (5.35)
dr r, dr r D, " dr r D,E,
ddw ade w1 A v
dr g4n r dr P r; dr Iy
K. adw w -V
Ut -y =1 (5.36)
rD, dr r, D,E,
However at the outer edge, the moment and shear arc zeros
 dw dw w
— 1 4 V(_l_.____'. - =0 (5.37)

dar* ry dr r
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dw, L L dw, w, (1-v) dw, _w;

d By _(a-v) -
7 v rz) . (— ro) 0 (5-38)

5.53 Boundary conditions for n>2
At the inner edge, by substituting equations (5.29) and (5.30) into
equations (3.18) and (3.19), one can obtain the following formulations for

the moment and the shear corresponding to the n-th harmonic

dw, [ dw w, . . dw,
+ V(Ti dr" — nz " ) — FP- (k 12 Wn+k i T) =0 (5.39)
d, dw, |dw, wn) _ (1=v)? 4w, __‘fl)
Z( dar T dr 2 r; ‘dr r;
1 d
* - (k",z-d‘—: ~-K'yw) =0 (5.40)
P

At the outer boundary, the moment and the shecar are zero which yields

the following equations:

dw, 1 dw W,
+ v(— no__ nz n) = 0 5.41
ar ('o dr o o
d2 d —_y 2 d‘vn wn
A EVn LB aWay (L= - =) =0 (5.42)
dr” g rodr P (R

3.6 Modified encrgy minimization equation

In chapter 3, the total potential cnergy of the plate-subgrade system

was expressed as follows

' =u,+U -Ww, (5.43)

where now the strain cnergy of the plate and the strain encrgy of the
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subgrade U, and U, will remain unchanged as derived in chapter 3. The
term W, represents the work done by the edge forces at the junction and

obviously will be modified according to the previous derivations for these

forces.

This term will be expressed in the following manner
1 CD_
W, = ;’W,n + ;W:n (5.44)
where W,ﬂ is the work done by the numerical values of the radial shear and

radial moment which appear for n=0 and n=1 only. The term Wsn is the

strain energy of those components expressed in terms of the cylinder
stiffness coefficients and the plate displacement function. The derivation
of the terms W, and W, will be done separately for the harmonics n=0,

n=1 and n 22.

5.6.1 Work done for n=0

The work done by the numerical values ¥, and the strain encrgy of

b
the term WS0 can be obtainced as follows
pid ’
Wy = [IM B, Wy — V' (Ey + Eywd)} r,d) (5.45)
0 .
By intcgrating the above equation, onc obtains
W,o={M'oE0w"’o— VO(E'0+E0wg)}2nr, (5.46)

Similarly the strain encrgy stored in the cylinder is
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W =

o 1y (Ey w2} 1, 0 (5.47)

i
5

oLy

Using the integration operation vields

l v
W,y = {5 K (B W)} 21, (5.48)

5.6.2 Work done for n=1

The work done by the prescribed values is
W, = ?{M’, (E, + Ew)
— V' (E' 1, + EWwD) r, (cosD)? dO (5.49)
Integrating the above equation yields
W, =M (E'\+ Ew’) — V' (E'\r, + EWD)r, (5.50)

In addition, the strain energy term for this harmonic is

[\ d

W, =

l . ]w ’
Uy {k'yy W - _rl) (£, + E w?)

© Cememy

Ky o o why 2
- T(w", - —r.-_) (E',r; + E, W, } r; (cosB)* 0 (5.51)

Integrating the above equation gives

1
W,l 3

rd ‘ ’ l
CaB @) = v W+ S0P Rn (6.5
i

i

5.6.3 Work done for n>2

Since there are no prescribed values of the radial shcar and moment
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corresponding to these harmonics, thercfore
w, =0, n2 : (5.53)
In addition, the strain ecnergy of the cylinder after integration will be as

follows:

W =

= 5 B W = 2K, W+ Ky P T (559)

3.7 Minimization of the total potential energy

As indicated in the previous section, the addition of the cylinder
caused certain changes in the work terms of the cmergy cquation.
Therefore, the energy minimization equation presented in section 3.4.4 will
require some modifications to incorporatc the new changes in the work
terms. However, these modifications will not affect at all the strain energy
terms for the plate and the subgrade Up, U_. As a result, the derivatives
with respect to the rigid body constants given earlicr in cquations (3.34)

and (3.35) now become

oW

E = —-Qur)V (5.55)
aEto i 0
oW

E =M, -V r)ur (5.56)
3 E.l 1 1T E

In addition, the derivatives with respcct to E,, E, are obtained as follows

aW o ’ 2 : ] g 3
==L = (B K, (W) + (Mg wPy — V wh)) 2w F, (5.57)

3E,
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w . 2 wP
aE,p = {E k', [(w ) — le", WP, + ("rTI)z]

+M WP -V WY, (5.58)
Similarly, the derivatives with respect to each of the rcmaining unknown

constants E , n22, were obtained as follows

BWP ' \2 y 2 2
3E = E{", (W) — 2w, W, + K5, (W) nr, (5.59)

