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Abstract

A computer added method of analysis has been developed for a curved slab type bridge deck with
a variable thickness along the radial direction incorporating one dimensional finite difference method in
conjunction with the method of consistent deformation. The deck is simply supported along the radial
edges and may be continuous over arbitrarily located interior pier supports and is subjected to any
arabitrary loading due to line load, patch load, uniformly distributed load and point load. A generalized
computer program, FSTCBA, in FORTRAN-77 is developed to readily apply the proposed method. The
accuracy of the proposed method has been varified using some available solutions. The method appears
to be accurate and the computer program is shown to be easy to use and economical with respect to
C.P.U. time and storage required. Several examples are analyzed using the proposed method to study the
effect of various parameters on deck behavior and distribution of internal forces. The proposed method is
also used to verify the accuracy of the simplified method of analysis.
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NOMENCLATURE

Bending rigidity/unit length in the radial direction

Bending rigidity due to coupling of the curvatures in the
orthogonal directions due to Poisson's ratio

Bending rigidity/unit length in the angular direction
Torsional rigidity/unit length

Young's modulus of elasticity of material of the bridge
deck

Shear modulus of material
D, + Dre
Spacing between nodes

Bending moment/unit length in the radial direction
Bending moment/unit length in the angular direction
Twisting moment/unit length

Harmonic number

nn/tpo

Shearing force unit length with outward drawn normal in
the radial direction

Shearing force unit length with outward drawn normal in
the angular direction

Radius of curvature to the centerline of the deck

Radius of curvature of ith node

Thickness of plate
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Dxmr

D1/D 0

Kirchoff's edge reaction/unit length with outward drawn
normal in the radial direction.

Kirchoff's edge reaction/unit length with outward drawn
normal in the angular direction.

Vertical displacement funciton (function of r only)

Deflection of the middle surface ofthe plate (positive down-
ward) .

Polar coordinate in the angular direction

Bridge deck angle subtended at the center

Poisson's ratio
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Chapter 1

INTRODUCTION

1.1 General

In recent years, horizontally curved bridges are increasingly
used due mainly to their aesthetics and to comply with the need of
such bridge geometrics In roadway intersections and interchanges.
This has generated interest in the developraent of a computer aided

analysis which can routinely be applied in practice.

A common form of horizontally curved bridges is the slab type
or pseudo slab type bridge deck which is continuous over a number
of discrete columns or pler supports as shown in Fig. 1.1. These
piers provide basically vertical supports to the deck with virtually no
rotational restraint. Typical sections of such bridge decks are shown

in Fig.1.1.b

Both classical and numerical methods have been employed to
solve a curved plate problem. While the application of classical meth-
ods is limited in scope, the numerical methods , which includes finite
element, finite strip and finite difference methods , have been

attempted more rigorously.

The proposed method of analysis employs a numerical method of

finite difference to solve the governing differential equation of a hor-
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izontally curved orthotropi: plate. The equilibrium equations are gen-
erated only along the central radial line of the curved slab employing
a Levy type series solution (1). The developmental work includes
both uniform deck slab thickness as well as deck slabs of variable

thickness.

For the continuous bridge deck over a number of intermediate
pier supports,the method of consistent deformation has been employed
for analysis. By removing these supports, the primary structure is
solved first with all applied loads. Using the method of consistent
deformation, the redundant pier reactions are determined and then,_

the entire structure is solved.

Sinosoidal affinity between load and deformation permits the
generation of equilibrium differential equations along the central
radial line only, obviating the need of large computational molecules.
The repetitive nature of the computational tasks is an advantage for

easy adaptation on a computer.

1.2 Literature Review

The use of curved plates> and curved bridges have persuaded
researchers to conduct researches in developing accurate methods of
analysis. In general, most of the methods used in the analysis of
curved bridge deck are based on the classical theory of thin

plates(2,3), and they can be divided into two groups: analytical



methods (4,5) and numerical methods (6-16). The analytical methods
are applicable to a few limited cases only such as plates with uniform
thickness and simple loading, due to mathematical complexities. For
numerical methods of analysis of curved slabs, all three popular
methods, namely, the finite element method (6-9),the finite strip
method (10-14) and the finite difference method (1,15,16) have been

used.

The finite element method, in which the actual continuous struc-
ture is idealized into an assembly of discrete elements for which
force-displacement relations and stress distribution are determined,
has been used extensively for solving this type of problem. The most
suitable element is the triangular element. However,_ to reduce the
errors due to approximation of the curved boundaries with a series of
straight lines would require a fine mesh and hence, a large number
of elements(l). Olson and Lundberg (7) have derived the plate

bending element in polar coordinates and deduced the stiffness matrix
of circular and annular sector elements, hence they have provided
close fit to the curved boundaries eliminating the boundary line
approximation errors. Sawko and Merriman(8) have developed a
higher order element in polar coordinates. Singh and Ramaswamy (9)
have provided close solutions by developing another higher order ele-
ment in polar coordinates. Despite being the most powerful and per-
haps most popular method in dealing with all types of plates, finite
element sometimes is not the best method to use regarding the time

and cost involved in preparing the data and solving a large number



of equations.

The finite strip method (10, 11) has been used in the analysis
of orthotropic curved deck slabs reducing the algebraic equations
encountered in finite element method. This method was first pub-
lished by Cheung, Y. K., in 1968 and it was known as an excellent
method of analysis for simply supported bridge deck structures in
terms of accuracy and efficiency. In 1969, Cheung (10) applied this
method to the analysis of simple-curve slab and box bridges. Issam
(11) has presented a computer oriented exact method of solution for
the analysis of horizontally curved and orthotropic bridge decks

using the finite strip procedure.

The finite difference method can be conveniently used for a
variety of plates. The conventional finite difference solution in plates
is obtained by using nodal points spaced all over the surface of the
plate., The differential equation for displacements of these nodes are
solved numerically and the number of simultaneous equations required
is generally only about one third of that number required in finite

element method(27). Heins and Hails (15) have analyzed a curved

stiffened plate as an equivalent orthotropic plate applying the finite
difference method to solve the equilibrium equation of thin plates and
neglecting the Poisson's ratio to simplify the problem. Otter (16) has
pioneered another technique of finite difference known as dynamic
relaxation, which is basically an fiterative approach. In this tech-

nique, the structure is assumed to vibrate freely in a viscous fluid,



this yields a governing equation of motion in dynamic form and the
solution is obtained by an iterative procedure until the steady-state
solution is achieved and the static solution is obtained. Although the
finite difference method was checked for accuracy and found to be
satisfactory and more economical than finite element method, it
requires a very large number of nodal points to get an acceptable
solution and it is very tedious as it requires a large number of com-

putational molecules to include the boundary conditions.

In 1980 Dey and Samuel (1) proposed the use of the One-Direc-
tional finite difference In the analysis of curved orthotropic plates
simply supported at the radial edges. This method appears to be an
attractive numerical method for the solution of a horizontally curved
bridge deck problem due to its relative simplicity involving solution
of a smaller number of equilibrium equations, (Fig. 1.2 shows a com-
parison between the three numerical methods mentioned above with

respect to the number of nodes required for each method).

This method has been used (19,20) to analyze a curved girder-
slab bridge deck idealizing the deck as a curved isotropic plate sup-
ported by curved girders whose rotational and vertical flexibilities
are taken into account in finite difference ecquations. Using this
method, the influence of torsional stiffness of steel I-girders and the
radius of curvature of the deck has been demonstrated in refs.

(19-21).

The proposed method of analysis introduced here is to utilize a
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combination of the method of one-directional finite difference and the
method of consistent deformation in the analysis of an orthotropic
curved pseudo-slab type bridge deck continuous over discrete pier
supports which is a common form of horizontally curved bridges. The
method appears to be accurate but yet relatively simpler than other
methods for easy adaptation on a computer and it can account for any
bridge loading and arbitrary locations of pier supports. The develop-
mental work includes also the case of variable slab thickness
(Fig.1.1.b) to demonstrate the influence of thinner overhangs nor-

mally used in bridge decks.

1.3 Scope and Objectives

Of the two suitable numerical methods which can be used to
reliably analyze a curved slab type bridge deck, namely, finite ele-
ment and finite difference, the former tends to be time and storage
demanding for a computer. To develop a simplified, yet accurate
method of analysis, one-dimensional finite difference method has been

adopted in the work.
The primary objectives of this work are as follows:

1) Develop the finite difference formulation of the governing
fourth order partial differential equations of an orthotropic
curved plate with variable plate rigidities due to the varia-

tion of plate thickness. Also, the appropriate finite differ-



ence equations for moments, shear and torsion will be
developed.

2) Develop a generalized computer program for the analysis of
a horizontally curved deck being continuous over discrete
pier supports and subjected to arbitrary loading. Finite
difference method as developed in item (1) will be followed
in conjunction with the method of consistent deformation.

3) Verify the accuracy of the proposed method of analysis by
comparing the results with those available from other meth-
ods.

4) Study the influence of various parameters on the behavior
of this type of bridge deck.

5) Verify the accuracy of the simplified method of analysis
(22) by comparing results with those obtained from the pro-

posed method.

The proposed method of analysis is general and can be applied
to any number of spans continuous over arbitrarily located discrete
piers. This method is envisaged to be the most simplified computer-
ized method which can readily be used to analyze accurately a curved
bridge deck of the geometry shown in Fig.1.1 and which can also be
used to compare the results obtained from other existing methods and

experimental investigations.



Chapter 2

BASIC EQUATIONS OF A CURVED PLATE

2.1 Orthotropic Curved plates of Uniform Thickness

2.1.1 Equilibrium Equations

For a curved orthotropic plate element shown in Fig. 2.1, sub-
jected to an arbitrary load P (r, 0), the three equilibrium equations

in polar coordinates (r, 0) are (2):

M M 1My M - 21
Q= ar T 0 T (2.1)
o - 1M, Mo, T -
0~ T 30 r ar (2.2)

Q
%+%+-r1-—o-°-+r>=o (2.3)

Substitution of Qr and Qe (Eqns. 2.1 and 2.2) into Eq. 2.3 leads to

the governing equilibrium equation:

2_r L U - s

r or arz r ardl r ar
g My g M

+ 5 3 + = 5 = - P(r,0) (2.4)
T r a0

10



M_ + dr r
g or Qr+Tr'dr

Fig. 2.1 Forces on a curved plate element in polar coordinates
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2.1.2 Force-Displacement Relationships

Force-displacement relationships can be expressed in terms of

the vertical displacement w as (2, 3):

2
I w 1 ow 1 "w
M_=-D [&¥ + v, (= == + — ) (2.5)
) o r arz 0‘yr or 2 302
- - Pw o 1 aw 1w
My = - Dy lv, — A - ~ aozl (2.6)
2
- _ 139w _ 1 aw
M = — 2Dy 1T G520 ) 30 (2.7
' 3 2 3
Q =-m ¥+ 12w, gl fw L IY,
ar r- drdd ar
2
1 ow 1 I w
- D, (~— — + — )i (2.8)
orz or r3 60a
3 2 3
H a°w 1 °w 1 3w
Qy = ~ |+ + Dy (= 5= + | (2.9)
0 r a2 0 o2 arao 3 203

The Kirchhoff edge reactions are:

1 aMr()

Ve =@+ T !

