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Abstract

The present dissertation investigates the convergence Sequential Dirichlet-Neumann iterative
finite elementary/boundary element coupling method. It also elaborates on the effect of several factors on
solution convergence. It extends the Sequential Dirichlet-Neumann method to elasto-plasticity. The
major contribution of this dissertation is the development of a new iterative domain decomposition
coupling method. Unlike the existing iterative coupling methods, the new method is capable of handling
cases where the natural boundary conditions are specified on the entire external boundary of the finite
element sub-domains. The new method is most suited for problems involving infinite or semi-infinite
regions. It is also extended to elasto-plasticity problems. Finally, the dissertation considers some
practical applications, which include fracture mechanics, and deep and shallow tunnels.



INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI films
the text directly from the original or copy submitted. Thus, some thesis and
dissertation copies are in typewriter face, while others may be frorn any type of
computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality illustrations
and photographs, print bleedthrough, substandard margins, and improper
alignment can adversely affect reproduction.

in the unlikely event that the author did not send UMI a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand comer and continuing
from left to right in equal sections with small overlaps.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6° x 9" black and white
photographic prints are available for any photographs or illustrations appearing
in this copy for an additional charge. Contact UMI directly to order.

Bell & Howell information and Leaming
300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA
800-521-0600

®

UMI






Vi

et e e e e e S e e e e e e e e e e e e b

-,

ak:%kf4514@f%!ifi#i%i#ﬁ!»}'ﬁi#ﬁi%%ﬁ#iiﬁiﬁf%%#@hrfakfafzfa?eii::ﬁﬂf&»i%%ﬁ%%ﬁi~rfafeéski# '

ITERATIVE COUPLING OF BOUNDARY

AND FINITE ELEMENT METHODS

BY

WAEL MOHAMED ALI ELLEITHY

A Dissertation Presented to the
DEANSHIP OF GRADUATE STUDIES

KING FAHD UNIVERSITY OF PETROLEUM & MINERALS
DHAHRAN, SAUDI ARABIA

in Partial Fulfillment of the
Requirements for the Degree of

DOCTOR OF PHILOSOPHY

In

CIVIL ENGINEERING

May, 2000

/ e T S SR S Sk i S St T%*PFI%T*?%QW{?&%PFi*%iﬁ%%%?%@ﬁ%&

T e



UMI Number: 9983985

B

UMI

UMI Microform9983985

Copyright 2000 by Bell & Howell information and Leaming Company.

All rights reserved. This microform edition is protected against
unauthorized copying under Title 17, United States Code.

Bell & Howell information and Leaming Company
300 North Zeeb Road
P.O. Box 1346
Ann Arbor, Ml 48106-1346



KING FAHD UNIVERSITY OF PETROLEUM & MINERALS
DHAHRAN 31261, SAUDI ARABIA

DEANSHIP OF GRADUATE STUDIES

This dissertation, written by

Wael Mohamed Ali Elleithy
under the direction of his Dissertation Advisor and approved by his Dissertation
Committee, has been presented to and accepted by the Dean of the Graduate Studies,
in partial fulfillment of the requirements for the degree of
DOCTOR OF PHILOSOPHY IN CIVIL ENGINEERING

Dissertation Committee

Dr. Husain J. Al-Gahtani
Dissertation Advisor

ProE. Mohammed H. Baluch

Member

A

Dr. Hamdan N. Al-Ghamdi

Member
__’,‘————‘——D
Y —_— = T = e,
Prof. Hammad I. Al-Abdulwahhab : /)
Department Chairman Dr. Naser M@ayea

Member

e —
Dr. Abdallah M. Al-Shehri /|
Dean of Graduate Studies

Dr. Mohammed A. El-Gebeily
Member

Date: 1‘4/7/71793




[ dedicate this dissertation to

my parents, Mohamed Elleithy and F. Elleithy, my son, Mohamed,

and to those who do good deeds for the sake of Allah



ACKNOWLEDGMENT

Thanks and praise be to Almighty Allah for his limitless help and guidance, and

peace and prayers be upon his Prophet.

[ wish to express my sincere appreciation to King Fahd University of Petroleum &
Minerals for support of this research. I have been most fortunate to have Dr. Husain
J. Al-Gahtani as my dissertation committee chairman. Through his support and
guidancc, this work has been possible. I extend my thanks to my committee members,
Prof. Mohammed Baluch, Dr. Hamdan Al-Ghamdi, Dr. Naser Al-Shayea, and Dr.

Mohamed El-Gebeily.

I would like to thank all my friends; my sisters and brothers; especially Khalid

Elleithy, for their support and encouragement.

My dcep appreciation is extended to my father, Mohamed Elleithy, who sacrificed his
time, cffort, and education and devoted his support for me. My expression of thanks
is due to my mother, F. Elleithy, who was incredibly paticnt and made unlimited

sacrifices to raise me up.



TABLE OF CONTENTS

LIST OF TABLES ...ttt e teeee e eeese s sasessessaae semeste st oeee e e amnons vii
LISTOF FIGURES .........oo ettt ese e et et e seesse e ssesssmeeennesss s snenens viii
DISSERTATION ABSTRACT ...t eereeeeereeee et saessoe s e e s seee xi
1. INTRODUCGCTION ...t ttereeetrecmteeeteteesescrteseee s e e s st e sae s s s eessnsesessssssnmneens 1
LLIOVERVIEW L.ttt reeecre s ree s e se s saee s etesnsn s s e sessssssse s enenssnnasens 1
L2 OBIECTIVES ...ttt eteeeeteeee e setese e aeessvasstesse s s sesssesssrassssssssssnsmnsons 3
1.3 ORGANIZATION OF THE DISSERTATION.......coomteeeeeceeeeecveee e 4
2. BACKGROUND ON BEM AND FEM ........ociiiiiiiiitieieieciecreeeeeeemveseensasnneens 6
2. I GENERAL ...ttt seceeese e re s e se e s aes s s e sesaesssessanessns ssssssnssesssnns 6
2.2 HISTORICAL REMARKS ... ettt eesavesas e ssassse e sanes 6
2.3 THE VARIATIONAL FORMULATION FOR PLANE ELASTICITY ............ 8
2.4 BEM FORMULATION IN ELASTOSTATICS ..ot e 11
2.4.1 Fundamental SOIULONS ...c..ocoiiiiiiiiiceee ettt et e e e anene 13
2.4.1.1 Kelvin's SOIULONS. ....cciiiiiiirrie ettt retestte e cteeee e nee e e s e r e 13
2.4.1.2 Melan's SOIULION....c.cimiiiiecieeere ettt ceresete e s e st e e sam e eas 15