By replacing the equations from (5.55) to (5.59) into the encrgy matrices
equations (3.34), (3.35), and (3.36) and arranging the resulting equations
as a matrix relationship, one obtains the modified energy equation

[GKE} ={L} (5.60)
It should be pointed out that the changes in the e}cmcnts of thc matrix [G]
will only be in the diagonal terms for n=0, n=1 and n 22. As a result,
all the off-diagonal terms in [G] prescnted carlier in chapter 3 will remain

unchanged. The revised diagonal terms will be

rﬂ r°
G(3.3) =2K[fQw)Prdrdd + D, (¥ rdr
o r;

[}

~ K, (W 2, (5.61)

G4 = 2K [ jQ (w2 cost) rdr 0 + D, [V r dr

0r r
' 2 wP

- k‘lz [(w? l)z - 'r—wpl wh + ("r_l)zl nr, (5.62)
i i

G(n+3,0+3) = 2K | fQ (w8 cosn0)? rdr d0 + D, ¥ rdr

0r r



— (K W = 2K, W

+ K, (WY rr, n22

where
¥ = a(w + - w, — 2wy
r
Wi n?
- Al-vina, W (—w — Zw2)}
r r
+2(1-v) @, (Bw2 + Ly y
r r?
where
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(5.63)

(5.64)

(5.65)

(5.66)

To define the remaining terms of the encrgy equation (5.56), the elements

in the modified force vector {L} could bc obtained as follows

L= -2xnrn/V,
L)y ==mr (M, - V1)
L3) = 2nr, (Mg W, — V', wP)

L(4) = n’i{M‘| Wpl - V'I wh1}
Lin+3) =0, n2

(5.67)

(5.68)
(5.69)

(5.70)
(5.71)

This completes the necessary formulation to solve equation (5.60) for the

unknown constants E,.
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5.8 Solution procedure

To analyze the complete plate-cylinder junction problem, a computer
program was developed and coded in Fortran 77 language. The program
was compiled and executed using the IBM-3090 main-frame in the Data

Processing Center at King Fahd University of Petrolcum and Minerals.

The solution procedure for the junction problem is no longer the same
as the one for the plate problem shown in section 3.6. The main changes
include incorporating the solution for the cylinder and the modifications of
the boundary conditions and the energy matrices. The scheme of the

junction solution procedure is shown in figure (5.4).



Input for the cylinder

.——LLoop over the harmonics

Membrane solution

Bending solution
Determine the stiffness matrix (]

End of loop

Represent the edge forces in terms of
the plate displacement and cylinder stiffness

Plate problem solution
(Figure 3.4)

End

Figure (5.4) Scheme of the solution for the junction probiem
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Chapter 6

APPLICATIONS AND RESULTS

6.1 General

In thfs chapter, applications to the following problems will be

presented

a-

Axisymmetric and non-axisymmetric behavior of plates on unbonded

elastic subgrade

b- Axisymmetric and non-axisymmetric bchavior of cylinder-plate

junction on unbonded elastic subgrade.

Through the analysis of these problems, the following objectives will be

in sight:

1-

To verify the validity of the approach and the solution procedure

presented in the preceding chapters.

To investigate the convergence and stability of the suggested approach
and determine the limitation on its validity. |

To compare results with the available solutions, whenever possible.

To investigate the effect of the system parameters on the contact zone

and the displacement of the plate, in addition to the stress distribution

at the junction.

Throughout this chapter, it will bc considered that the plate has an
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outer radius 7, = 1.0. The stiffness of the subgrade rclative to the plate

will be measured using the dimensionless subgrade stiffness k = Kr‘(‘,/Dp. In

general subgrades with k <20 are censidered soft, while subgrades with k

>200 are considered stiff.

To perform the numerical integration of the terms in the energy
matrix, several tests have been done and it was found that a 5x5 Gauss
points, repeated two times scheme, gave very accurate results. As a result,

this integration scheme was adopted.

6.2 Applications to the plate problem

Two different problems of plates resting on unbonded elastic subgrade
were studied. These include the axisymmetric problem of a solid plate
subjected to a concentric load and the non-axisymmetric problem of an

annular plate subjected to a uniform arc load that acts at its inner

boundary.

6.2.1 Solid plate problem

This problem considers a plate with a small inclusion at the center
resting on tensionless elastic subgrade. The plate was subjected to a
concentric point load (P=1) distributed on the small inclusion as shown in

figure (6.1). The plate was modeled as a solid plate by considering the

rotation %’-‘-/- =0 at the inncr boundary. It should be pointed out that
v



Annular piate

Figure 6.1: Axisymmctric solid plate
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considering the radius of the inclusion to have a small value which is not
zero helps in avoiding the singular behavior of the concentrated load,
without affecting thé accuracy of the solution. Due to the axisymmetric
nature of the problem, only the harmonic n =0 was considercd to represent
the displacement function in addition to the rigid translation term. The

value of Poisson’s ratio is v=0.33.