12



3w 1 a*w -1 d3w
= - D ( + =2¥) + H + 2D_) (—
Fad T 2 r0 r2 oran?
2
1w 1 ow 1 d°w
- = ) = Dy (—— = + = )]
3 02 ) £2 ar r3 2

3

= - [Do(r% g:a‘; + -:13- %) + (H + ZDrO)(}lT ;2:0)
N L
Where

5 Et®

r T T2 - vy

Eot
D, = 57—
121 - uruo)
3
D = Grot
rd 12

t = thickness of plate

(2.10)

(2.11)

(2.12.a)

(2.12.b)

(2.12.¢)

(2.12.d)

(2.12.e)

13
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r = radius of curvature

Substitution of Mr Me, Mro from Eqns. 2.5 - 2.7 into Eq. 2.4
»

leads to the governing differential equation of a curved orthotropic

plate of uniform thickness in terms of the displacement w as:

D i'w + 2 a'w + & a'w + e - zl_aiw_
T oot r? arle® ‘%t L r? arso®
D, .2 2D, + H) 2 D
——°a‘z"+ °‘ a:’+—3°-%=P(r.0) (2.13)
r’ ar r ao r
- - _~ _ Et?
For an isotropic plate H = D_ =D, = D = ——— and Eq. 2.13
r 0 2
12(1-v7)
reduced to:
4 4 4 3 3
iw 2 0w +_1_aw+3a_v:__g;awz
* r2 a0 ' &’ T ar r? aréo
2 2
1 Pw, 4w, 1w B0
R I R - D 2.19)

2.2 Levy-Type Series Solution for Simply Supported Curved Plates

For a curved plate where two radial edges are simply supported
.and two other edges are arbitrarily supported, as shown in Fig. 2.2,
a8 Levy-type solution can be postulated by expressing both the
applied load P(r, 0) and the resulting vertical displacement w in terms

of sine series. The sinusoldal displacement simplifies the problem



Fig. 2.2

Simply supported curved plate
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considerably and it also enables to express the internal forces in the
plate in series. The governing partial differential equation (Eqn.
2.13) can be transformed Iinto ordinary fourth order differential

equation by taking w as:

[s o]
w(r, § = Y W_(r)sin No (2.15)
n=1
where N = %‘- and W_ is a function in r only, and the loading P can
(o]

be taken as:

s8]
P(r, 0) = Zl P sinNo (2.16)
n=

Pu being the Fourier load coefficient for the nth cycle.
The Fourier coefficient, Pn' for the cases shown in Fig. 2.3 is as
follows:

(a) A Concentrated Load P (force):

_ 2P
Pn = oo sin Nok (2.17)
(b) A Uniformly Distributed Line Load‘P1 (force/length):
4P
- 1 2 nn
Pn — sin (—2 ) (2.18)

16



(a)

Fig. 2,3 Different loading on a curved plate (a) point load, (b)
line load and (c) patch load

17
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(c) A Uniformly Distributed Patch Load P, (force/unit area):

4P
—2 sin No, . sin 3B (2.19)
nr k

P 2

n

Substitution of Eqs. (2.15) and (2.16) into Eqn. (2.13) yields the

equilibrium equation for the nth cycle as (1):

4 3 2
dr‘ T dr r dr r r
where:
4 2
p = N'B - 2a + BN (2.20.a)
A = 2aN% + B (2.20.b)
a = H/D, (2.20.c)
B = Dy/D, (2.20.d)
N = nn/e, (2.20.e)

Thus the fourth order ordinary differential equation (Eqn. 2.20) pre-
scribes the displacement amplitude W for a horizontally curved ortho-
tropic plate with two radial edges simply supported for the nth har-

monic load component.

Substitution of Eqn. 2.15 in Eqns. 2.5 - 2.11 yields:

0 2 D
- d"wW 1 dW _ 1 .
Mr = - nZ1 [Dr + > W] sin NO (2.21)

18



oo 2 D 2
d°w 0 dw N
M. = — D + — &% _ p N _ W] sinNO (2.22)
0 ngl 1 dr? r dr Orz
M =-°°[2D A Y _ 1 w) N cosNo 2.23)
o Y [ 2Dy (& ¢ 2 .
n=1 r
o 3 2
Q =~y (p v EOH —@+py L G
n=1 dr dr r
NZ
+ (H + Dy =W | sinNe (2.24)
r
o0 2 D 2
H d°w 9 dw N
Q, = - [ = + — —— — D,.—— W | N.cosN0O (2.25)
0 n§=;1 r drz rz dr 0 r3
0 3 D 2
v = - [Drdw+_£d:’—(HNZ+2Dr0.NZ+DO)
n=1 dr? T dr
1 dw 2 2 W o,
— § F EN" + 2D N" + Dg) —— | sinNO (2.26)
T r
o0 2
1 d°w .1 dw
V. = — [(H + 2D_) = —(@D,, — Dy = 3o
0 ngl rd’ p drz rl 0 rz dr
- (DN* - 4Dy ;‘1’3— | N.cosNO (2.27)

2.3 Orthotropic Curved Plates of Non-Uniform Thickness

Bridges are frequently designed with tapered overhangs for an
economical proportioning. A typical cross-section of such bridges

will have non-uniform deck thickness at the outer widths of the deck

19



as shown in Fig. (1.1). Since the taper is only in the radial direc-

tion, the wvariation in the rigidities, Dr’ D,, and Dr due to the

0’ 0
change in slab thickness must be accounted for in the analysis for

refinement and to improve accuracy.

In this section, the necessary differential equations are rewrit-

ten for a curved orthotropic plate of variable thickness.
2.3.1 Force-Displacement Relationships

The moment-displacement relationships for an orthotropic
curved plate of uniform thickness can be applied to the case of a
non-uniform plate thickness by treating the plate rigidities

Dr’ DO and DrO as variables along the width of the plate. Thus,
the expressions for Mr’ M0 and MrO are same as Eqns. 2.5-2.7 for

uniform plate thickness. However, the shear equations are different

due to the variation of the rigidities and they are as follows:

= - D d’w + (.I?E. + dDr) a*w + (dD‘ - 20_);“!!'. +
Ql' r dr3 r dr or2 rdr r2 ar
3 dD 2

1 adw 1 1 dw

(D, + 2D_,)— + (r - D, - 2D_,) — I (2.28)

1 o ra araoa dr 0 r0 2 002
3 dD 2

- 1 0w _r0, 1 " w

QO = [(D1 + 2Dr0) % + (D0 + 2r 3 ) > 730

ar2a0

20



9 9 aw , Do 2w
- (_; ._a_r_) 3 + -~ 3 ] (2.29)
r r a0
D dD 2 dD
3w r r. dw 1 1 dw
V.= -1D + ( + ) + (@ —— - D) — — +
r r .3 r dr ap2 dr 0 o2 ar
3 dD 2
1 d'w 1 1 dw
(D, + 4D_,)— + (r - Dy — 4D ) — —- 1 (2.30)
1 ro 2 ard0? dr 0 r0 3 302
' dD 2
_ 1 a’w r0 _ 1w
VO - [ (Dx + mro)? 2 + (DO +ar dr 4Dr0) 2 drdd
ar-ado T
dD D 3
9, 4 ow 0 Iw
+ D,y T ) — =t —~+ I (2.31)
rd dr rs a0 rs 603

2.3.2 Governing Differential Equation for Orthotropic Curved Plates
of Variable Thickness
The differential equation for a curved plate of variable flexural
rigidities in terms of the displacement w is obtained by substituting
the expressions of . moments (Eqns. 2.5-2.7) into the equilibrium
equation (Eqn. 2.4). As the rigidities are now functions of r only,
due to the taper in the r-direction, the governing differential equa-

tion becomes:

t'w 2 r 3w 2 dDr d Dr
Dr +(—D1‘+2dr) 3 (-17 dr 2
ot r ar dr
2
o1 Do, 1801 Do Doy aw
r dr 2 arz T gr? 2 dr 3’ or

21



H i w H 2 1
+ 2= Q= - &£ —> - = )
2 arzaoz ra rz dr rz dr araoz
2
2 ® 180 e B 1 P
ra dr rz drz r3 dr rs dr r‘
D 2 D 4
- 2-9 8 >+ —? 9 - =P, 0) (2.32)
rt @ r' e

substitution of Eqns. 2.15 and 2.16 in Eqn. 2.32 leads to the Levy-
type formulation of the governing differential equation of a curved

plate of non-uniform thickness.

b 4%, op . 2dDr) v, 2 dp,  d°D,
r dr? r dr dr? r dr dr?
2
L1 Dy aNm w1 2P
r dr rZ rZ dr2 r dra
1 P Dy ooan®m _ 2n2 Py an® dDrO) dw
r2 dr 3 3 e dr r2 dr dr
2
+(_2_dD1 _ 4 @D, 4 9Dy 9D
3 dr 2 dr? r? dr r3 dr
2D D
S e N*-D) N°W = B (2.33)
r r r .

Eqn. 2.33 reduces to that of uniform plate thickness (Eqn.

2.20) by setting the variation in rigidities as zero.



The shear forces are:

=‘§[D d3w+(dDr+&)dzw+(ldD‘_&’.
n=1 dr? dr T ogpd r dr 2
_ HNZ  dwW _ rdD, N2 .
2 dr + (H + De dr ) '_; w ' sinNO (2.34)
r r
-- 3 (Eatw Do, 2 Do, aw
n=1 r drz l'z r dr dr
_ 2 P DgN° W 1 N cosh0
= & 5 )W | N.cos (2.35)
r r
Y 3 dD D 2
=-Z[Drd‘:+(drr+ r)dY‘(HNa+2Dr0N2+D9
n=1 dr T dr
rle le 2

1 dw
dr)adr+(H+Do—r

R + ZDro) % W] sinNO (2.36)

dr

o8]

2 D dD 4D
=_z[(n+zn)1dw+(_o+i r0 _ rO)dw+
n=1 r0’ r dr? r2 r dr L2 dr

4D dD D,N?
( o _ 4 0 % ) W] N.cosN0 (2.37)

3 2 3
r r dr r



Chapter 3

FINITE DIFFERENCE FORMULATION

3.1 Introduction to Finite Difference
3.1.1 General

Most of the methods used in structural analysis are based on
the solution of the basic differential equations of equi]jbrium' and
compatibility. Analytical solutions of these differential equations are
limited in scope. But, fortunately, for complex problems, numerical
treatment of these equations can yield approximate but yét, very

accurate results which are acceptable for most practical purposes.

Among the numerical methods presently available, the finite dif-
ference method has been used in applications to achieve results with

sufficient accuracy.