2.4.2 Stresses at Internal POINES.......ooveiiieviiciiiieeceieeeceeeere e sese s 17
2.4.3 Boundary Integral EQUations .......coccoeeieciriiiieccceceetrreee e 18
2.4.4 Infinitc and Semi-Infinite REGIONS ....ociieriieceeeeeeeeccee e e e e 22
2.4.5 Numerical Implementation..........ccooueeeeiieciirreceiierieieceee e eeceve e e nre e 24

2.5 BEM FORMULATION FOR POTENTIAL PROBLEMS..............cuuuuueneen.e. 30
2.6 FINITE ELEMENT FORMULATION ......cooiiiiiiiiieterreceeeceeeeseeeecesesssnennes 31
2.7 COMPUTATIONAL STEPS OF THE FEM AND BEM.............uouovevveeveecnnne. 36
2.8 COMPARISON OF THE FEM AND BEM........ocoioiieeeeeeeeeceeeveeecaneens 39
2.9 COUPLING THE BEM AND FEM METHODS...........eeeceeeeeeeeeeeneen 43
3. BACKGROUND ON FEM/BEM COUPLING APPROACHES........................... 45
BT GENERAL......oettceretrterte s e s s snee e seas s e s e s nesessassesssesssesssensssansnns senns 45

iv



3.3 BEM HOSTED APPROACH........ieeecieeceeece et cteee e seesstee s san e ens 51
3.4 ITERATIVE DOMAIN DECOMPOSITION METHODS .................ccuueeueee.. 53
3.4.1 Parallel Schwarz Necumann-Neumann Method ........ecaeeeeveeceeeceeenes 55
3.4.2 Parallel Schwarz Dirichlet-Neumann Method..........cccaooeveeercerieecneeenennnes 56
3.4.3 Sequential Schwarz Dirichlet-Neumann Method ..........o.ueereereeeveernenennnnes 57
3.5 SUMMARY .ttt sterste s etes s s tes s stessssaeess st essasa st asssseessssesssssessnnsnsenns 58
4. CONVERGENCE OF THE SEQUENTIAL DIRICHLET-NEUMANN
ITERATIVE COUPLING METHOD .........ceiririecctieceeee e ceveeeessannnenees 59
4.1 GENERAL ...ttt e e e ete e e e et e e ers e seasee s ssaesssnassesnnn 59
4.2 CONVERGENCE OF THE ITERATIVE METHOD..................covvreeerrrreenn. 59
4.3 BENCHMARK EXAMPLES ..........o ettt et eee e e e eeense e eees 66
4.3.1 Potential Flow Problem ...ttt eee e e 66
4.3.2 Steel Cantilever Beam Subjected to Uniform Tension...........cccvveeeenvennnnnn.. 73
4.4 SELECTION OF THE RELAXATION PARAMETER...............ccocoeuruvveennn.. 84
5. OVERLAPPING ITERATIVE DOMAIN DECOMPOSITION METHOD FOR
COUPLING THE FEM AND BEM........coiiiiiieccctttecrteeeecneeseeeesnseennnnnnee 87
ST GENERAL ..ottt tereee et e et st e e e rae e eesarasessesse s sesesssnssessesannnen 87
5.2 OVERLAPPING ITERATIVE COUPLING METHOD..............ooveeveeeeeeennee 88
5.3 CONVERGENCE CONDITIONS ... erreirrtrrcrenteeerte e seeecnnreeenneessnsnnnsas 92
5.4 INFINITE AND SEMI-INFINITE PROBLEMS ..........iiieeeeeeeeeeeeeennnes 94
5.5 BENCHMARK EXAMPLES ............ e rreeeneretentmeteessresesensasesssssnsseneas 98
5.5.1 Potential Flow EX@mPIE ....cooviinnnrreece ettt et eeeseenes 98
5.5.2 Elasticity EXample........couiiiiiirieiceeeeeiecerctrtreerrree e ccvve e e e eee e neees 100
5.6 SELECTION OF THE COMMON REGION ......c.ccccooiimmrniriieecceeeceeaeenes 100
6. EXTENSION OF THE ITERATIVE COUPLED FEM/BEM METHODS TO
ELASTO-PLASTICITY ....uuiiiiiireiecireneeeeeeesomensteseesceeestestessssesessassassasssssesenes 110
6.1 GENERAL ....coutteenetesteeetreteseeeseeasestsessnessssessesssnnsessesssssesssnsensnnen 110
6.2 THE DIRICHLET-NEUMANN METHOD IN ELASTO-PLASTICITY ...... 110



6.3 OVERLAPPING COUPLING METHOD IN ELASTO-PLASTICITY ......... 116

7. APLLICATIONS ...ttt ce st e e e e stes st s msestesaasssss s ssessnne e nen 125
TLGENERAL ...ttt eresee e se e s seee st e ssansassseaseassnees s aesnsasneas 125
7.2 FRACTURE MECHANICS ... iececenctccetrerecesteestessnseseeeseseseees 125