To asses the validity of the derived formulation, comparisons with the

exact solution and another energy approach developed by Celep [13] have
been performed.

Figure (6.2) shows the effect of the subgrade stiffness k on the radius

of contact r,, as obtained by the three different approaches. It shows that

the plate experiences loss of contact when k exceeds 48. It also indicates
that the present solution is in excellent agreement with the exact solution
up to moderate values of the subgrade stiffncss k and differs slightly when
the subgrade becomes very stiff. On the other hand, Celep solution differs
from the exact solution cven for moderate subgrade stiffncss. The
disparity between the present approach and the exact solution for very stiff
subgrades comes as no surprise. This is because the assumed displacement
functions as adopted in this work, represent the exact solution when the
plate is in full contact with thc subgrade. As a result, when the contact

zonc becomes very small ( for k>400), the approach becomes less

accurate.
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Winkler subgrade subjected to point load P for various subgrade
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Figure (6.3) shows thc cdge and central displacements, kW /P and kW/P,
of the plate. It shows that the present solution is in excellent agreement
with the exact solution for the central displacement for any k, and for the
edge displacement up to moderate values of k. However, Celep solution
shows considerable difference from the exact solution for both

kW [P and kW /P.

Figure (6.4) shows plots for the displacement along a typical radius of
the plate for the specific case of k=200. In this figure and the following
ones, the positive values of the displacement are plotted down instead of
up in order to model the actual deflected shape. It is clear that the
deflected shape of the present solution coincides with the exact solution
except for a small difTercqce at the edge. On the other hand, the solution of
Celep [13] produce a very different dcflected shape. This could be
explained by the fact that the cffect of the subgrade stiffness is considercd
within the displacement function for the present and the exact solution
through the root A, of thc Kelvin function. On the other hand, Celep
assumecd a shape function for the displaccment that does not depend on

the subgrade stiffness. As a result, his solution will always show the same

curvature regardless of the subgradc stiffncss.
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6.2.2 Annular plate problen:

The problem considered in this section is an annular plate with an
inner radius r,=0.3, resting on tensionless clastic subgrade as shown in
figure (6.5). The plate is subjected to a uniform arc load of intensity q

with an angle = 20,, that acts at the inner édge of the plate. The total

8
applied load P = (2ar) g —= and is always cqual to 1. Therefore, the
7730

intensity q will adjust with changing the angle 0, to keep the total applied

load=1.0.

To analyze the problem, the arc load distribution was expanded in
terms of Fourier cosine series. It was found that 8 terms, i.e. n=7, were
sufficient to represent the distribution for values down to 0,=15°.
However, ten terms of the displacement function, i.c. n=9, in addition to
the two rigid body terms were used in the solution to converge with good

accuracy. The analysis has been done assuming that v=0.3.

Figure (6.6.a) shows the contact curves of the plate for different values
of the angle §,. Due to the symmetry of the problem about the axis § =0,
only half of the plate domain is shown. The figurc indicates that the
contact curve shifts to the right as 0, decreascs, which actually means that
the resultant abplied moment on the plate is being increased. In addition,
figure (6.6.b) shows that with dccreasing the angle 0, the displaccments

increasc along the radius 0 =0.
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Figure 6.5: Annular plate subjected to an arc load
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Figure 6.6.a: Contact curves of an annular plate resting on tensionless Winkler
subgrade subjected to an arc load at the inner edge for various angles of the
applied load, (P=1,r,=3,,=1, k=100)
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Figure 6.6.b: Displacement curves along symmetry axis of an annular plate
resting on tensionless Winkler subgrade subjected 1o an arc load at the inncr
edge for various angles of the applicd load, (P=1,r,=.3,r,=1, k=100)
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Figure (6.7) shows the aisplacemcnts around the inner and outer edges of

the plate for various angies 0. The figurc illustrates the effect of the higher
harmenics on the deflections as the value of 0, bccomes smaller. When
0, =180, the solution is rcpresented by the lowest harmonic (n =0) only. As
the value of 8, decrease to 90°and15°, the harmonics n=1 and n22 start to

appear in the solution.

In addition, figure (6.8) indicates the changes in the magnitude and
distribution of the radial moment in the plate along the axis 0 =0 due to

changing the value of G
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subjected to an arc load at the inner edge for various angles of the

applied load, (P=1,r,=.3,r,= 1, k=100)
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6.3 Applications to the junction problem

Two types of problems will be dcalt with through this section, the

axisymmetric and non-axisymmetric cylindcr-plate junction resting on

tensionless elastic subgrade.

To decide the number of terms of the displacement function of thc
plate to be considercd in this solution, scveral test problems werc
attempted and it indicated that 7 terms of the displaccment function

including the rigid body terms, (i.e., n=35), produced accurate rcsults.