Finite difference method is mainly based on replacing the deriv-
atives of a function by difference expressions of this function at
some selected points on the structure referred to as nodes or pivotal
points, or simply as points of division(27). These points are located
at the joints of a linear, rectangular, triangular, or other reference
network called finite difference mesh. The differential equation then,
is applied in difference form at each node, relating the values of the

function at the given node and nodes in its vicinity to the external
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applied load at this node. Eventually, a sufficient number of simul-
taneous equations for these values is obtained. For nodes on the
boundary or close to it, the coefficients of the equations should
account for the boundary conditions, so, they have to be modified

compared with the coefficients used at the interior nodes.

3.1.2 One-Dimensional Finite Difference

In this work, we are only concerned with one-dimensional finite

difference in which nodes are distributed along a line (Fig. 3.1).

Depending on the order of formulation of derivative expres-

sions, four methods are available:

(i) forward difference
(i) backward difference
(iii) central difference

(iv) combined difference

It has been proved, (3), that the central difference type is the
most accurate among these different methods. Because of this higher

accuracy, it has been used in this work.

In the central difference method, the equations for derivatives

are as follows, (3)

d - 1 -
(E;x{)m = Jax Vm.1 m-1) (3.1)
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Fig. 3.1 One-dimensional finjte-difference mesh
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2 .
(:?Z)m = (Ai)z et ~ Wy + Yooy (3.2)
d’y 1
(dx’)"‘ = 2(Ax).,‘) Ome2 = ¥maa Y W1~ Y 2 (3.3)
d'y 1
(dx“ L ZA—x_)T Omez = Wy + 8q ~ Wy g F V) (3.4)

Table 3.1 represents these methods schematically.

3.2 Finite Difference Equations for A Curved Deck

The governing differential equations (Eqs. 2.20, 2.33) which
are expressed in terms of the amplitude of sinusoidal deflection, W,
can be transformed into finite difference form. The sinusoidal affin-
ity between the displacement and load series (Eqs. 2.15, 2.16) allows
one to write the difference equlllbrit..lm equations at the central radial
line only, (Fig. 3.2), in terms of the amplitude of the deflection W of
the slab for each Fourler load component and subsequently solve for
W. Thus, the central radial line is divided into m number of closely

spaced discrete nodes with a uniform spacing of h.
3.2.1 Curved Plate of Uniform Thickness

3.2.1.1 Governing Differential Equation: Applving the stencil equa-

tions, shown in Table 3.1, on the different derivatives of Eq. (2.20)



Table 3.1.a

COEFFICIENTS

" = O-0)

” arl@-6-Q)

v aplO-6-6-Q)]
" arl@-08-6-G-0)
” [0-8)z

s [@--Olar

w0 [O0-8-O-0Olas

2| [O-Q-8-8-Olzs

% [0-Ol%

% (8-l

v [@-O-0-8lz»
" [O-8-8-8-Olz

———0—0—C—C—C—5—0-

peint meld w=) m=2 m=1 m mil mi2 me) o+4

TYPE
NS

Forward

Backward

Combined

Table 3.1.b

y " COEFFICIENTS

§ % [O—@Olay
£z [@—O—Olak
=l | lo-e—o—0us
ir [ [0—-0—6—0-0%
point m=2 m=1 m m+l m+2

Table 3.1: Schematic representation of various finite
difference expressions (Reference 3).

Whe e



Fig. 3.2

Curved plate plan with nodal points at the radial
center line
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yields the following difference expressions:

d‘W__l_[w —4W, . + 6W, - AW, . + W, , | 3.5)
PICIET L & L1 i i1t Wi G.
3

dw _ 1 - -

e E R RIS /P -9
d’w _ 1 _

oz pe (M T AW Wl ¢
aw _ 1 -

a " YT Vil ¢-9

Therefore, the typical central difference form for Eq. (2.20) at

an interior node i (1 =3 tom - 2 ) is written as:

C + C, , W

1 3.9

+clw1+c W + C W =P

1.2 W12 1.1 -1 Wiy i2Wa i

For clarity of presentation, expressions of .coefficients C are shown
in Appendix A.
Pi is the distributed load along the radial line at node i. (Egqs. 2.17

- 2.19).
The equations at the first two nodes 1, 2 and at the last two

rnodes m-1, m require Iimplementation of the boundary conditions.

This will be discussed in Section (3.2.2).

3.2.1.2 Force-Displacement Relationships: Applying the finite differ-

ence form of Eqs. (2.21 - 2.27), the internal forces at a typical
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interior node § be expressed as follows:

L)
= - _1: i
Mr = — z;’ + Ai Wl + Al-l wi_l) sinN0 (3.10)
DO o o) .
Me = - 2 2 (131*1 wl‘l + Blwi + Bl-l wi_l) sinN0 (3.11)
h® n=1
D 0
_ r0 - Zh
Mro = 30 ngl ( Wl*1 W + Wl 1 ) N.cosNO (3.12)

[0 ]
Q. = ngl [Dj,2 Wi,g + Dy, Wy + Dy W, + Dy W, +

Dy , W, , | sinNo (3.13)

i-2

o0
QO = - ngl [ El+1 whl + El W1 + El-l Wl_1 ] N.cosNO (3.14)

o0
vV, = n)z.l [ Gig Wig + Gpg Wig + Gy W, + Gy W, 4
+ Gy, W, , | sinN® (3.15)
[+ 0]
Vo = - nz=:1 [H, W,  +H W +H W |NcosNo (3.16)

The coefficients A, B, D, E, G and H are given in Appendix A.
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3.2.2 Boundary Conditions

Solution of the governing plate equations (2.20 and 2.33) by
finite difference method requires proper implementation of the bound-
ary conditions at the two curved edges to obtain the difference equa-
tions at the first two nodes (I = 1, 2) and the last two nodes (I =

m-1, m), Fig. 3.2.

For a typical bridge deck, the two opposite circumferenceal

edges can be generally considered as free.
The boundary conditions at a free edge are:

M =20 ' (3.17)
Vv =0 (3.18)

Using the finite difference form of Mr (Eq. 3.10) we get the

condition at the free edge nodes (1 = 1 and { = m):

A

1.1 W

14*“1“’1*“ w

1 =0 (3.19)

i-1

Also, substituting the finite difference form of Vr (Eq. 3.15) into

Eq. (3.18), yields:

W, ., + G, . W

G i-2

+ G w +G1W1+G =0 (3.20)

i.2 Wi.2 11 Wi -1 Wi P2



(A) Node 1

Application of the difference form of equation of equilibrium at
node 1 (Fig. 3.2), involves two fictitious nodes lying outside the
deck. These two nodes are eliminated by applying the conditions

(3.17, 3.18). Using Eqns. (3.19, 3.20), we get:

- _ _1
W1-1 = —Ai ) [ Ai WI + Al#l wM ] (3.21)
S T IR Wy IS Wiy O W,
1-2 G, 127 "Gy Ay G, M
G A G
+[Gi'1 Ai - Gl I W (3.22)
i-2 “i-1 i-2
substitution of Eqns. 3.21 and 3.22 in the load equation at
node i = 1 leads to:
JW, +J,W, +JI W =0 (3.23)

where J . J > and J, are expressions shown in Appendix A.

(B) Node 2

Substituting Eqn. (3.21) for Wi_ 1 into the load equation at

node { + 1 = 2 leads to:

F,W, + F,W, +F, W, + F, W = P, (3.24)
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where the coefficients F , Fz, F, and F, are as shown in Appendix

A.

(C) Node m

The application of the load equation at node m (Fig. 3.2)

requires two fictitious nodes. From Eqns. 3.19, 3.20, we get:

-
Wiig = - UAW + A W,
i+1
and
PP, 1S R BN RV O | A g
1.2 Gig A1 G ! Gi.2 A
Sy G2
G,y 1 Gy, 12

where { = m
Substituting in the load equation we get:

Mm wm + Mm—l wm—l + Mm—2 wm-?. =0

where Mm’ Mm-l and Mm_2 are shown in Appendix A.

D) Node m - 1

(3.25)

(3.26)

(3.27)

Applying Eq. 3.25 in the load equation for this node we even-

tually get:



R W vt Ry W1 PR oW o PR W =P (3.28)
where R_, R ;, R, and R, are shown in Appendix A.

Furthermore, for general purposes, the case of simple and

fixed angular edges has also been considered in the program

3.2.3 Curved Plate of Non-Uniform Thickness
3.2.3.1 Governing Differential Equation

Due to the variation of slab thickness, the rigidities

(Dr’ De, Dro) become functions of the radius r at each node. The

effect of these functions appears in the governing differential equa-
tion ( Eq. 2.33). Thus the finite difference expressions should be
applied for both the deflection amplitude W and the rigidities. This
leads to cumbersome and lengthy expressions. Algebraic manipulation
and simplification leads to the typical finite difference equation at an

interior node 1 as

e
i-1

o] L

Cig Wiz * Cpr1

C*
142 V1.2 +

*
Wit G W+C 12

i+1 w

w

g = Py (3.29)

i-1

where the coefficients C* are shown in Appendix A.
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3.2.3.2 Force-Displacement Relationships

The finite difference formulations of moment-displacement rela-
tionships for a slab of non-uniform thickness are exactly the same as
those of slab of uniform thickness. Only the shear-displacement

relationships will be different and they are as follows:

- ¥ (o D, W, . +D W
Q = n; [ Dyg Wig * Dyg Wig + Dy Wy + Dy g Wy
%
+ Dy , W;_, ] sinN® (3.30)
® e * e
Q=-) IE W, +E W+E W |NcosNo (3.31)
n=1
v.- 3 (6 Gl W, ., +G W +G
r - n§1 [Gip Wig + Gy Wiy * Gy Wy + Gy Wiy
%
+ Gy, W, , | sinNo .  3.32)
_ ® * ¢ *
Vo = - nz=:1 [H{ W, + H W + H ;W ;| N.cosNO (3.33)

A ok K #
where the coefficients D , E , G and H are shown in Appendix A.



Chapter 4

METHOD OF SOLUTION

4.1 Introduction

The proposed computerized solution technique can account for
x;ariable deck slab thickness, arbitrary loading and arbitrary loca-
tions of pier supports. Using Levy-type series formulation, equilib-
rium difference equations are written along the radial center line of
the simply supported deck by removing the discrete redundant pier
supports, if any. Using the method of consistent deformations, the
pier support reactions are determined and hence the entire structure
is solved. It is assumed that at each interior support, the slab is

held against deflection but it is free to rotate.

4.2 Simply Supported Bridge Decks
4.2.1 Problem Formulation

Each applied loading on the deck P(r,0) is transformed into
Fourier sine series (Eq. 2.16). For each harmonic load cycle, the
governing differential equation in difference form (Eq. 3.29) is writ-

ten along the nodal points of the radial center line (0 = ¢ o /Z) For m

number of nodes, the m number of nodal equations in terms of the

amplitude of nodal displacements can be expressed as: -
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K] (W) = (P} (4.1)

where:
[K] is the coefficient matrix of the order m x m.
{W} is the vector of nodal displacement coefficients (m x 1).