7.2.1 LEFM EX@MPIE ...ttt et eeie e stenesne et eesneenssasessn e nes 125
722 EPFM EXAMPIE ..ottt ettt envee e ee et ae e esne 127
7.3 TUNNEL PROBLEM.......cooircer e e eeseeenetestse e e e e sveense s ssaeessasnnas 132
T.2.1Deep TUNNEL ...ttt st e s e e e s e 132
7.3.1.1 ElastiC ANALYSIS ...ccoovoiiiiieeeieiieeeieeereieteecrieeeseteete e e e seseessaeessnsee e seees 136
7.3.1.2 Effect of Non-homogeneity of the Surrounding Soil.......................... 140
7.3.1.3 Elasto-Plastic Stress ANalysis ......cccoeeeeeeeecierimreenresieeereereeeeeeeseeeseens 144
7.3.2 Shallow TUnNCL......oiiii ittt eves e e e sen e ee 147
7.3.2.1 ElastiC ANAlySiS....cccccereermiiiiieeeceieccieeeeeceeeeereeeesteecese st eeen e e sreeseees 147
7.3.2.2 Elasto-Plastic Stress Analysis ..oeeeeeeeeeeccecevescceccniencrereceeeeeecreeesveseaes 150
T4 SUMMARY ...ttt ettt ceteesae s st ssassa e aas e sns s e snnaseses 155
8. SUMMARY, CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE
RESEARCH ...ttt st st st sne it eae s e a s e e esas e e mens 156
8.1 SUMMARYY ..ttt e et et e as e s esseesea e st e st s sasneasaassssans nanen 156
8.2 CONCLUSIONS ...ttt e st et e satesratsatsetesessae e s sesaensnassssssnnnnes 157
8.3 RECOMMENDATIONS FOR FUTURE RESEARCH...........ccccteviiririecnnnnn 159
REFRENCES ...ttt st ee st e e s e ae e e e e e susssnasssesnesssnesssnensnnnnes 161
VITA ottt et st e e ans e s st e s et e e esee e sesans st e seasseassasnnsensnnnnnnne 168



Table

4.1

7.1
7.2

7.3
7.4

7.5
7.6

7.7

7.8
7.9

7.10

7.12

LIST OF TABLES

Page
Applicable Range and optimum valucs of « for Different Values of
AgfQr ANA Kg [Rp oottt e s 72
Stress Intensity Factors for the Cracked Plate ........ccuveeeveveeeneieccenennee. 129
Remote Stress vs. Normalized Load-Point-Displacement for EPFM
EXQMPIE ...ttt e e 133
CPU Time for EPFM EXample .....ccccuuiieieeeceeecieee e e e eeneens 135
Number of Elements and CPU Time for Elastic Analysis of Deep Tunnel
................................................................................................................ 139
Displacement at the Excavated Surface of Deep Tunnel....................... 143
Displacements at the Excavated Surface of the Deep Tunnel for
E{JE; STttt sass e sessssstssstssenes et et esesse e s ssnmeneeeaes 145
Displacements at the Excavated Surface of the Decp Tunnel for
E{[JE; 21 ettt ettt stss st enssesens e s s nesaenten 145

Comparison of CPU Timc for Elasto-Plastic Analysis of Deep Tunnel 148
Number of Elements and CPU Time for Elastic Analysis of Shallow

TUNNET ettt ee e s tr e nn e e e ss s aeeeses e seemees 153
Displacements at the excavated Surface of the Shallow Tunnel (Elastic
ANALYSIS) ceeeiictcesireeirtececntreesese e raeseessneeeessteesaesessne s e e s s asanasseesaeensen 153
Displacements at the Excavated Surface of the Shallow Tunnel (Elasto-
PlastiC ANALYSIS)...c.cceiiurireeerrreereeererenrteereeecnresreeresaeceesssenseesesesesessnsnnsen 154
Comparison of CPU Time for Elasto-Plastic Analysis of Shallow Tunnel
154

................................................................................................................

vii



Figure

2.1

2.2
2.3
24
2.5

2.6
2.7
2.8
3.1
4.1
42
4.3
44

4.5
4.6
4.7

4.8
49
4.10
4.11
4.12
4.13

LIST OF FIGURES

Page
Geometrical Representation for the Boundary Element Domain .............. 9
General Region Q +I"" containing the body Q+T ccoovvvececvricvinenenn. 14
Body Q+1I" Located within the Semi-Infinitc Planc x; 20................... 16
Singular Point { on I' surrounded by a scmicircle .......ceevveeueeerereeeennen. 19

Body with Part of its Boundary I' Coinciding with the Surface of the

Semi-Infinite Plane ...ttt 21
Infinite Region with Cavily.....ccccceiriiiiiiiiiiiciinieertreeceeeneeceenennees 23
Semi-Infinitc Region with or without Cavity ........ccocviiiiniiiiiniiinnnnnnns 25
FEM versus BEM program ........c..cccocciiimimiminiiiinniiniiccene e sanenesnnnns 40
Domain DecCOmMPOSIION .......cccoieiiiiirieiircnttecicetetrreeetereessesessssnseseens 47
Potential Flow Problem........ccccooiiiiiiiiniricnitrciietinerecescreecnseenens 67
Discretization for the Potential Flow Problem.........cccoiiiviriinninncncccccns 69
Required Iterations vs. a for Different Values of kg /kp coeeeeeececcancne 70
Required Iterations vs. a for Different Values of ag/ap -oeveeveeeneecnnnnes 71
Effect of Initial Guess on the Convergence of the Solution .................... 74
Cantilever Beam Subjected to Uniform Loading.......ccccceevevicceriicnncnnnenes 75
BEM/FEM Discretization (a) 3 Nodes at Interface (b) 5 Nodes at

Interface (c) 9 Nodes at INtEITACE.......oueveeuueerieercereerireereireeseecesereeenenneanes 76
Effect of the Number of Nodes on the BEM/FEM Interface on « ......... 77
Relative BEM to FEM Computational Sub-Domains.............cceveeceennen. 79
Effect of the Geometry of the Computational Sub-Domains on « ......... 80
Effect of Material Properties of the Sub-Domains on @ ............cceueenen.. 81
Boundary Conditions ..............eeeeeereencrecrnccueeeeesecessenerensesessasnsssssssscssnses 82
Effect of Boundary Conditions 0N @ ....c..cccccoeiivccveinnciniiccrcrcnncnnneccnnnnnes 83

viii



4.14
5.1
5.2
5.3
54

5.5

5.6
5.7
5.8

59

5.11

5.12

6.1
6.2
6.3
7.1
7.2
7.3
74

Effect of the INItial GUESS ON Q0 «.eeemoneoeeceeeeeeeeeeeeeeeeeee e eeeeeneeeseeeeeoons 85

Overlapping Domain Decomposition ..........cocccoveeeeieeecneeereeeeeeeecceneene. 89
Shallow Tunnel Modeled by the Coupled FEM/BEM............................. 95
Domain Decomposition for Infinite and Scmi-Infinite Problems............ 96

Potential Flow Example Using the New Overlapping Iterative Method.