In this section, the presentation of the stress results includes plots for

the radial moment and shear of thc plate M%, I’?, in addition to the

transverse and twisting shears of the cylinder S°,, T;. Thesc four quantities
are sufficient to describe the state of strcss in the platc and the cylinder
since they are related to the other stress resultants A%, N7, NP, N, through

the continuity conditions (cquations 5.13-5.17)

6.3.1 Axispmmetric junction problem

The problem considered includes a circular cylinder with a radius
r;=0.2, attached to an annular plate resting on tensionless clastic subgrade
as shown in figure (6.9). The junction is subjected to a concentric point
load (P=1) that acts at thc top of the cylinder. The effect of the system

parameters listed in the rescarch objectives will be studicd.
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Figure 6.9: Axisymmctric junction problem
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Figure (6.10) shows the contact radius r, against the relative bending
stiffness of the cylinder to that of the plate, D" = D/D,, for various
dimensionless subgrade stiffness k. It indicatcs that as expccted the contact

radius decreases with increasing k. In addition, increasing D~ increases the
contact radius which indicates that the cylinder is resisting the partial

uplift of the plate from the subgrade.

Figure (6.11) shows the normalized plate displacement kW?/P along
the symmetry axis for various values of k. It shows the significant effcct of
the subgrade stiffness on the deflectcd shape. By cxamining the figure
closely, one may observe that as k increases, the radius of contact becomes
smaller, which implies that the displacement has to increase to maintain

vertical equilibrium.

Figure (6.12) shows the displacement of the plate along the symmetry
axis for various thickness ratios 7" =t /¢ It shows that the maximum
displacement which occurs at the inner édge, decrcases when T is
increased. In addition, the slope of the dcflected curve at the inner radius

approaches zero. This bchavior is not surprising keeping in mind that as T
becomes larger, the cylinder becomes very rigid in comparison to the plate

and thus preventing it from rotation.

Figure (6.13) is a plot of the radial moment in the plate M”, versus kK,

for different values of 7°. It shows that the moment Af”, is maximum and

remain almost constant when the subgrade stiffness K is low.
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Figure 6.10: Contact radius curves of a cylinder-plate junction resting
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Figure 6.11: Displacement curves along symmetry axis of a cylinder-
plate junction resting on tensionless Winkler subgrade subjected to
point load P for various subgrade stiffness, (P=1, ,=.2,1,=1)
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In addition, the moment approaches zcro as k increascs. This bchavior
could be explaincd by observing that as the subgrade becomes stiffer the
contact zone decrcases and it is expected that for infinitely large k, the
subgrade acts as an cdge support at the inner boundary which makes the

moment almost zero.

Figure (6.14) shows the distribution of the transverse shear S, for the

same case. It shows that the shear S°, exhibits a bchavior similar to M?,.
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6.3.2 Non-axisymmetric junction problem

In this section; the same plate-junction problem described in section
6.3.1 is subjected to a concentric point load (P=1) and a point Moment
M, of different levels as shown in figure (6.15). Through the analysis of

this problem, the effect of the system parameters as listed in the objcctives

are thoroughly investigated.

6.3.2.1 The effect of the eccentricity

The ratio of the applied moment M, to the applied load P will be

defined as the eccentricity e. In this section, the cffect of different values
of the eccentricity e on the size and shape of the contact zone as well as on
the distribution of the stress resultants will be studied. In addition, the

nonlinear behavior of the problem will be discussed.

Figure (6.16.a) shows the contact curves of the plate for different
values of e. It indicates that the eccentricity has a very significant effect
on the shape and size of the contact zonc. Figure (6.16.b) shows the
normalized displacement of the plate along the symmetry axis for the same
eccentricities. It indicates that thc displacement in the contact zone
increases moderately with increasing e. Howecver, the displaccments
increase significantly in the uplifted zone with increasing e. The above
described behavior reveals- the dominant effect of the applied moment on
the overall bchavior of the problem. A comparison between the curves in

figure (6.16) illustrates very clearly the nonlinearity in the problem. By
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Figure 6.16.a: Contact curves of a cylinder-plate junction resting on
tensionless Winkler subgrade subjected to a point load P and a point moment
M, for various values of eccentricity e, (P=1, r,=.2,1,= 1, k=200)
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Figure 6.16.b: Displacement curves along symmetry axis of a junction resting
on fensionless Winkler subgrade subjected to a point load P and a point
moment M, for various values of eccentricity ¢, (P=1,r,=.2,r,=1, k=200)
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doubling the applied moment, the contact zone has been totally changed,

and the maximum displacement increased many folds.

It should be pointed out that the maximurﬁ cccentricity ¢ which could
be handled using this proccdure was found to be e=.70, because of
numerical difficulties. This maximum value may be considered a
reasonable upper limit since it is expected that for higher values, the size of

the contact zone become very small, which is not common.

Regarding the distribution of thc stress resultants at the junction,
figure (6.17) shows the effect of the level of the applicd moment M, on the
distribution of the radial bending moment M?,. The figurc shows that the

maximum value of the radial moment increases significantly with
increasing the eccentricity e. Also, the moment starts to become negative
at § == for moderate and high cccentricitics. In addition, the cffect of the
harmonics n22 on the distribution of the moment is very clear for
moderate and high eccentricitics whilc for lower eccentricities, it almost

consists of the harmonics n=0 and n=1.