{P} is the load vector (m x 1)

The coefficient matrix [K] and the load vector {P} are generated for
each cycle then equation (4.1) is solved to yield the amplitude vector
{W}. Once the displacement amplitudes are determined, the displace-
ment w elsewhere and hence the internal forces can easily be com-
puted. Eq. 4.1 must be solved repeatedly for a sufficient number of
harmonic cycles to satisfactorily yield convergence. Final solutions of
deflection and internal forces are the algebraic summation of results

from each cycle.

4.3 Continuous Bridge Decks

The proposed method of analysis has been extended to solve
bridge decks with intermediate pier supports using method of consis-

tent deformations.

For a bridge deck simply supported at its radial edges and
internally supported by pier supports, the number of redundants is
determined by the number of these pier supports. The pier reaction
is assumed to be uniformly distributed over the support area (bear-

ing area). If this bearing area at the cross section of the pier

38



support is circular or rectangular, an equivalent curved area can be
used as indicated in Fig. 4.1 for convenience of numerical computa-

tions.
4.3.1 Method of Consistent Deformation

For a continuous slab-type bridge deck, the slab is analyzed
first as a simple plate (primary structure, Fig. 4.2b) by removing
the redundants (interior pler supports). The analysis of the primary
structure is mentioned in Section 4.2. A unit load is then applied at
each pier location (one after the other) causing deflection at each of
the pier supports. For k number of pier supports, k number of lin-
ear equations in terms of vertical deflections of the simple curved

deck can be written as follows:

ZX 3., =208

1 O3 -3

Ly = Lk (4.2)

io is !

where:
XJ = unknown support reactions at pier j
811 = deflection of primary structure at pier i due to unit

upward load at j only. (See Fig. 4.2.c).

>
i

deflection of the primary structure at pier I due to

the applied load on the deck.

>
]

foundation settlement at Pier i relative to abutments

(end supports), if any.



Denoting (8i o 615) as A, , Eq. 4.2 can be expressed in matrix form,

as

B (X} = (4. (4.3)
The unknown pfer reactions can be evaluated from Eq. 4.3 as:

X = 1" A (4.4)

4.3.2 Problem Formulation

The location of a pier j for a continuous deck can be pre-

scribed by the angle 0 = J from the reference end and the radial
distance r = rj (Fig. 4.2.c). A unit upward load at pier J can be

expressed into Fourier series as:

S 4
z — sinNe, sin NE sinNO = 1 (4.5)
= on i 2

where N = A%

%

Applying each component of Fourier loading of Eq. 4.5 and summing
up the results, the value of 8“ can be evaluated hence the displace-
ment matrix [5] can be formed. Using Eq. 4.4, the unknown pier

reactions {X] then can be determined.

The simplicity of the proposed method of analysis lies in the
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Actual Idealized

(b)

Fig. 4.1 Idealization of different shapes of cross~-
section of bearings (a)B=b/r, (b) p= 0.88D/r
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Pier support

(a)
=————Applied load
(b)
1
Unit load

(c)

Fig. 4.2  Consistant deformation method (a) Actual structure,
(b) primary structure with applied load (c) secondary
structure with unit load applied at support j

-
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fact that the primary structure Is solved (k + 1) times with different
loads, once with the actual load on the deck and k times with unit
upward loads at k locations of pier supports. Each individual solu-
tion however comprises of a sufficient number of repetitive cycles for
a satisfactory convergence. The expression for coefficient matrix [K]
for the difference equations and all other equations for internal
forces remains unchanged throughout. Thus the solution is essen-

tially an algebraic manipulation of the solution of Eq. 4.1.

4.4 Method of Solution

The different steps of the procedure for solving a continuous

bridge deck can be summarized as follows:

(1) The primary structure (after removing the interjor sup-
ports) is solved with all applied loads as prescribed in
Section 4.2. The coefficient matrix, the displacements and
the internal forces at the desired locations are all com-

puted.

(2) Then, the primary structure is solved with a unit load
applied upward at each pier location (one after the other)
and the resulting displacements at interior support loca-
tions are assembled properly to generate the flexibility

matrix [8] for the entire structure.

(3) Applying Eq. 4.4, the unknown pier reactions are
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evaluated. Each reaction is divided by the area of the
bearing to obtain the pier reaction in the form of a patch

load.

(4) The primary structure is solved again due to pier reac-

tions as prescribed in Section 4.2.

(5) The final solution of displacements and internal forces is

obtained by adding the results of Step (1) and Step (4).

The procedure can be easily programmed for a computer appli-

cation. The details of the computer program are given in Chapter 5.



Chapter §

COMPUTER PROGRAM

5.1 Introduction

A computer prdgram in FORTRAN-77 is developed incorporating
the proposed method to readily analyze a horizontally curved slab
type bridge-deck continuous over discrete pier supports. The pro-

gram is named as FSTCBA (Fast Curved Bridge Analysis).

It is a general program which can be used for bridge decks
with any number of loads and arbitrarily located pier supports. The
accuracy of the results depends on the number of harmonic cycles
NC. In general NC = 30-45 gives adequate accuracy for these
results. The CPU-time is much smaller compared to that required by
a program incorporating a different method of analysis. Also the

storage required is considerably small (less than 300 KB).

5.2 Description of the Program

The program is written in FORTRAN-77 for IBM370 operating
mainframe. It consists of different subroutines coordinated by a main
part by which these subroutines are called in sequence. The main

subroutines in this program are as follows:
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5.2.1 Main Subroutines

Subroutine INPUT:
This subroutine reads the data required to define the geometry

of the deck and the properties of the constituent materials.

Subroutine PATCHI:

It reads the location and intensity of the applied loads.

Subroutine SUPPI1:

It reads the location and geometry of the pier supports.

Subroutine PROP:

It calculates the structural properties (e.g. Dr, DO’DrO’ etc.).

Subroutine PATCH2:

It generates the load vector {P} for each harmonic cycle.

Subroutine COEFEF:
It calculates the required coefficients at each node for the

coefficient matrix [COEF] for each harmonic cycle.

Subroutine GELM1:

It solves any set of simultaneous equations.

Subroutine FORCES:

It calculates the deflection and internal forces at the specified

location by using the deflection function W.
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Subroutine FLEX:

It generates the flexibility matrix required to calculate the sup-

port reactions.

Subroutine OUT:

It prints the output of the program which is prepared for an

80-character printer.

5.2.2 Main Steps

The program can be divided into the following main steps:

1Y)

2)
3)
1)
5)

6)
)
8)
9)

Assemblage of structural data and calculations of relevant
parameters.

Generation of Coefficient Matrix [COEF|.

Assemblage of load data and generation of Load Vector (P).
Solution of Equation 4.1 for Deflection Coefficient {W}.
Calculation of deflection and internal forces for the primary
structure.

Generation of Flexibility Matrix [§].

Solution of Equation 4.4 to get the pier reactions {X}.
Repetition of Steps 4 and 5 for pler reactions.

Addition of result obtained from applied loads to those

obtained from pier reactions to get the final results.

The essential features of the program are shown in a flow chart

in Fig. 5.1.



C START j
l

Input data of deck geometry
SUB. INPUT

|

Input data of applied loads
SUB. PATCH1

l

Input data of pier supports
SUB. SUPP1

]

Calculate structural properties
SUB. PROP

,l

Do loop over
number of
Applied loads

"

Do loop over
number of
Harmonic Cycles N

|

Construct load vector {P}
SUB. PATCH2

Fig. 5.1: Flow Chart
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Generate coefficient matrix
[COEF]
SUB. _COEFF

|

Solve for{W}:

W) = (COEF] 1{p}
SUB. GELM1

l

Calculate results for the primary
structure due to applied loads
SUB. FORCES

l

Generate displacement vector
5}

|

Sum up results of each cycle
SUB. ADD

Y

Sum up results of each load
SUB. ADD

P F
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Do loop over
I =1,K

K = number of

pier supports

"

Apply unit load at pier I

'

Do loop over
number of
harmonic cycles

.

Construct new load vector
{Pl}
SUB. PATCH2

l

Generate coefficient matrix
[COEF]
SUB. COEFF

l

Solve for {W}:
(W} = [COEF| '{P)
SUB. GEIM1

l

Generate flexibility matrix
[
SUB. FLEX
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Sum up results for each cycle

Y

Sum up results for each unit loaq

’

¢

Y

Solve for pier reactions:
-1
X = B
SUB. GEIM1

J

Solve the primary structure for
these reactions

l

Compute final values of forces
and deflection

.

Print output
SUB. OUT

L
C STOP )
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Two important points should be observed:

(a) The PARAMETER statement (at the beginning of the pro-

gram) should be adjusted according to the problem within

hand to control the storage required.

(b) The units should be consistent.

The following data are required:

CARD No:
1. TITLE
2.a RCL ™
2.b BBR
2.c PHI
2.d TBR .
3.2 NSP
3.b NPCH
3.c NLOCS
4.a NN
4.b NC
5.a ICOD1
5.b ICOD2
5.¢ ICOD3

Title of the problem

Geometry of bridge deck (Fig. 5.2)

Number of pier supports
Number of patch loads

Number of radial lines at which deflection and
internal forces are required.

Number of nodes
Number of harmonic cycles

1 for ISOTROPIC Plates
2 for ORTHOTROPIC Plates

1 if it is required to calculate structural
parameters (Dr DO' ..,ete.)
?

2 if these parameters will be read directly

1 for plates of UNIFORM THICKNESS
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2 for plates of NON-UNIFORM THICKNESS

6.a IDG1 = 1 if the inner edge is FREE
= 2 if the inner edge is FIXED
= 3 if the inner edge is SIMPLE

6.b IDG2 1 if the outer edge is FREE

2 if the outer edge is FIXED
3 if the outer edge is SIMPLE

7. THTLC(I) Angle at location I at which deflection and inter-
nal forces are required (RAD).

Repeat line 7 for next location.

p——— AL

8.a RPCH(I)
8.b THTPCH(I)

Location and geometry of patch load I,
8.c BETPCH(I) (see Fig. 5.3.a)

8.d BPCH(I)
8.e WPCH(I) Intensity of patch load I (Force/Unit Area)

Repeat line 8 for next load.

—_—— ., ——_———

9.8 RSP(D)
9.b THTSP(I)
9.¢c BETSP(I) Location and geometry of support I,

(see Fig. 5.3.b)
9.d BSP(I)

9.e ASP(I) = Cross-section area of pier I

9.f SETT() Foundation settlement at support I, (even if
zZero)

9.g ELST(I) Elastic shortening of support 1 (even if zero)

Repeat line 9 for next pier support.

10.a E Modulus of elasticity for the bridge deck (if
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ICOD1 = 2, E should be replaced by Er Eo)

10.b PR Poisson's Ratio v (if ICOD1 = 2, v should be
replaced by Vs )

FOR ICOD2=2 only:

11.a DRB Bending rigidity/unit length in radial direction

11.b DTHTB Bending rigidity/unit length in angular direction
11.c DRTHTB Torsional rigidity/unit length

FOR ICOD3=2 only:

12, NTHIK Number of different thicknesses of the bridge
deck
13.a XT(I) Distance of the location of thickness I measured

from the inner edge (Fig. 5.2).
13.b TT(() Value of thickness I

Repeat line 13 for next thickness.