(Neumann Boundary Conditions are specificd for the entire FEM sub-

Circular Hole in an Infinite Elastic Domain Subjected to Uniform

PrESSUTE ..ttt ettt ettt ee e tese e ss e s e se e s aeans 101
Discretization of the Circular Hole Example.......couueueeeeeeeieeeeinenenenennns 101
Radial Displacements for the Circular Hole Exampile........................... 102

Potential Flow Example Using the New Overlapping Iterative Coupling

Maximum Allowable a vs. a_/a, for Diffcrent Values of kg [k,

(@ g[Ap Z10) ettt et ss e st e e en e sa s s s enans 107

Maximum Allowable & vs. a_/a, for Different Values of kg /k,

(A g/ AE T3 ettt st enee e s se s e e nn s 108
Structure of EPFBE Programi..........c.cccviuiiinienieecccieeeeecveeevereeeseeesennnes 113
EPFBE Program Organization .......c...cccccvveeeirieeereereeccevneeresssnssessasesseenns 117
OVEPFBE Program Organization .........cccceeveereceeeeereeeeeeneeesesesenssnnseenes 123
Plate with a Central Crack (LEFM Example).........ccovveeveeiveeeceenenenene. 126
FEM/BEM and FEM Discretization for LEFM Example...................... 128
Geometry and Loading Condition for EPFM Exampile.......................... 130
Discretization for EPFM Example.......ccocoveciieninenrennnrnenrerseeesesscsneesnens 131

ix



~]

N
A W

7.8
7.9
7.10
7.11

Yiclded Zones for EPFM EXamplC.......cooieiiumeneceieceeeeeeeeeeeeenenes 134

FEM and FEM/BEM Discretization for Deep Tunnel..........cc.uueeveneene. 137
Radial Displacements for Elastic Analysis of Dcep Tunnel.................. 141
Radial Stresses for Elastic Analysis of Decp Tunnel........c..cocueeeerunenenee 142
Radial Displacements for Elasto-Plastic Analysis of Deep Tunnel....... 146
Geometry and Material Properties of the Shallow Tunnel .................... 149
Discretization of the Shallow Tunnel..........ccoeenrrvveiiciiieeieeeeeeeceeaeenes 151



DISSERTATION ABSTRACT

Name of Student : Wael Mohamed Ali Elleithy

Title of Study : Iterative Coupling of Boundary and Finite Element Methods
Major Field : Civil Engineering

Date of Degree : May, 2000

The present dissertation investigates the convergence of the Sequential Dirichiet-
Ncumann iterative finite clement/boundary clement coupling method. It also
claborates on the cffect of several factors on solution convergence. It extends the
Scquential Dirichlet-Neumann method to elasto-plasticity. The major contribution of
this disscrtation is the development of a new iterative domain decomposition coupling
method. Unlike the existing iterative coupling methods, the new method is capable of
handling cases where the natural boundary conditions arc specified on the entire
cxtecrnal boundary of the finite clement or boundary clement sub-domains. The new
mcthod is most suited for problems involving infinitc or semi-infinite regions. It is
also extended to elasto-plasticity problems. Finally, the dissertation considers some
practical applications, which include fracturc mechanics, and deep and shallow

tunnels.

DOCTOR OF PHILOSOPHY DEGREE

KING FAHD UNIVERSITY OF PETROLEUM AND MINERALS
Dhahran, Saudi Arabia

May, 2000



w‘éﬂ)fs-&h 12)3

9:_.1.‘\ JL; dest Pl e Y
LAk olally 55 gast slall 53 Jal (o ) S S AY VLN D
RN RSN T S I 2.asal

Yooo pler el b

rolalle 35t ol 5E b O FY A e = JSK 0 3R b Al sda s
- s A s AL e L.a.:\ s L ool e sas bl A6 ol SUAS s LG
i S an b oeli) e Wi M ada 3 SV ey il - & b s Al ey
— JAL:.:!‘ \;L& 3,48 o 2..:5}.‘4!\ sds R 4...’5.;:.‘\; 3:;.&5'\ ,..o\.;.n.‘\ ;S-:-.j}‘é J\Jj}' FRERES
ol D ke it J3h b LS e G B b 2 L o 5 s YU
sda 5y U Al DAY G Ko e R ol A8y Jzald G5l 55 ad

&

saadt D el sds woade SUIST, (LAWY az2 Al i 01 paz ) oYU A

3
R VPR G R TG UPR IR HUPL REHT N RSP WA TR S PR PR PR VU HPY U SR ST

cimdaal s ddiiaalt

pY e e wle — 2V EYY Lo



CHAPTER 1

INTRODUCTION

1.1 OVERVIEW

The finitc element method (FEM) is one of the most popular numerical techniques to
solve a wide range of problems in applied science and engineering. The FEM has
been applied successfully and has provided satisfactory results. In general, the FEM is
used for large range of problems because it is a general-purpose method with mature
technology. It is most efficient for finite domains in which material properties are
nonhomogencous, and for finite domains where nonlinear behavior occurs. In the
general FEM, the region under consideration is discretized by finite elements, a
variation of the unknown is assumed within each element, and the element response
matriccs are then found. Finally the element response matrices are assembled to
obtain the response matrix of the problem domain. The final system of equations is

solved, and the appropriate response quantities are determined as required.