Figure (6.18) shows the different distributions of the radial shear in the

plate 7 at the junction for differcnt valucs of c. Similarly, figurc (6.19)
- shows the distribution of the transversc shear in the cylinder S°, at the

junction. It exhibits the same behavior as the radial moment M.

Figure (6.20) shows the distribution of the twisting shear in the

cylinder
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Figure 6.18: Distribution of the radial shear V? of a cylinder-p];ate

junction resting on tensionless Winkler subgrade subjected to point
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T, around the cylinder-plate junction. It indicates that the value of the

maximum shear incrcascs with increasing ¢. In addition, this maximum
value shifts from thc center of the interface for moderate and higher
eccentricities which indicates the effect of the higher harmonics 722 and

the nonlinear behavior of the problem.

Figure (6.21) shows the distribution of the radial moment A7 along
the radius of the plate at 0=0. Similarly, figure (6.22) shows thc

distribution of the in-plane stress resultant N?, along the radius of the plate

at 0=0. It shows that N?_is decaying along the radius to be almost zero at

the outer boundary, which is in agrecment with the assumption made

earlier in section 5.3 indicating that the platc is considered infinite.

To understand the convergence of the plate-cylinder junction problem,
figure (6.23) shows the convergence of the resultant vertical force of the
subgrade reaction. It shows that the rcsultant force of the subgrade
reaction converges to the value of the applied load (P=1) within 5
iterations. In addition, figure (6.24) shows the convergence for the
resultant moment of the subgrade reaction about the center of the plate. It
indicates also that this resultant moment approachces the same value of the

applied moment (M, =.4) also within 5 iterations.

Figures (6.25) and (6.26) show the convergence of the contact zone and
the .displacemcnt curve along the axis of symmectry, respectively. All the
previous ﬁgdrcs indicate that the approach is numerically stable and

converges rapidly without any serious problems.
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Figure 6.21: Radial moment MP along the radius at 0=0 of a
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subjected to point load P and a point moment M, for various values
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To investigate the distribution of the stresses at the junction, the

following equations represent the radial and hoop stresscs in the plate and
the cylinder o®, 6%, 6°,, 0%, evaluated at thc top and bottom surfaces of

the plate in addition to the inner and outer surfaces of the cylinder; as

follows:
N6,
o = 7 £ p (6.1)
10p L P
NP 6 MP
(Ppr = "ti x 2 2 (6.2)
top P 4
N¢ 6 M°
Dn = —t-’- + = 2 (6.3)
ouf c 4
NS 6 M*
AT T" + > 8 (6.4)
out € <

Figures (6.27) and (6.28) show the distribution of the radial and hoop
stresses at the top edge of I;he plate for the membranc force and the
bcndihg moment separately. The figures indicate that the membrane
stresses are small compared to the bending stresses. Figures (6.29) and

(6.30) show the equivalent distributions for the cylinder considering that

T =1. By comparing figures (6.27)-(6.30), onc may notice that the
bending component of the radial stress in the plate is the same as the
bending component of the axial stress in the cylinder. On the other hand,
the hoop stress in the plate is different from the hoop stress in the cylinder.
This can be explained by recalling that the continuity equations at the

junction apply in the radial dircction only, and not in the hoop direction.
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63.2.2 The effect of the subgrade stiffness

Figure (6.31.a) shows the contact curves when the cccentricity e=0.2.
It shows that the contact zone is almost a circle for different values of k.
Figure (6.31.b) shows the displacement along the symmetry axis which
indicates that the variation of the displacement in the contact zone is

higher in comparison with the displacement of the uplifted zone.

Figure (6.32.a) shows the contact curves of the plate for various
subgrade stiffness when the eccentricity ¢ is increased to 0.4. It shows
that the size of the contact zone is reduced for stiffer subgrade, which is in
agreement with the results obtained earlicr for the axisymmetric problem.
Figure (6.32.b) shows plots for the displacement of the plate along the axis
of symmetry. It indicates small variations in the displacement within the
contact zone for different values of k, while the displacement in the
uplifted zone increases steeply for stiffer subgrades. This behavior shows
the sensitivity of the contact zonc and the displaccments to the subgrade
stitfness parameter k. An inspection of figures (6.31) and (6.32) illustrates
clearly the nonlinear effect of the subgrade on the problem. It shows the
different behavior for the contact zonc and the displacement due to

doubling the applicd moment.

In this section the analysis of the stresscs will concentrate on the
distribution of the radial moment M? which is the most significant
component of the junction stresses. Figures (6.33) and (6.34) shows the

distribution of the radial moment M} when €=0.2 and ¢=0.4 respectively.
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It may be noticed that the effect of the subgrade stiffness on the
distribution of the moment is much more pronounced for the lower

eccentricity because the contact zone is more sensitive to changes in k.
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63.2.3 The effect of the cylinder stiffness

Figure (6.35.a) shows the comtact curves of the plate for different
values of the thickness ratic T*, for the case when k =200. It indicates that
the contact zone increase as the cylinder becomes stiffer, which is in
agreement with the axisymmetric case. Figure (6.35.b) shows the
displacement along the symmetry axis of the plate. Tt shows the significant

effect of a stiffer cylinder on reducing the displacement in the plate

especially in the uplifted zone.