5.2.4 Output

The output is formatted for an 80-character printer and it can

be adjusted for other printers very easily.

All data are printed out then, the values of deflection, moments

and shearing force (per unit length) along the nodes at each speci-

fied radial location are printed followed by the values of angular edge

shearing force V9 (per unit length) at the two simply supported

radial edges and finally the pier reactions are printed.

For a clear idea about the input data and output, reference can



be made to the example shown in Chapter 6.
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BBR

- inside edge

Fig. 5.2

A Outside edge

THTLC(I)

PLAN

T(I)
4

— I=3
Cross Sect}on A-A

Geometry of bridge deck for input data
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(a)

(b)

Fig. 5.3

THTPCH(I)

BETSP(I

RSP(I) |

Load and support geometry for input data, (a)

location and geometry of patch loads
geometry of pier supports

(b) location and
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Chapter 6

RESULTS AND DISCUSSIONS

6.1 General

The accuracy of the proposed method is tested first to check
its reliability using some known solved problems and some other test
problems which are solved by using the STRUDL finite element pro-
gram. Then, the influence of varijous parameters on the behavior of
curved bridge decks is presented followed by a verification of the
simplified method of analysis (22). An example is presented as an

illustration at the end of this chapter.

6.2 Reliability of Proposed Method of Analysis

To test the accuracy of the proposed method and the developed
program, the results of three test cases were compared with available

data.
6.2.1 Simply Supported Curved Slab Bridge

Fig. 6.1 shows the details of a simply supported curved bridge
model madé of perspex for which the theoretical and experimental
results were obtained by Coull and Das (5). The loading cases are a
point load of 10 lbs applied separately along the radial center line at

the outer edge, the inner edge and the center of the slab
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e

E = 24 x 10° Tb/in? ’
v=.3
t = -.168 in.

Fig. 6.1 Simply supported curved bridge model of Perspex
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respectively.

This model was solved by Sawko et al (23) using 16 degrees of
freedom conforming annular element. Cheung (10) solved this model
using the finite strip method with 8 strips across the width of the
deck. The same model was solved twice by Fam and Turkstra (24)
using annular bending elements and two different mesh divisions.
The first mesh has a total of 105 degrees of freedom and the second

mesh has a total of 135 degrees of freedom.

Table 6.1 shows the center line deflections obtained by -these
different methods. Also shown in Table 6.1 are the results obtained
from the proposed method of analysis using the computer program
FSTCBA. Figs. 6.2, 6.3 and 6.4 show the distributions of experi-
mental values of bending moment at mid span reported by Coull and
Das (5). The analytical results obtained from Coull and Das and
from FSTCBA are shown in these figures, by referring to them as C
& D and FSTCBA, respectively. From Table 6.1 and Figs. 6.2 -
6.4, it is observed that the results from the proposed method corre-
late well with the experimental values and also agree with the theo-

retical solutions from other numerical methods.
6.2.2 Rectangular slabs with Different Boundary Conditions

Figs. 6.5-a and 6.5-b show the details of two rectangular
slabs. The first one (Fig. 6.5-a) is simply supported at the two

short edges and internally supported by a pier support. The loading
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2 -2 C.k D.
~¢— EXPRT

8.0 1.0 10.0 11.0 12.0 13.0
Radius (in)

N\
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Fig. 6.2 M, and M_ obtained by FSTCBA, Coull and Das, and
experimentally due to a point load at location a
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Fig. 6.3 MO and Mr obtained by FSTCBA, Coull and Das and

experimentally due to a point load at location b

63



2 —— FSTCBA

\ e,
; —% EXPRT.
NN
2 \\\\\i\\\“*~"====“t==z=::_

8.0 9.0 10.0 11.0 12.0 13.0
Radius (in)

o

Me (1b.in./in)
/

.
<

M. (1b.in./in)

L N\
0,250 //7*\ .
/4 R N\
0150 / : \\

0.100 \

0.050 -3~ EXPRT. | -u— C.k d. | —— FSTCBA \\
o.ooo/ \

Fig. 6.4 MO and Mr obtained by FSTCBA, Coull and Das and.

experimentally due to & point load at location ¢

8.0 9.0 10.0 11.0 12.0 13.0
Radius (in)



65

is a uniformly distributed load of St/mz and an eccentric concentrated
load of 50 tons. The second one (Fig. 6.5-b) is simply supported at
three edges and the fourth edge is fixed and is supported addition-

ally by an interjor pier support. The loading is a uniformly distrib-

uted load of 5t/mz. The two decks were solved using FSTCBA and
STRUDL to compare the efficiency and accuracy of the proposed

method.

8 m. was assumed to

When using FSTCBA a large radius of 10
account for the rectangularity of the slab. The concentrated force
was transformed to a patch load distributed over a small square area
(25 x 25 cm). Table 6.2.a shows the results obtained by both pro-
grams at some points on the deck shown in Fig. 6.5-a and Table
6.2.b shows the results for the deck in Fig. 6.5.b. The results of
FSTCBA are identical to those obtained by STRUDL. It should be
mentioned here that the number of cycleé used in FSTCBA was 45
and the number of element used in STRUDL was 200, but the CPU-
time consumed by FSTCBA and STRUDL (for the deck in Fig. 6.5-a
as an example) was 4.9 and 111.6 seconds respectively which illus-
trates how much faster is the proposed method compared to the finite
element method.

6.2.3 Rectangular Slab Bridge Deck of Non-Uniform
Thickness

Fig. 6.6 shows a plan and a cross section for a rectangular
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| 2.5m
ll’ —ip = 50 ton
' o
Pier 2 Il.Om Simple
| I S * - - - -
| — |
|l
1]
) Free
(a)
Fixed
//1///1//1///////131L1Jlj//////////11 '_TF
' E=2x 108 t/m?
i v = .15
; t = .4m
2 —— 5
= + -
25m | 2.5m | 5.0m Simple
' {
10.0m
(b)

Fig. 6.5 Rectangular slab with different boundary conditions

not



67

VgI1S4 Aq paugeiqo s3(nsay e
7aNY1S Aq pauje3qo s3|nsay o

121°0 T 269°0 0 1884 €-3pST

£2'0 bE'ET 9°0 0 AA €-3€S1° :
€8°0 95° 61 e 1- 9t~ 9¢'81 €-3121"

L6°0 £0°81 12°1- 98" b~ 90°81 ewa
£22°0 19611 96°1- 0 §°§T €-3e21"

€0 Leet 6°1- 0 6°GT e
(w/3) (w/3) (w/u3) (w/w*3) (w/w3) (w)

..c cc o._z L_z oz 430 juiod

jaoddns adoid ouo puw se8pe eoay
oM} ‘seSpe pejsoddns Aduis oM} YIM qus awnBuejoea
8 J03 JANULS PUY VOIS uvvMieq uospauduiod y  8Z'9 e[quy,



68

L 3

v831S4 Aq paupeiqo si|nsay e
0NYLS Aq paujelqo sinsay

2'¢ct- 99°2- 0°0 9y T1- 20°T-  0°0 "

£ pl- 82'2- [1°0 2 11~ 102~ 0°0

£0°2- 9g*2 1€°0 2U°S 12°2 §-386°0

66" 1- 50°2 62°0 60°G 29°2 §-316°0 ¢

60°8 0°0 961~ 0°0 0'0 0°0

G2'L pe*0 GG 1- 980°0 2900°0 00 - l
(w/3) (w/3) (w/w-3) (u/u-3) (w/w-3) (u)
Lc . oc ogz ;z oz 310 INIOd

ytoddns aopaojuy auo pus efpe pexyy
euo ‘sefpo pojaoddns Apduys eoayy M quis JunBuujood
g 10 TANULS Puv VEDILSH uvomjeq uosjasdwod y  qz°'9 e[quy,




_>

69

5.0 m

?.m

S i
L75 1 s | 1.25 | I

Sec A-A

Fig. 6.6 Rectangular slab bridge deck of .non-uniform
thickness
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slab bridge deck with variable thickness and simply supported at the

two short edges. The loading is a uniformly distributed load of

5t/mz. The problem was solved by STRUDL after idealizing the vari-

able thickness as a stepped thickness.

Table 6.3 shows a comparison betwecn the results obtained by
the proposed method and STRUDL. The two results are almost iden-
tical and the proposed method is proved to be very accurate noting
that the CPU-time consumed is 3.088 seconds and 253.8 seconds by
FSTCBA and STRUDL respectively. This illustrates that the prob-

lems with variable thickness can be solved much faster with FSTCBA.

6.3 Parametric Variation Study
6.3.1 Radius of Curvature

Radius of curvature is the most significant geometric parameter
which governs the behavior of a curved deck. To show the influence
of radius of the curvature on internal forces, a hypothetical bridge
deck of two spans is considered, Fig. 6.7. The slab is idealized as a
plat of uniform thickness of 1.2 m. The slab width is 16.0 m and the
span lengths along the curved central line of the deck, 20 m and 20
m, were kept unchanged but the radius of curvature R was varied.

This way the angle ¢, was varied to introduce different degrees of

curve. The wack was analyzed with a uniformly distributed load of
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10.0 t/m2.

To show the variation in deflection and internal forces due to
varying R, the analysis was carried out for the deck with different

degrees of curve, D, i.e. with different values of R.

Figs. 6.8 - 6.11 show the normalized plots of deflection at mid-

span, Qo, at the face of pier support, support reaction, and M0

respectively with D by expressing a as the ratio of the curved plate
values to the straight plate values (R = o) and Fig. 6.12 shows the

distribution of Qr along the radial centerline for D = 0° and 20°. As
seen from these figures, the deflection, Qo, support reaction, the
angular moment M0 and Qr are relatively insensitive to the degree of
curve. The deflection, QO, the pier reaction and the negative M0 at
the pier support are slowly increasing and the positive moment MO at

midspan is gradually decreasing by decreasing the radius R, i.e. by
increasing the degree of curvature, but these changes are marginally
influenced by D. For example, when D is varied from 0 to 20°, the
variation of a being of order of 1.5%, 0.9%, 4% for the deflection, the

pier reaction and M0 respectively. This further confirms the gener-

ally accepted notion that the effect of curvature can be neglected to
determine the bending moments and shearing forces and thus for
practical purnases, a curved bridge can be analyzed as a straight

bridge (R = ) for normal bridge geometry. The torsional moment
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M_, at the abutment ends is plotted in Fig. 6.13 which shows that

r0
the torsional moment increases progressively with increasing D and
the value is relatively sensitive to the radius of curvature. As for

example Mro increases from 0.0 to 43 m.t/m when D varies from 0.0°
to 20°%.
6.3.2 Width of Deck

The influence of the width of bridge decks on the angular

moment MO was studied using the hypothetical bridge deck shown in

Fig. 6.14. The slab is considered as a plate of uniform thickness of

45 mm. The width B is varied from 1.0 m to 6.0 m and the loading

is a uniformly distributed load of 5t/m?. The problem was solved for
two different radii of curvature 5 m and 25.0 m respectively. For

each width, the angular moment MO for the first and last node located
at the radial center line was plotted in Fig. 6.15.