Another numerical method that is becoming popular is the boundary element method
(BEM). The BEM is most efficient for linear homogeneous problems with finite or
infinite domains. Unlike the domain-type methods such as the FEM, the discretization

process of the BEM is performed on the boundary only, which results in reducing the



(38

dimension of the problem and simplifying the modeling considerably. Another
important advantage of the BEM is its accuracy in predicting high gradients or stress
concentrations. The BEM procedure consists of the transformation of the governing
differcntial equations into equivalent integral equations relating only boundary
values. The result is a sct of linear algebraic equations that can be solved for the
surfacc response. Thereafter, values inside the domain can be obtained from the

boundary solution.

The two methods have their advantages and disadvantages. Each method performs
better than the other for some problems or some parts of the same problem.
Therefore, a combined analysis approach, which for example, models the nonlinear
region around an underground opening using the FEM while using the BEM for the

remaining infinite homogeneous region, would be both accurate and efficient.

Past cfforts on coupling the FEM and BEM employ an entire equation for the whole
domain, by combining the discretized equations for the FEM and BEM sub-domains.
The approach for constructing the entire equation, however, is highly complicated
when compared with that for each single equation. In order to overcome the stated
inconvenience, iterative domain decomposition coupling methods, i.e., the Sequential
Dirichlet-Neumann method, were developed. In these coupling methods there is no
need to combine the coefficient matrices of the FEM and BEM sub-domains. A
second advantage is that different formulation of the FEM and BEM can be adopted

as base programs for coupling the computer codes only. Separate computation for



each sub-domain and successive renewal of the variables on the interface of both sub-
domains, are performed to reach the final convergence. Unfortunately, the available
iterative coupling methods are limited to linear elastic or potential problems with
finite domains. The convergence of the iterative coupling methods is not fully
addressed. Furthermore, there are some cases where these methods are not applicable.
These include, i.e., tunnel problems where the natural (Neumann) boundary
conditions are prescribed on the entire external boundary of the FEM sub-domain.
Conscquently, the usefulness of the existing iterative coupling methods becomes

limited.

1.2 OBJECTIVES

The primary goal of the present study is to develop a hybrid FEM/BEM coupling
method, which is capable of solving a wide range of problems, particularly those
associated with infinite or semi-infinite domains in plane elasticity. The FEM sub-
domain can be nonhomogencous or nonlinear while the BEM sub-domain is linear
elastic, infinite or semi-infinite. More specifically, the objectives of the present study

are:

1. Investigate the convergence of the Sequential Dirichlet-Neumann iterative
coupling method.
2. Develop a new iterative method that avoids the limitations existing in the

available coupling methods.



3. Extend the Sequential Dirichlet-Neumann and the new iterative methods to clasto-
plasticity.
4. Verify the reliability and the efficiency of the proposed method through some

benchmark examples and practical applications.

1.3 ORGANIZATION OF THE DISSERTATION

The present chapter gives an overview and the objectives of this dissertation. The
sccond chapter presents a brief background on the BEM and FEM. It gives some
historical remarks on both methods. The chapter reviews the BEM formulation for
elasticity and potential problems. It also gives the computational steps of the FEM

and BEM and a comparison between the two methods.

Chapter 3 gives a critical review of the existing coupling methods. It also describes

their limitations.

Chapter 4 establishes the convergence conditions of the Sequential Dirichlet-
Ncumann iterative coupling method. It also discusses the factors involved in the

solution convergence.

Chapter 5 introduces a new overlapping iterative coupling method. The convergence
of the method is investigated. Applications to problems involving infinite and semi-

infinite regions are also illustrated.



Chapter 6 extends the Sequential Dirichlet-Neumann method and the new

overlapping method, presented in Chapter 5, to elasto-plasticity.

Chapter 7 gives some practical applications to verify the efficiency of the iterative
coupling methods. These include linear elastic and elasto-plastic fracturc mechanics
cxamples, and elastic/elasto-plastic analysis of deep and shallow tunnels. The solution
using the coupled FEM/BEM is compared to the conventional FEM solution in terms

of accuracy and CPU-time.

Finally, Chapter 8 summarizes the main conclusions and recommendations for future

research.



CHAPTER 2

BACKGROUND ON BEM AND FEM

2.1 GENERAL

The FEM and the BEM are the most prominent numerical techniques to solve a wide
rangc of problems in applied science and engineering. This chapter presents a brief
background on both methods. Some historical remarks arc given. For comparison
purposes, a brief derivation of the BEM and FEM formulation in elasticity, using the
weighted residqal technique, is presented. The basic computational steps of the FEM
and BEM are summarized. The chapter is concluded with a comparison between the
FEM and BEM, which clearly indicates the advantages and disadvantages of each

mecthod and the merits behind their coupling.

2.2 HISTORICAL REMARKS

The modern development of the FEM began in the early 1940s in the field of
structural engineering with the work of Hrenikoff [1], who introduced the so-called
framework method, in which a plane elastic medium was represented as a collection
of bars and bcams. The use of piecewise-continuous functions defined over a sub-

domain to approximate an unknown function can be found in the work of Courant [2],



who used an assemblage of triangular elements and the principle of minimum total
potential energy to study the St. Venant torsion problem. Although certain key
features can be found in the work of Hrenikoff [1] and Courant [2], the formal
presentation of the FEM is attributed to Argyris and Kelsey [3] and Turner et al. [4].
The term “finite element”, was first used by Clough in 1960 [73]. Since its inception,
the literaturc on finite clement applications has grown cxponentially, and today there
are numerous journals and conferences that are primarily devoted to the theory and

application of the method.