Figures (6.36.a,b) show the equivalent results when k=350. Figures

(6.37) and (6.38) show the distribution of the radial moment in the plate

MP, for k=200 and k=50 for different thickness ratios 7".

To have a general idea about the effect of the different parameters on

the non-axisymmetric problem, figure (6.39) shows plots of the ratio of the
maximum radial moment MP_ at the junction at =0 over the maximum
moment which occur at a very low subgrade stiffness for various values of

subgrade stiffness and eccentricity. This rétio will be defined as M:m. The

figure shows that the ratio M'm“ increascs with increasing the eccentricity
e. By examining the results for the different cccentricities, onc may
conclude that for very weak subgrades, the subgrade stiffness docs not
affect the moment in the plate. However, in the case of stiffer subgrades,

the -valuc of k plays a significant role espccially for small eccentricities.
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Figure 6.35.a: Contact corves of a junction resting on tensionless Winkler
subgrade subjected to point load P and point moment M, for various

thickness ratio T', (P=1, M= 4,1,= 2, 1,= I, k=200)

Figure 6.35.b: Displacement curves along symmetry axis of a junction resting
on tensionless Winkler subgrade subjected to point load P and point moment
M, for various thickness ratio T', (P=1, M,=.4,5,=.2,r,= I, k=200)
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Figure 6.36.2: Contact curves of a junction resting on tensionless Winkler
subgrade subjected to point load P and point moment M, for varous

thickness ratio T', (P=1, M,=4,r,=.2,5,= I, k=50)
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Figure 6.36.b: Displacement curves along symmetry axis of a junction resting
on tensionless Winkler subgrade subjected to point load P and point moment

M, for various thickness ratio T', (P=1, M, = 4, r=.2,r,=1, k=50)



Radlal moment

0.50 —
0404 T~ =5
" —T=.325
.30 - - . —--T'=.10
0.20- ™,
0.104 Tl -
e N A M g cpaso
4o .10 20 30 .40 .50 .60 .70~%:B0. .60 T1PoO
e
-0.10

Figure 6.37: Distribution of the radial moment MP at the interface of

cylinder-plate junction resting on tensionless Winkler subgrade
subjected to point load P and point moment M, for various thickness
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Figure 6.38: Distribution of the radial moment M? of a cylinder-plate
junction resting on tensionless Winkler subgrade subjected to point
load P and point moment M, for various thickness ratio T, (P=1,
M=4,1=2r,=1k=50).
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Figure 6.39: Ratio of the relative maximum radial moment M__, of a
cylinder-plate junction resting on tensionless Winkler subgrade
subjected to point load P and point moment M, for various subgrade
stiffness and various levels of the applied moment M, (P=1,
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To summarize the effect of the system paramecters on the nonlinear
behavior of the problem, figure (6.40) shows plots for the edge
displacement, kW P, of the plate for various subgrade stiffness k and
eccentricity e. It shows that the problem exhibits a linear behavior for
small eccentricities and weak subgrade where the plate is in full contact
with the subgrade. However, the behavior is nonlinear for most of the

values of the subgrade stiffness k and and the cccentricity e.

Figure (6.41) shows plots for the ratio of the area of the contact zone
to that of the plate domain, 4", for different subgrade stiffness k and
eccentricity e. It indicates that the relative arca, 4°, becomes smaller for
higher eccentricities. This behavior may explain the reason that higher

eccentricities (¢>0.7) can not be handled through the numerical analysis of

this research.
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Figure 6.40: Maximum edge displaccment kW /P of the plate of a
cylinder-platec junction resting on tensionless Winkler subgrade
subjected to point load P and point moment M, for various subgrade
stiffness and varous levels of the appliecd moment M, (P=1,
n=2,r,=1).

131



1.12
e k=
0.98—\\ ~- k=100
0804 T ~—— o _ -
— ~—
T - "..-""\.._\
0.64- "~ S
s \\\\\ ~ \.\-\ "x._\\ —
0.48.. ; \\\\ '\_\'\- "\-\M‘N
0.32- T
0.16-
o'oc ] 1] 1 1 ]
00 .10 20 .30 40 .50 .60

Ecceniriclly e
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Chapter 7

SUMMARY AND CONCLUSIONS

7.1 Summary

The proposed work investigated the problem of a cylinder-plate junction
resting on tensionless elastic subgrade and subjected to a point load and a

point moment that act at the top edge of the cylindcr.

An energy minimization technique was utilized to analyze the plate-
subgrade system. A displacement function for the plate was assumed in
terms of gencralized Bessel functions in the radial dircction and Fouricr series
in the angular direction. The solution for a thin circular cylinder was
obtained according to the equations derived by Flugge for this problem. The
solution of the cylinder-plate junction was accomplishcd by achicving the

continuity conditions at the cylinder-plate interface for the displacements and

the edge forces.