It may be observed from Fig. 6.15 that for small values of B,
M0 for the first node is bigger than MO for last node. This is

because the inner edge is stiffer than the outer edge due to the cur-

vature of the bridge deck. But while B is increasing, MO for the
inner edge is decreasing and M0 for the outer edge is increasing and

this is because the span of the inner edge decreases comparatively
with the span for the outer edge which increases for increasing width

B. For an intermediate width, the effect of the difference in spans
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between the two edges matches the effect of the difference in their

stiffness and MO becomes the same for both edges.

It is also observed when R = 25 m that the difference between

the values of Mo for both nodes is less than those values when R = 5

m and that these values (when R = 25) are approximately the same as

those of a rectangular shape.
6.3.3 Various Load Positions

The variation of Mr distribution along the radial center line due

to the variation of load position is studied using the same perspex
model shown in Fig. 6.1 A single concentrated load of 10 1lb is
applied at stations 0, b/4, b/2, 3b/4 and b one at a time across the
radial centerline line, b being the width of the deck. The radial
centerline was divided into thirteen stations, Fig.6.15.a, for which

the variation of Mr distribution is shown in Figs. 6.16 - 6.20. Also
included in these figures are the results of analysis as a straight
deck to show the differences.

From these figures it may be observed that the transverse
moment M r is highly localized under the load and the sign of the val-

ues across the width may be same or different for the same loading
depending on the curvature of the bridge deck and the load position

on deck. The peak value of Mr occurs directly under the load and its

magnitude drops rapidly with distance away from the load position.
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t = 0.168 in
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Fig. 6.15a The effect of varying load position on Mr
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6.3.4 Effect of Thickness Variation on the Behavior
of Curved Bridge Decks

In most common design of slab type bridge decks, 'the two
outer sides are tapered for economic reasons. The tapered cross
section as shown in Fig. 6.21-b has a central zone of uniform thick-
ness flanked by two outer zones of variable thickness. The effect of
thickness variation in the behavior of curved decks was studied by
analyzing the bridge deck shown in Fig. 6.21. The deck was ana-
lyzed first as a deck of a non-uniform thickness as shown in Fig.
6.21-b. The deck was analyzed again using two different idealiza-

tions as shown in Figs.6.21.c and 6.21.d.

In the first idealization, a cross section of a constant depth
(0.635m) having the same width as the tapered one (5.0m) was ana-
lyzed. This constant depth was chosen such that the total angular

rigidity of the tapered deck is maintained the same.

The second idealization was chosen as mentioned in Ref.(25) such
that the tapered edges were replaced by slab portions of reduced
width having the same per-unit-width angular rigidity as that in the
middle portion. This transformation resulied in an equivalent deck

having a constant depth of 0.7m and a reduced width of 3.85m. The

loadlng is a uniformly distributed load of 5t/m® for the cross sec-
tions having the same width (Figs. 6.21.b,c). For the cross section
with a reduced width (Fig.6.21.d), the loading is a uniformly dis-

tributed load of 6.5t/m>. Thus, the total load for the three cases is
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the same.

Figs. 6.22 - 6.24 show the variation of deflection, Mr and M0

along the radial center line of the deck. Figs. 6.25 and 6.26 show

the variation of Mro and VO along the simply supported edge of the

deck.

Due to the tapering of the edges, these thinner parts behave
more like overhangs supported by the inner part of the deck which
is stiffer. Thus, these overhangs transmit most of the load to the
stiffer part by cantilever action, i.e. in the radial direction without
carrying the load to the end supports. Thus, most of the load is

taken in the angular direction by the inner part which is stiffer.

Fig.6.22 shows the plots of the deflection for the three cross-
sections A, B, and C (Figs.6.21b,c, and d).The deflection for cross-
sections B and C are almost identical with hardly any difference.
However, that for A, which is the actual cross-section with tapered’
overhangs, shows slight increase of the order of 12% . Thus for
practical purposes, an idealized cross-section either of type B or C

would produce reasonably accurate results.

The variation of Mr as shown in Fig. 6.23 is totally different

for both the tapered cross section and its equivalents as the moment
sign changes due to the cantilever action in the case of non-uniform

thickness. This is expected, because the overhangs behave essen-



91

tially as cantilevers for example, taking the effective cantilever

length approximately 0.675m, Following the method mentioned in

Ref.(25), The cantilever moment is 5x0.675° = 1.13 T.m/m which is
close to the value shown in fig.6.23 (1.3 T.m/m).

Also, the values of MO (Fig. 6.24) at the outer edge of the tapered

cross-section is negligible compared with those of the uniform thick-
ness because in this region most of the load is transferred in the

radial direction as mentioned earlier.

Fig. 6.25 illustrates the distribution of Mro along the width of

the deck at the radial edge. For the cross-sections of a uniform

thickness, the distribution of Mro has the same slope-direction over

the width but it is not the same for a cross-section of a non-uniform

thickness where MrO is almost zero at the thin edges and follows the
pattern shown in the figure. This distribution of MrO also affects

the distribution of Vo (Fig. 6.26), which is a function of MrO'

As a point of interest, the total bending moments, torsional
moment and edge shear, across the entire width, are shown in Table
6.4 for the three different types of cross-sections namely A, B, and
C. It is noticed that these three sets of values are close to each
other with small variation, except for the radial moment, which means
that although the thickness variation affects significantly the distri-

bution of internal forces, it has not too much influence on the total
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values of these internal forces. This finding enables one to confirm-

that the total internal forces can be calculated by considering the
tapered deck as an equivalent uniform deck following any one of the

idealizations mentioned before .
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Table 6.4 Effect of the thickness variation on the total internal

forces
Total Values A B C
Me (T.m) 312.4 318.3 318.6
Mr (T.m) - 5.6 8.14 4.8
Mre('r.m) -20.7 -27.13 -28.5
Va (Ton) 102.6 103.3 100.7

- A is the tapered deck

- B is the deck with a depth of 0.635m and width of 5m.

- C is the deck with a depth of 0.7m and width of 3.85m.
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6.4 Verification of the Simplified Method of Analysis

A. A. Witecki (22) introduced a simplified method of calculation
for torsional moment in a horizontally curved multispan bridge. For
a curved bridge with a degree of curve normally encountered in
highway bridges, the longitudinal moment can be determined with
sufficient accuracy by treating the curved deck as a straight deck.
This allows to write the equation for torsional moment in a simple

form as (22):

T M

M, = j’(E + T) dS (6.1)
0

where:
Mt = total torque on a cross-section

M = total longitudinal bending moment

R = radius to the center line of the deck
S = length of the deck on which the torque is being computed.
T = torque per unit length produced by eccentricity of the

applied load.

(See Fig.6.27)
Thus, the procedure of the simplified method can be summarized in
the following steps:

1) The longitudinal bending moment M is obtained from a
strajght beam.

2) The torque T due to the eccentricity of applied load is



MmeMys V4
ds
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Fig. 6.27 Torque analysis element for curved bridge
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obtained from the straight deck.

3) The total torsional moment Mt at any section is obtained

from Eq. 6.1.
To study~ the accuracy of the simplified method, a curved
bridge deck example was used. The geometry of the deck is illus-

trated in Fig. 6.28. The loading is a patch load of intensity 1t/m>
covering the outer four meters of the deck. The total torsional
moment was calculated for sections A-A, B-B and C-C by both meth-
ods, FSTCBA and the simplified method. Table 6.5 shows a compari-

son between results obtained by the two methods.

It should be mentioned here that the total torsional moment Mt

obtained by thin plate theory for sections at the edge (Section A-A)
is the resultant of the torsional moment caused by the Kirchhoff's

shear V0 and the corner reactions 2R (Fig. 6.29-a). And the total

torsional moment at internal sections (B-B and C-C) is the resultant

of the distributed torsional moment MrO' along with the width, the
torsional moment caused by QO and the torsional moment caused by

concerted edge reaction R, (Fig. 6.29-b). Thus,
B B
S.Xi)+2R1.?+2R2.-§-

n
M Ay = (V, .
t(sec A-A) igl 0i

and
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n
_ B
Mt(B-B & C-C) = 1§=:1 ‘Mre-,' S + Qol. S.XI+R . 5 * R, . 2

where
= Number of nodes

n
V0 = Kirchhoff's shear at node i

i
S = Spacing between nodes
Xl = Distance from node i to the center line
R = Corner reaction = MrO at corner
B = Width of the bridge deck

From Table 6.5 one can make a conclusion that the simplified
method can be considered as sufficiently accurate to calculate the
total torsional moment which is hardly affected by the support dimen-
sions but on the other hand, the distribution of the torsional moment
along the width of the deck cannot be obtained by this method. The
method also Is not of the same accuracy regarding the longitudinal
moment and support reaction due to the neglection of support dimen-
sions and its eccentricity with respect to the angular center line
which significantly affect these values However, the support dimen-
sions are accounted for in the proposed method. As an example, if
the support dimensions in Fig. 6.28 are changed from 1.0 x 1.0 to

.25 x 10.0 m, the new values of M0 at center of the support and the

support reaction would be -47 t.m and 152 ton respectively, which

are almost the same as those values obtained by the simplified
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method (-45 t.m. and 150 ton).

It should also be mentioned that the computation of deflection
using the simplified straight beam approach would result in consider-
able error, if the cross-section is not idealized properly for a bridge

deck of variable thickness.
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' Fig. 6.28 Curved bridge deck example to verify the accuracy of
the simplifie method of analysis
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(a) Edge shear and corner reaction at the support
edge.

(b) Shear, torsional moment and corner reaction at
an interior section.

Fig. 6.29 Total torsional moment-components in a curved deck
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Table 6.5 A comparison between FSTCBA and the Simplified
Method for a two-span curved bricdge deck

RESULTS

Total Mre at Section A-A (t.m)
Total Mreat Section B-B (t.m)
Total M. at Section C-C (t.m)
Me at center of the support(t.m/m)

Support reaction (ton)

FSTCBA Simplified Method
-378.21 -380.73
-248.175 -249.21
-105.49 -113.36

- §8.2 - 45

-158 150

i
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6.5 Solved Example -

A three-span continuous bridge deck is solved to illustrate the
application of the proposed method. The geometry of the deck is
shown in Fig. 6.30. The example is solved for two types of live
loads: (a) HS20-44 trucks (26) to obtain the maximum support reac-

tion R, the maximum positive angular moment M0 at the exterior span
and the maximum negative angular moment MO at the interior support,
Fig. 6.31 shows the location of truck loads to obtain these wvalues.