The BEM, on the other hand, is not based on a differential problem description but
rather on an integral problem formulation transformed to the boundary. The
development of integral equation methods is due to the Soviet mathematicians,
Muskhelishvili [5], Mikhlen [6], Smirnov [7] and Kupradze [8]. These methods, at
first hardly recognized by engineers, were more introduced into applied physics.
Under the names like *‘source method™ or “‘indirect method™, these techniques were
applied in fluid mechanics and in potential theory. Very extensive investigations of
the “‘indirect methods”, were performed by Kellog (9], Jaswon [10], Symm [11] and
Massonet [12], to mention a few. It is not easy to say who first formulated the
“direct” BEM, although in another representation one can find it already in
Kupradze’s book [8]. But from the engineering point of view, the beginnings of the
direct BEM applications in elastostatics have to be dated back to the papers of Rizzo
[13] and Cruse and Rizzo [14]. The term *“Boundary Elements”, was first used by

Brebbia [15] in 1978. The BEM is now firmly established as an important alternative



technique to the prevailing numerical methods of analysis. One of the most important
applications is for the solution for a range of problems such as temperature diffusion,
some types of fluid flow motion, flow in porous media, elastostatics, and many others
that can be written as a function of potential. By now, the existing literature on the
BEM is very extensive. For some specific applications, like problems characterized
by infinite elastic regions, the BEM proved to be superior to other numerical

techniques.

2.3 THE VARIATIONAL FORMULATION FOR PLANE ELASTICITY

Although there are different procedures for deriving the boundary integral and finite
element equations, the weighted residual technique is considered here. In addition to
its generality and applicability to any differential equation, regardless of the physical
interpretation, the method has the advantage of relating the BEM to the FEM. In the
following, the plane clasticity equations are first stated. Then the weighted residual

technique is used to generate the variational statements for the FEM and the BEM.

Consider an isotropic, linear elastic solid of domain Q enclosed by a boundary I as
shown in Figure 2.1. The basic field equations for linear elastostatics are given as

follows:

Equilibrium equations: c,;:+b, =0 2.n

§.j T Y

Kinematic relations: E. = %(ui' jtu;) 2.2)



“— 1,

i

Figure 2.1: Geometrical Representation for the Boundary Element Domain
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.. ) 2
Constitutive equations: c; =1T#2V7£u8,-j + 2[.18,-]- 2.3)

where, the indicial notation and Cartesian reference frame are used. The quantities
u;,0;,€; and b; denote the components of the displacement vector, the symmetrical
Cauchy stress tensor, the infinitesimal strain tensor, and the body forces, respectively.
u and v are the shear modulus and Poisson’s ratio, respectively. Using Equations
(2.2) and (2.3) in (2.1), the equilibrium equations in terms of the displacement

componcents can be obtained, i.e.,

Hu, ;+ 1—_%11]'], =-b, 24
Prescribed boundary conditions are given by:

u;=w;on Iand r;, =7, on I, (2.5)
where ¢, is the traction at a point on the surface, and is given by:

. =o,n; (2.6)

In Equation (2.6), n; is the jth component of the unit normal to the surface I' at the
point of consideration. One can weigh Equation (2.4) by a displacement type function

u, and orthogonalize the product, i.e.,

[(Lyu; +b,)u;d2 =0 @.7)
Q
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where, the operator L; on u; is as given by the L.H.S. of Equation (2.4). Integrating

Equation (2.7) by parts, one can obtain the weak variational form:

. H
—-J-ul-_j[#u,—'j +(szV—)ujJ }Q

Q

(2.8)
- # -
+lu |y j+———u;; pdl + |u;b,dQQ =0
-! ( I (1-2v) }I’ f[

Note that Equation (2.8) is the starting equation for the FEM.

Integrating Equation (2.8) by parts again yields the inverse variational form.

[legu;)usd@+ [ witdr = [ tfudr + [ wibd@ =0 2.9)
Q r r Q

y—J

where 1, are the tractions corresponding to the displacement type function u; .

Equation (2.9) is the starting equation for the BEM.

2.4 BEM FORMULATION IN ELASTOSTATICS

In this section, the theoretical foundation of the BEM in elasticity is presented. It
should be noted that the ideas presented in this section are necessary preliminaries for

the method. However, references [16-21] can be consulted for the detailed theory.

In Equation (2.9), u; can be chosen such that:

Lju; =-8(,x)e; (2.10)
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where &(¢,x) represents the Dirac delta function which has the well known

properties:

8(.x)=0 el =#x
5(.x)=0 el =x (2.11)

[rs@.xua=r¢)
Q

Notice that, { and x are the source and field points, respectively. The solution for

Equation (2.10) is known as the fundamental solution. Using Equations (2.10) and

(2.11) in (2.9), the following equation can be obtained:

u,-(é’)=_|‘ u,.'t,-dl"—_[ I,-'u,-dl‘-f-J‘ u;b;dQ (2.12)
y r Q

Equation (2.12) gives the displacements «; at any point { inside the domain Q in

terms of the boundary values. The tractions and displacements can be written in the

following form:
t; =15, x)e (2.13)
u;- = u,;.(C,x) e; (2.14)

where, u;;(£,x) and 1;(Z,x) represents the displacements and tractions in the j
direction at the point x corresponding to a unit force applied at the source point {

and acting in the e; direction.
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Equation (2.12) can now be written in the following form:

4, 0)= [ u; .0, 0d0 = [ 5. x)u;0dT + [ wj (€. )b, (0dQ .15
Q

r r

This equation is known as the Somigliana’s identity, and it gives the value of the

displacement at any point in terms of the boundary values u« ; and 1z, the forces

throughout the domain, and the known fundamental solution.

2.4.1 Fundamental Solutions

When using the integral Equation (2.15) to solve problems in solid mechanics,
different fundamental solutions are nceded to simulate certain problems properly. In
general cases, the Kelvin's solution is used. In case of semi-infinite mediums, the
more suitable fundamental solutions are the Mindlin's solution for 3D, or the Melan's
solution for 2D. As the work is limited to two-dimensional cases, only the 2D

Kelvin's solution and Melan'’s solution are given.