A computer program was developed to solve the derived equations
iteratively, but efficiently. The program has the capability to investigate the
effect of a wide range of the system paramcters. However, there are certain

limitations on the largest values for cccentricity or aspect ratio to ensure

convergence.



134

Numerical results have been presented to show the validity of the

approach through comparisons with other existing solutions. This was

followed by the investigation of several problems to study thc nonlincar

behavior of the problem and its dependency on the main parameters.

7.2 Conclusions

Based on the derivations and the obtained numerical resulis, the

following conclusions can be made

|

For the axisymmetric plate problem, the present solution is in excellent
agreement with the exact solution for the contact radius and the central
displacement and more accurate than other existing approximate
techniques.

For the axisymmetric plate problem, it has becn observed that the size of
the contact zone does not depend on the magnitude of the applied load,
an observation also made by othef investigators.

The convergence of the problem is rather fast, and guarantced for a wide
range of the system parameters, but can not be achieved when the
cceentricity (e = M/P) excceds 0.70. This is due to the significant
reduction in the area of the contact zonc between the plate and the
subgrade. In addition, convergence can not be ensured when the ratio of
the inner to outer radius exceeds 0.30.

The problem exhibited a nonlinear behavior for most of the values for the
relative subgrade stiffness and eccentricity.

It has been observed that the different values of the eccentricity had a
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significant effect on the overall junction bchavior, and specifically on the
contact zone and the displacements of the platc.

It has been observed that the stiffness of the subgrade has a bigger effect
on the behavior of the problem for lower and moderate values of the
eccentricity. For the axisymmetric junction problem, the maximum radial
moment at the junction occurs at low subgrade stiffness ( k <50), with
the radial moment decreasing significantly with increasing k. A similar
behavior was obscrved for the non-axisymmetric problem with
eccentricity e <0.4. For higher eccentricities, the subgrade stiffness has a
minor effect on the behavior of the problem with the radial moment
remaining almost constant for any value of k.

In general, increasing the rclative bending stiffncss of the cylinder to that
of the plate (D° = D,/D ) increased thc contact between the plate and the
subgrade. The cylinder stiffness has a significant effect on the maximum
displacement in the plate. For an axisymmctric junction problem, the

radial moment at the junction becomes constant when D" exceeds 1.25. In

addition, for a non-axisymmetric junction problem, the behavior of the

problem becomes constant when D cxceeds 2.0.

7.3 Recommendations

It is believed that the presented work represents a starting point for other

studies that may utilize the approach and expand its capabilitics and

applications. The following points represcnt the possible directions for

expanding this work:
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I- To investigate the effect of using different subgrade modcls like Pasternak
model or elastic half-space.
2- To use the large-deformation theory for the analysis of the platc-subgrade
system.
3- To incorporate the vibration effect in the solution of cither the plate-

subgrade problem or the plate-cylinder problem.

Finally, it should be pointed out that the finite element method represents
an alternative approach for handling these problems and other ones that
might include irregular geometries or material nonlinearities.

: !
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The Kelvin functions and Bessel functions and their first decrivatives

[21], in addition to the derived second and third derivatives that were used

in the analysis of the plate problem can be obtaincd as follows

The Psi function is defined as
Y =~y + YK, w2
E=

where

y = 0.5772

The Kelvin fuanctions are defined as

© cos{(%n-*-%k)n} 1
- (L \n 2 Z\k
berx = (3" ¥ “Hrmrk+n 4

sin{(Zn+Lk)n)
bei x = (—x)" i 4 2 ('sz)k
< =G L Ttk +1) 4

11 a% 3 .1 (n-k-1 1 o
ker,x “'2—(':2‘*‘) kgocos((z"l'*'a'k)n} x T(Zx )

- ln(-;—x)bernx 4 -i—nbei"x

k+b+wm+k+n}

I - 3 | % {\V(
+ (7 Y os(Gnt hom) Il + )

(A.a)

(A.b)

(A.D)

(A-2)

(%x’I‘A.s)
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K\(n+ 1)) (TNAYy

The derivatives of Kelvin functions are

First derivatives

ber x = _:';. ber x + -\—/-_; (ber,, ,x + bei,, x)

(A.5)
bei x = 2 bei x + — (bei,, x — ber,, x) (A.6)
nx x nx \/—2' +1 +1
ker x = = ker,x + — (ker,, x + kei_, x) (A7)
nX = T KeX Np +1 +1
kei'nx = -z- kei x + —-1—2- (kei,, ,x — ker,, ,x) (A.8)
Second derivatives
ber x = (% + n—z) ber,x — bei x — l
x X