(b) A lane load of 950 kg/ m? located near the outer angular edge to

obtain the maximum torsional moment MrO at the radial edge. Table

6.6 shows a comparison of the two sets of results obtained by
FSTCBA and the simplified method. In calculating the angular
moment and support reaction by the simplified method, the bridge
deck is treated as a straight three-span continuous bridge deck and

the results are obtained using influence line tables.

Results in Table 6.6 show that the simplified method provides
sufficiently accurate estimation of the total internal forces on a tran-
sverse section. The Input and Output for the case of maximum posi-

tive angular moments are shown in Appendix B.
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of lane loads
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Table 6.6 A comparison between FSTCBA and the simplified method
for a three-span curved bridge deck

Results FsTcea  ipplified
Maximum support reaction (ton) 78.5 64.1
Maximum positive Me (m.ton) 230.7 223.0
Maximum negative Mg (m. ton) 164.7 167.9
514.6 527.5

Maximum M 9 (m.ton)




Chapter 7

SUMMARY AND CONCLUSIONS

7.1 Summary

A computer aided method of analysis has been proposed for a
curved slab type bridge deck with a variable thickness along the
radial direction incorporating one dimensional finite difference method
in conjunction with the method of consistent deformation. The deck is
simply supported along the radial edges and may be continuous over
arbitrarily located interior pier supports and is subjected to any
arbitrary loading due to line load, patch load, uniformly distributed
load and point load. A generalized computer program, FSTCBA, in
FORTRAN-77 is developed to readily apply the proposed method.
The accuracy of the proposed method has been verified using some
available solutions. The method appears to be accurate and the com-
puter program is shown to be very easy to use and economical with

respect to C.P.U. time and storage required.

Several examples were analyzed using the proposed method to
study the effect of various parameters on the internal forces. The
proposed method was also used to verify the accuracy of the simpli-
fied method of analysis (22).

111
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7.2 Conclusions

Based on this study, the following conclusions are drawn:

1)

2)

3)

The proposed finite difference method of analysis of hori-
zontally curved slab type bridge decks, both simply sup-
ported or continuous over a number of arbitrarily located
pier supports, can be used to reliably predict the static
response of the bridge deck subjected to an arbitrary load-
ing. The method is relatively simple and straight forward
for easy computer adoption.

The radius of curvature of the curved deck has minimal
influence on the magnitude of internal forces (except for

the torsional moment Mro) within the range of commonly

used radii for curved highway bridges. Thus, the angular

moment M0 can be calculated with sufficient accuracy by

treating the curved deck as a straight deck. However, the

torsional moment MrO is significantly affected by the radius

of curvature.

The simplified method presented by Witteki (22) is suffi-
clently accurate to calculate the total torsional moment at
any section. But, this method does not cater for the width
of pier supports in the radial direction and their arbitrary
location with respect to the angular center line which influ-

ences the values of the angular moment M0 and the support



1)

5)

6)
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reactions.

The variation of deck thickness affects the distribution of
internal forces along the deck width but, it hardly affects
the magnitude of the total internal forces at any transverse
section.

In calculating the total torsional moment across a section for
the purpose of design, the summation of the distributed
twisting moment should take into account the effect of both

corner shear and internal shearing force Q-

For curved decks of identical radius of curvature to the

center line and included angle L the distribution of the

angular moment Me depends on the width of the deck.
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APPENDIX - A

DIFFERENT COEFFICIENTS



Ciyz = —:—f- a+ R
h rh r°h

h r- h r r r r h
Ci-1=‘§,£( —Z;Il)- r]::z (1+2_1;.)_1i1;1; ( +_1£_)
Ci-2 = %‘ a - %)
A, =1+ Unh/2r
Ap=- @2+ UNZh%/r?)
A, =1- Uh/er
U = D,/D,
By, =V + h/2r
By = — (2V + N2hZ/r?)
B =V - h/2r

i-1

119



120

D, /Dy
D
= - T
2n?
D 2
_ 1 _ 1 0 NH
—Dr(— )+ 2 + 2

2D 2
T:‘. - Es_ (D0 + H)
T
_ 1 1, _ Dy  NH
= -D, ( = 7 2) 2
h rh 2r'h 2r h
2h°
D
__H o
rh? 2r®h
2
_ 25 _ ND
rhz ra
_ " _ D
rh? 2r’h
= Di+z



121



i
"

i
C, - C,._
i Ai-t i-1
A
j+1
C C
i+1 Al-l i-1
Ci+a
Cl*z
G
i-2
= C - C
i-2 Gi+z j+2
=c,_. - i1 @« +C (iﬂ _ _i-1
i-1 Alﬂ i+1 j+2 Gi+z j+2
Cc - Ai c +C (Gi+l Ai Gi
1 Ain i+ 1+2 Gi+z i+1 i+2
= Ci-a
= Ci-z
A
i-1
= C,_ C
i-1 Aiﬂ i+1
A
Ci —A Cl“

122



123

* 1 1 1
C,, = D, (— + —5) + AD_ (—)
i+2 ri h‘ rh3 T Zh‘
* 6 2 1 2 1
C = -D (— + —) + D (—=)+D.  (— - )
i+ r h‘ rh3 ri+1 rh3 ri-1 hq rh3
1 1 1
- D ( - ) — AD, ( )
otz 2 ohr3 9 4r2n2
1 1
- Dy (—) + D —)
1 rh? lits rh®
2 2 2
—Hi(zzNz-Ns)-AH(]iz)
rh hr 2r°h
* 10 2 2 2 2
C, =D_(=) - D, ( + =) - D, (= - )
i r h‘ ri+1 3 h’ ri-1 h‘ rh3
2 4 2
—Dm(m4 - 222—N‘)+AD0(N3)
r rh r 2hr
2 2 F
+D11(22Nz)_D1 (13+ I:z)"Dl (I:z_ 13)
r’'h i+1 rh r’h i-t r°h rh
2 2 2
'Hi(2N4 - 42Nz)+AH(N3)
r r h hr
* 6 2 2 1 1
C.., = D, (— ~ ) D ( +—=) P ¢ )
i-1 ri e h rit1 ‘3 ritt Ch3
1 1 1
D, ( + ) + AD, ( )
of h2p2 2hr3 0 4r2p2




- HN? ( zzz _ §)+AH(
r'h rh
*« 1 1
C,_, =D_ (= - —) - AD_(
1 2 ri h‘ rh r 2h
*
Di+z = D1+z
. 4D,  AD;
Di+1 - Diﬂ. - 3 2
2h 4rh
AD NZaD
Dr = Di + + !
h? 2r?h
. ADr AD1
D1-1 = Di-l - a + 2
2h 4rh
%*
Di-z = Dl-z
E,, =E, + Pro
i+a i+1 2rh? R
AD
E:‘ = Ei - 21'9
rh
EX =R - D g
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E -3
Gisa = G
- ADr AD1
Gi*l = Glﬂ - ' 2
2h 4rh
AD N2AD
G =G + —X + !
h® 2r’h
* ADr AD1
Gy =Gy ——5 Y —
2h 4rh
%
Ci-2 = G-
AD
* ro
Hi+1 - Hin + 2
rh
2AD
H’; = Hl - :zre
rh
H =H _ ADpg
-1 i-1 rhz
WHERE:
r is the radial coordinate at node i

h is the spacing between the nodes

n is

?, is

the harmonic cycle

the included angle
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APPENDIX - B

Sample Input and Output for A Three-Span Bridge Deck Example
( Sec 6.5 )

(The case of maximum positive angular moment)



7300

FILE: FSTCBA DATA Al KING FAHD UNIVERSITY OF PETROLEUM AND MINERALS, DHAHRAN PAGE O
128

#u% SOLVED EXAMPLE ( TRUCK LOAD FOR MAX PGS.M )was

137.2 9.3 .533 .9

2 12 1

21 55

11 2

11

.062222

134.98 .031 7.81E~04 .1 182

136.91 .031 7.30E-04 .1 182

138.11 .031 7.24E-04 .1 182

140.04 .031 7.14E-04 .1 182

134.98 .062 7.51E-04 .1 728

136.91 .062 7.30E-04 .1 728

138.11 .062 7.24E-04 .1 728

140.04 .062 7.14E-04 .1 728

134.98 .093 7.41E~04 .1 728

136.91 .093 7.30E-04 .1 728

138.11 .093 7.24E-04 .1 728

140.04 .093 T.14E-04 .1 728

137.2 . 155556 3.85€-03 .53 .2827 0 0

137.2 .377778 3.85E-03 .53 .2827 0 0

2E06 .15

N S

0.0 .3

1.85 .9 -
7.45 .9

9.3 -3
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TITLE :%#*% SOLVED EXAMPLE ( TRUCK LOAD FOR MAX POS.M )%#+

#aa®  [NPUT DATA, #es

RADIUS AT CENTER LINE OF BRIDGE.........= 0.137200E+03
WIDTH OF BRIDGE.......ccveveeeeecennees .= 0.930000E+01
INCLUDED ANGLE OF BRIDGE (RAD)..........= 0.533000E+00
REFERENCE THICKNESS OF BRIDGE...........= 0.900000E+00
OUTSIDE RADIUS......cecvevrnanrneenses..= 0.141850E+03
INSIDE RADIUS. ... vcvvinncervacenaacessso= 0,132550E+03
NUMBER OF PIER SUPPORTS....ccc0vveeeen..= 2

NUMBER OF PATCH LOADS.........co00nvve...= 12

NUMBER OF LOCATIONS REQUIRED............= 1

NUMBER OF HARMONIC CYCLES...............= U5

NUMBER OF NODES.....ccccivevnnvceneseesa= 21

o] o 1 N L

Icon2..... O L
ICOD3....cceeeeenneen e

IDGT(INNER EDGE)..c.vvvnvcernrnccesccnse= 1 .
IDG2(OUTER EDGE)...ccvenreennntcrseseeas=1

SPACING BETWEEN NODES...................= 0.465000E+00

k##% POSITION OF RADIAL LINES FOR MOMENT,DEFLECTION ANDSHEAR. (RAD)#*##&

THETA{ 1)ieeeccriererennanenenneas..= 0.622220E-01




FILE: FSTCBA

ouT

Al

#usnst LOAD DATA,®#rene

#%% LOAD NUMBER( 1).%e#

[ cesecreccnse ceversecnns cesseesT
THETA. c i ieieiecercnncenrennnen ceesssene =
BETA. .. cceceerececancsenese cessesrsrenens =
|- ZA srecssccsstcscnncnsasnene cesens =
DIST.LOAD....cccorveevsnnncs ceccsssssenane =
##% | OAD NUMBER( 2).%%#

L S T =
THETA. ... ieeiiieerocnccnnes Geecscesscnne =
BETA.....civeeecnncns ceetsesscansrecnann =
- =
DIST.LOAD....cccccersncocosccasacenconns =
##% LOAD NUMBER( 3).%n#

2 ceesescscrsenscrrnsnnn =
THETA, .t teiiiienreccesncsacssnsnsasanss =
BETA. . iieererenroccesonessosascssescsane =
2 =
DIST.LOAD. .ccvievieeeroecnvencncnsosnssne =
##4# LOAD NUMBER( U4), %%»