5 (ber, ., x + bei,, . x) (A.9)
x

bei x = = + L) bei x + ber,x — l
x2 2

x X2

(bei, . ,x — ber,, x) (A.10)

ker x = (-’% +

2y ker,x — kei,x l
Xt

(ker,, ,x + kei, . x)(A.11
xﬁ t1 nti ( )

o .-n n . 1 . _
kei . x = (-x—2 + ;) kei,x + kern; - \/_?: (kei,, x — ker, . x) (A.12)
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Third derivatives

per” x = I (m D)D) + bei, - (1-n) + (ber % + beiy, ) ('\’;;:2)
+ —‘; (ber,, x — bei,, ) (A.13)
bei" x = 22 ()(n-1)(n-2) — ber, X X (1on) + (bei, . x = ber, ) (’\’/fxzz)
+ 7_—(bet i1 X+ ber, (x) (A.14) |
Ker” x = — (m)(n-1)(n-2) + Kei, = (1-n) + (ker, = + kel 2 (f/;xz)
+ ——(ke . x — kei, %) (A.15)
kei” x = X (1) (n-2) — ker, X (1-n) + (ke , x — Ker, , %) o +2)
x J2 i
+ L (kei, x + ker,, %) (A.16)
The Bessel functions are defined as follows
L n & ('%xz)k
Ix = (39" § ey (A.17)
(—xz)k
(A.18)

N 4
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The derivatives of Bessel functions are

First derivatives

nJ x
. Jx = > ‘{n+lx
nl x
Ix = _;_ + L,
. nY, x l
Yx = p T I X
, nK x
Knx = xn - Kn+lx
Second derivatives
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(A.19)

(A.20)

(A21)

(A.22)

(A.23)

(A.29)

(A.25)

(A.26)

(A.27)

(A.28)
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(A.29)
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(A.32)
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APPENDIX B

The elements of the boundary conditions matrix [B] which was defined

in chapter 3, equation (3.14), are obtained as follows

a) Using Kelvin functions

i 2, " A, vn?
B(1,1) = A, ber (A1) + v - ber (A r) — _rz_ ber (A1) (B.1)
i g i
; yy A, . va? | .
B(1,2) = A, bei(A,r) + v - bei (\,r) — = bei (A, r) (B.2)
i i
i . A vi®
B(1,3) = A2ker, (A r) + v T” ker,(Ar) — = ker, (A1) (B.3)
¢ ]
2 il A'n . Vn2 -
B(1,4) = A kei (A, r) + v - kei (A, r) — 72—- kei (A,r) (B4)
¢ i
2 2

: A, . A, N, . .
B(2,1) = A*, ber, () + - ber ,(A,r) — ? ber(\,r) — > ber (A,r)

¢ i i

ber, (A, r)

2 2 )
+ 2 per 0y = L 6 ber ) — XB.5)
P 7 ,
3 2, A, . A, .
B(2,2) = A°, bei, (A,r)+ - bei (A r) — 7 bei(A,r) — > bei(A,r)
i i {

+ %2- bei (1) — -(—l————:'l'i{}»nbei'n()»nr‘.) _ bebr) g gy

r ]
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3 A2 L A, | W
B(23) =X ker, (A r)+ —= ker (A r) — = ker(A,r) — 3 ker(A,r)
: r 2

t i i

— )2 ,
L9 6 ker' (A r) —

ker, (A, r) YB7)

2
+ 2% er(hr) —
r 2 ;
2

5, 2o, A, . [ W
B(2,4) =\ kei, (M ,r)+ — kei (A,r) — -:2- kei(h,r) — > kei(,r)
r; :

i

2 — )2 . kei (A r.
+ % keihr) = L= 0 rei (0 r) - —;"I(r—"—l}(B.S)
i 4
- A vn?
B(3,1) = A2 ber, (A1) + v r—" ber (\,ro) — — ber (\,ro) (B.9)
0 0
- A vn? )
B(32) = M beiy(r) + v =2 bei,rp) — o= bei,Oh,ry) (B.10)
0 L
2 o A v
B(3,3) = A ker,(A,r)) + v r—" ker, (A7) — — ker, (A7) (B.11)
0 0
. A vn?
BG3A) = A kei/(\r) + v == kei(Ar,) — 2 kel o) (B.12)
r, 2
3, A2, A, nx, .
B4,1) = A°, ber, (A1) + — ber (A,r)) — — ber(A,ry) — ber (A, r,)
. '0 "(2) ’20
2 —u) ,
+ 2 per ) = LT 60 per 0 r)
r 2
ber,(Ar,
= Lerlate) (B.13)
o .

2 2

- s X ” k ’ g
B(42) = N, beil (L) + == bei (A1) — = bei(h,rp) — ——== bei(A,ry)
To Yo "o




144

2 — )t ,
+ 2 peiry — 829 G el (0 rp)
1'3 9
bei
_ beilOry) (B.14)
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Iy
b) Using Bessel functions
" A vi?
B(LD) =M J, ) + v —J (1) — — T, (r) (B.17)
r, i
; - Ay v’
BU2) = ML) + v S 1047 = =5 IL\r) (B.18)
¢ i
' 00 A vn?
B3 =AY (Ar)+v T" Y, () — —= Y000 (B.19)
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e A, v’
BUA) = K K0r) + v 2 Kr) = 2 K 0 (B.20)
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- A vpy2
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