Riteireeeosoeseennoesascssorsessosscssosns =
THETA. ... ccveneentocrtocancneas ceesecccas =
BETA. . .iveeececennoerennnse O
- cresesas tecetasssscsvnans =
DIST.LOAD...ccveveercacctnccrsnscsanss .=
##% LOAD NUMBER( 5).%*®

R.iierreneeeenreensesananas Gesnseestoane =
THETA, e eencersoncsoscoasesnssssans =
BETA. . iieterecverecsnnscsconcns ceveseans =
- cesecncnnce oo o=
DIST.LOAD. .. cteivesecccocnncnssscsacane =
#%% | OAD NUMBER( 6).%%#*

[ teeecsrsesncscsenranes ceerverane =
THETA. ittt ieneeecsocasossasnsonnnnnss =
BETA...iovetececnnns ceeene ctccscscscncane =
- JN ceerecnsnas ceeens S
DIST.LOAD...... vessesaes cesescsscenanans =
##% LOAD NUMBER( 7).%%®

Rivieneneerennne teesesestasttstesssasane =

KING FAHD UNIVERSITY OF PETROLEUM AND MINERALS, DHAHRAN

0.1350E+03
0.3100E-01
0.7410E-03
0.1000E+00
0.1820E+03

0.1369E+03
0.3100E-01
0.7300E-03
0. 1000E+00
0.1820E+03

0.1381E+03
0.3100E-01
0.7240E-03
0. 1000E+00
0.1820E+03

0. 1400E+03
0.3100E-01
0.7140E-03
0.1000E+00
0.1820E+03

0.1350E+03
0.6200E-01
0.7410E-03
0. 1000E+00
0.7280E+03

0.1369€E+03
0.6200E-01
0.7300E-03
0.1000E+00
0.7280E+03

0.1381E+03



FILE: FSTCBA  OUT A1 KING FAHD UNIVERSITY OF PETROLEUM AND MINERALS, OHAHRAN PAGE 0Q

131

THETA. .. eveiieitirerenescsescssssccccns .= 0.6200E-01
BETA. ... iiciireeecccosssscsocens essees.= 0.T7240E-03
- cecvesssanssesesss.= 0.T000E+00
DIST.LOAD........ cecsessevesecesecsneans = 0.7280€E+03
##% | OAD NUMBER( 8).%=®
Reteereseecensnecscoacnassococasnsss esso= 0,T400E+03
THETA. i iittitrenvocnscascrnsscsconsses ..= 0.6200E-01
BETA. . vvieeeerveresoncsncravonosnsscnss .= 0.7140€E-03
Biveterieereeessananscsscosons ceresseenne = 0.1000E+00
DIST.LOAD. .c.ivcvcennsccnscaneancessasss= 0.T280E+03
*#%% LOAD NUMBER( 9).*#*
Riteteeuieneeseoasecancoassscsossssannone = 0.1350E+03
THETA. i iteiiteccenncccnssenves eeseses.= 0.9300E-01
BETA. ... it teteeececacsccsoasosansosscnns = 0.7410E-03
B.iteeeictitossenrassccserssssssanacsnnns = 0.1000E+00
DIST.LOAD........ ceeecessrranan ceceeees.= 0.7280E+03
##% | OAD NUMBER(10).%** .
L S T e = 0.1369E+03
THETA. .. ittt ieeiencoscosccscrosancnones = 0.9300E-01
BETA. ... . iietieeieensseccesossncoosonnes = 0.7300E-03
B.ieeiiiireantrercectrccssassssssnaosans = 0.1000E+00
DIST.LOAD....covveeescsacnanssncnvcoonns = 0.7280E+03

*##% | OAD NUMBER(11).%%»

R.tesreeurneesecancosnovssssscsascnnonens = 0.1381E+403
THETA, it iiiinennccoteasessssoncnannne ..= 0.9300E-01
BETA. .. vieteeecesoacssonssansocennnonsss = 0.7240E-03
B.iceiriaaeoenresccssacsnnnonsans cessenne = 0.1000E+00
DIST.LOAD. ... et eeerccnnccnccasonnes «..= 0.7280E+03

##% | OAD NUMBER(12). %%+

Riteetiereneencnocsncsooscsncssscasvovsonns = 0.1400E+03
THETA. . i iieiteecceensonevraccsarsssonses = 0.9300E-01
BETA. ...ttt eareassssoscsscsnscncscncs = 0.7140€E-03
Biiseeerietsecnncncssesosncossessevenans = 0.1000E+00
DIST.LOAD......c.... cectescssssarsane «e..= 0.7280E+03
1

#a%#% DATA FOR SUPPORTING PIERS, ®####

#%% PIER NUMBER( 1).%"*®

R crssesecsensane veso= 0.1372E+03

THETA tteinvnrenrencensancansencsnns ...z 0.1556E+00
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BETA ..ciieerecncrnncccccons cevessscnene = 0.3850E-02

| SN cectosscne ceeevons teccsscsnes = 0.5300E+00

AREA OF PIER ....ccceecccccsncoscncnns ..= 0.2827€+00

SETTLEMENT OF FOUNDATION........c.cc0ee .= 0.0000E+00

ELASTIC SHORTENING.......ccv0ceue cevesne = 0.0000E+00

*a% PLER NUMBER( 2).%#%

2 S eeese= 0.1372E+03

THETA ..cveeevvevnnn cseceresccsesntsssans = 0.3778E+00

BETA ..ccciecreccccnnenens ssesescsesses.= 0.3850E-02

- S e ceveecons tesessssessss.= 0.5300E+00

AREA OF PIER ........c0n cesescscans eeess= 0.2827E+Q0

SETTLEMENT OF FOUNDATION..... cesvsssernn = 0.0000E+00

ELASTIC SHORTENING........cccc0ee cessenn = 0.0000E+00

RADIAL BENDING RIGIDITY/UNIT LENGTH........ DR = 124296.6751918

TANGENTIAL BENDING RIGIDITY/UNIT LENGTH.. DTHT = 124296.6751918

TORSIONALL RIGIDITY/UNIT LENGTH ........ DRTHT = 52826.0869565
BENDING RIGIDITY DUE TO COUPLING........... D1 = 18644.5012788
DI+2DRTHT .. ..ceeieirioecranrcoscsccoscnsen H1 = 124296.6751918
D1/DR..... seeven cressseccsssssnns cesescnes .U = 0.1500000
[0 0 7 1 8 P vV = 0.1500000
H1/DTHT....... tessecrecssesansnnrsonons ALPHA = 1.0000000
DTHT/DR. ... ceecicrnrnecnrcanesenns ess+. BETA = 1.0000000
(H1+2DRTHT)}/DR ...... csesssseseccrsnsenne DELTA = 1.8500000

##wn DEFLECTION AND INTERNAL ACTIONS AT THETA= 0.6222E-01 (RAD.) ##&#

NOD X DEF M. THETA M.R M. RTHET Q. THETA Q.R

0.118E+01 -0.132E-12
0.400E+01 O.546E-01
0.947E+01 0.158E+00
0.185E+02 0.387E+00
0.317E+02 0.863E+00

0.977E-02
0.978E-02
0.980E-02
0.983E-02
0.987E-02

1 0.000E+00
2 0.465e+00
3 0.930E+00
4  0.140E+01
S 0.186E+01

-0.187E-03
-0.919E-02
-0.403E-01
-0.114E+00
-0.255E+00

0.391E-01
0.113E+00
0.246E+00
0.460E+00
0.926E+00

0.674E-02
0.156E+00
0.280E+00
0.665E+00
0. 153E+01



FILE:

™~ O

]

10

12
13
14
15
16
17
18
19
20
21

FSTCBA

0.232E+01
0.279E+01
0.326E+01
0.372E+01
0.419E+01
0.465€+01
0.512E+01
0.558E+01
0.605E+01
0.651E+01
0.698E+01
0. 744E+01
0.791E+01
0.837E+01
0.884E+01
0.930E+01

ouT Al

0.991E-02
0.996E-02
0.100E-01
0.101E-01
0.101E-01
0. 102€-01
0. 103E-01
0. 104E-01
0.105E-01
0.106E-01
0.107E-01
0.108E-01
0.109E-01
0.110E-01
0.111€-01
0.113€-01

KING FAHD UNIVERSITY OF PETROLEUM AND MINERALS, DHAHRAN

0.318E+02
0.316E+02
0.315E+02
0.315E+02
0.318E+02
0.317E+02
0.316E+02
0.317E+02
0.315E+02
0.314E+02
0.315E+02
0.318E+02
0.186E+02
0.948E+01
0.400E+01
0.118E+01

0.173E+01
0. 114E+01
0. 107E+01
0.139E+01
0.224E+01
0.169E+01
0. 162E+01
0.214E+01
0.125e+01
0.865E+00
0.861E+00
0. 133E+01
0.554E+00
0.213E+00
0.702E-01
-0.390E-13

=0.309E+00
-0.358E+00
=0.410E+00
-0.460E+00
-0.497€E+00
-0.500E+00
=0.508E+00
-0.544E+00
-0.588E+00
=0.637E+00
-0.687E+00
~0.736E+00
-0.459€E+00
=-0.251E+00
=~0.112e+00
~0.353E-01

0.108E+01
0.105€E+01
0.106E+01
0.111E+01
0. 124E+01
0.139E+01
0.120E+01
0.113E+01
0.105E+01
0.102e+01
0.101E+C1
0.136E+01
0.118E+01
0.710E+Q0
0.376E+00
0.360E-01

0.174E+00
-0.931E+00
0.222E+00
0. 140E+01
0.394E+00
-0.720E+00
0.494E+00
=0.452E+00
-0. 148E+01
=0.357E+00
0.732E+00
-0.306E+00
-0.105E+01
=0.44lE+00
~-0.230E+00
~0.192E-01

1

##% ANGULAR EDGE SHEAR FORCE.-Y.THETA-(F/L) %%+

0.000000E+00

0.0000E+00
0.4650€E+00
0.9300E+00
0.1395E+01
0.1860E+01
0.2325E+01
0.2790E+01
0.3255€E+01
0.3720E+01
0.4185E+01
0.4650E+01
0.5115E+01
0.5580E+01
0.6045E+01
0.6510E+01
0.6975E+01
0.7440E+O1
0.7905E+01
0.8370E+01
0.8835E+01
0.9300E+01

0.1265714E+00
0.845582E+00
0.148621E+01
0.231296E+01
0.337739E+01
0.347556E+01
0.344820E+01
0. 343942E+01
0.341596E+01
0.333362E+01
0.300777E+01
0.327202E+01
0.340439E+01
0.337101E+01
0.333533E+01
0.330437E+01
0.558635E+01
0.609483E+01
0.392400E+01
0.221613E+01
0.117123E+00

0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00
0.000000E+00

SUPPORTH REACTION. (F)
1 38.8779
2 =5.9646

- - - - - " - - - - - - W - -
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