2.4.1.1 Kelvin's Solutions

In Figure 2.2, let us assume a domain Q" with boundary I"" that contains the domain

€2 with boundary I' under consideration. The elastic properties remain valid for both
cases. For the Kelvin fundamental solution, Q" is assumed to be an infinite elastic

planc, and consequently I" is taken to infinity. The tensor expressions u({,x) and

17(£,x) for the two-dimensional plane strain problems are given by [22]:



Figure 2.2: General Region Q +r’° containing the body Q+TI"

14
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-1

u,;- (C,.r):m[(3—4v)ln(r)6ij —rjr'.] (2.16)

J

oL 1 _ oar _
rij(g,.x)_———m(l_v)r[[a 2v)6,.j+2rjr.j]a—n (-2v)(r;n, r'jn,.)] 2.17)

For planc stress problems, v is simply replaced by v/(1 +v). In these expressions,
r(¢.x)=rr, with r, = x,(x)-x,(¢) (2.18)

represents the distance between the load point ({) and the field point (x), and the

derivatives of r{{,x) with respect to the coordinates of x are denoted with:

or
= 2.1
T ox; (x) (2.19)

2.4.1.2 Melan's Solution

Considering Figure 2.3, for semi-infinite problems the Kelvin region is subdivided by
an infinite horizontal plane T" and its lower part is considered as Q" +I"". Thus the
region of interest becomes a semi-infinite medium with the plane part I being
represented by the boundary surface T. This lower half-plane is always assumed to

contain the region Q+1I" and the plane x; =0 is taken to be the boundary surface r.

The stress solution corresponding to a unit force acting in the half-plane was

published by Melan [23] in 1932. During the first half century after its publication,



Figure 2.3: Body Q+1I" Located within thec Semi-Infinite Plane x; 20

16
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Melan's solution had been rarely used in calculations. It is mainly due to the
development of boundary elements that Melan's solution has gained an important role
in numcrical analysis. Although Melan has found the stresses of his solution, he did
not give the displaccment expressions, which are necessary for the boundary element
implementations. This work was accomplished by Telles and Brebbia [24] in 1981.
They gave the expressions of Melan's solution. For a good background on this area,

the reader may refer to [24-28].

The symbols and expressions proposed by Telles and Brebbia [24] are used
throughout this investigation. Melan's solution, represcnted by ( )™, may be
rcarranged into two parts, a Kelvin's solution part represented by ( )* and a

complementary part ( )°. The complete forms of the complementary part ( )

may be found in [24].

2.4.2 Stresses at Internal Points

Equation (2.15) is a continuous representation of displacements at any point { € Q.

Consequently, the state of stress at this point can be obtained by combining the

derivatives of Equations (2.15) with respect to &, to produce the strain tensor and

then substituting the result into Hooke's law. The final expression becomes:

0 (&)= uj €. x)k (x)dr - [ 15 €. xhy (x)aT + [ 4 €. 2P (0dQ  (2.20)
Q

r r
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*

ge and

For the Kelvin fundamental solution the new tensors u j& are given in

reference [23]. Telles and Brebbia [24] have presented the complementary

expressions for the tensors, corresponding to the half-plane fundamental solutions.

2.4.3 Boundary Integral Equations

In the preceding sections, the derivation of the Somigliana’s identity has been
presented without a need for the distinction bctween the different fundamental
solutions employed. In this section, however, it is instructive to consider first the
Kelvin solution, and then extend the complete formulation to semi-infinite type

problems, where full advantage of the traction-free condition can be taken.

Considering the Kelvin case, Somigliana's identity is not satisfactory for obtaining
solutions unless the boundary displacements and tractions are known throughout the
boundary I'. Therefore, it is interesting to examine the limiting form of Equation

(2.15) as { goes to the boundary. Assuming first that the body can be represented as
shown in Figure 2.4, with the point { as an internal point surrounded by part of a
circle of radius € . Equation (2.15) can be written in the following form:

u, Q)= [u;€.x);dr- [ (€. xu;(x)dr

r-r,+T, -+,

; (2.21)
+ j u (£, x)b;(x)dQ
&

Taking the limit as € — 0, Equation (2.21) finally takes the form:



Figure 2.4: Singular Point { on I surrounded by a semicircle

19
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c,-j(C)uj(g)=f u,-'j(C,_\')tj(x)dl“—_[ t,;(C,x)uj(x)dI"
r r (2.22)
+[ uj €. x)b; (0
Q

The integrals in Equation (2.22) present no special singularities and can be interpreted
in the normal sense of integration. The coefficient ¢, ({)=5,; /2 if the tangent plane
at { is continuous, but if this is not the case, closed form expressions for this
coefficient have been presented in reference [29]. For practical applications, however,

the coefficient c¢; can be indirectly computed by applying Equation (2.22) to

represent rigid body movements as will be explained in Section 2.4.5.

Equation (2.22) is the starting equation for the BEM using the Kelvin fundamental
solution. For semi-infinite domains, if the body that is being analyzed presents part of

its boundary coinciding with the surface of the semi-infinite domain (Figure 2.5), the
intcgral over this part which involves t,;- vanishes identically because of the traction-

free condition included into the fundamental solution. Consequently, Somigliana's

identity can be rewritten as follows:

u; €)= [ uz€.x),0d0 = [ ;€. )u;0dT+ [ uj (€. x)b;()dQ2 (2.23)
r r Q

where, I'” represents the part of I' in which x; >0. The state of stress at an internal

point is given by:
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T a—
N | D

Figure 2.5: Body with Part of its Boundary I' Coinciding with the Surface of the

Semi-Infinite Plane



6; €)= up . x0T = [ 1, €, xhedT + [ uj (. 6}, (x)d2 (2.24)
Q

r r

2.4.4 Infinite and Semi-Infinite Regions

The extension of Equation (2.22) to infinite regular regions is not valid without
further hypothesis on the functions involved. Such hypotheses are concerned with the
behavior of the functions on an infinitely distant surface, and are referred to as
rcgularity conditions [17]. Let g be the radius of a circle of surface I , and centered
at £, which encloses the cavity (or cavities) of the external problem as depicted in
Figure 2.6. Equation (2.22) can be written for the region I' and T, as follows:

¢ ;€)= [ uy €. x), (0 dT+ [ uy (€, x)r; (x)dT
T,

r

. L. (2.25)
r L,

Clearly, if the limiting case g — o is considered, Equation (2.25) can be expressed in

terms of the boundary integrals over I" alone if:

tim [ (€, x)u; () =5 €20, () dT =0 (226)
rq

One can substitute u ;(x) and r;(x) by the tensors corresponding to the fundamental

solution, and indeed verify that Equation (2.26) is satisfied. This statement is also

verified for semi-infinite problems where the semi-infinite fundamental solutions






dictate the corresponding conditions. In conclusion, provided the regularity

conditions are specified, infinite problems (Figure 2.6) can be represented by:

¢ @)u; €)= uj €. x)e;0dT - [ 1, x)u,(x)dT (2.27)

r r

and also semi-infinite problems that may have a loaded boundary I'-I"" (Figure 2.7)

can be represented by:

¢y @, €)= [ uz €. x), (0 dT — [ (¢ x)u;(x)dT (2.28)
r r

2.4.5 Numerical Implementation

In this section, a general numerical procedure for the solution of the BEM is
described. In order to concentrate on the main aspects of the process, the different
forms of boundary integral equation introduced in the previous sections will be
recpresented in a unified manner as follows (body forces are omitted here for

simplicity):

¢ @)y @)+ [ 15, x)u;dl = [ uj(€.x)e;(x)dT (2.29)
r r

where, depending on the fundamental solution employed (infinite or semi-infinite),

the appropriate expression for ¢, ({) and the substitution of I' by I'" in the first

integral are implied.



F
Figure 2.7: Semi q §
-Infinite Region Q\\\\§\ .



Instcad of attempting closed form solutions to Equation (2.29), which is a difficult

task and only attainable for simple geometry and boundary conditions, the BEM

cmploys a numerical approach. The basic steps involved in this approach constitute

the numerical essence of the technique. They are summarized as bellow:

!\.)

The boundary I' is discretized into a series of elements (NE is the number of
clements), over which displaccments and tractions are chosen to be piecewise

interpolated between the element nodal points (N is the number of nodes).

Equation (2.29) is applied in a discretized form to each nodal point { of the
boundary I' and the integrals are computed (usually by a numerical quadrature
scheme) over each boundary element. A system of 2N linear algebraic equations
is therefore obtained, involving the set of 2N nodal tractions and 2N nodal

displacements.

Boundary conditions are imposed, and consequently 2N nodal values (tractions
or displacements) are prescribed. The system of 2N equations can therefore be

solved by standard methods to obtain the remaining boundary data.

Values of displacements and stresses at any selected intemal point can readily be

computed by numerical quadrature using the appropriate Equations (2.15) and (2.20)

or Equations (2.23) and (2.24) also in a discretized fashion.

For the discretization of Equation (2.29), the boundary, I', is approximated by using

a seriecs of elements. The Cartesian coordinates, x, of points located within each
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clement I'; arc expressed in terms of interpolation functions ¥ and the nodal

coordinates x™ of the element, by the following matrix relation:

x=PTx™ (2.30-a)

where, x represents the x; and x, coordinates in two-dimensional problems. In a

similar way, boundary displacements and tractions arc approximated over each

clement through interpolation functions

u=o"u" (2.30-b)

t" (2.30-¢c)

where, #" and ¢" contain the nodal displacements and tractions, respectively. Note
that the superscript m in Equation (2.30) refers to the number of boundary points
required to define the geometry of each boundary element, whereas the superscript n
in Equations (2.31) and (2.32) refers to the number of boundary nodes to which the
nodal values of displacements and tractions are associated. These numbers may be

different in general. Also note that the functions @ and g are cxpressed in the

homogeneous system of coordinates (n).

It is now more convenient to work with matrices instead of the indicial notation. Let

us define the following vectors and matrices:



u={“'}, :={"} (2.31-a)
uz [2

e |ugy o ou - (th &
T N I A (2.31-b)
Uy Uy by Ixn
where, u;; and r; are the displacements and tractions in the j direction due to a unit

force at a point under consideration, acting in the i direction.

Now Equation (2.29) can now be expressed in a matrix form as follows:

cu+ J.t.udl"=fu°tdl“ 2.32)
r r

Substituting Equations (2.30) into Equation (2.32), the following equation can be

obtained:
NE . NE .

cu+Z(Il ¢Tmu"=z(ju pTdl)t" (2.33)
=l T, YL

where, the summation from j =1 to NE indicates the summation over the NE
clements on the surface, and I'; is the surface of the j element. It is common to

cmploy a numerical integration scheme in integrating Equation (2.33). Hence

Equation (2.33) becomes:

NE( L . NE( L .
c"*):(zm, w, (¢ 0" (), }4" =Z[Z,|JI, w, (" " (), ]t" (2.34)

j=I\ 1=l J=I\ =1
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where, |J| is the Jacobian transformation, and w; are the numerical integration

weighting coefficients. Note that Equation (2.34) gives a set of equations for node i

which, can be written as:

u, ¥
Ci”i'*‘D;n ﬁa ,;ii ’;w ]J u ’=[Gi1 G, ... G; .. GiN]< t:- ;
u‘v ~‘1VJ

(2.35)

where, l;,.j and G are the interaction coefficients relating node / with all the nodes

on the surface of the body. Note that, more than one element will contribute to I;,-j

and G; sub-matrices.

A matrix equation such as Equation (2.35) can be written for each of the nodes under

consideration as follows:

h’l .o ’;Il' .o hAIN ("’\ PGII oo GI" o G’N- (‘I‘
hy h; hy |34 }=| Gy G; Giv |$t ¢
_’;Nl hiy; hyy | lun) |Gy, Gy Gy ] U]

(2.36)
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where, the sub-matrices h; on the diagonal are: h;; =I;,-,- +c¢;. Now, Equation (2.36)

can be written as follows:

[t ] {u}=[G] e} 2.37)

Note that the diagonal clements of [H ] arc based on the computation of singular

intcgrals. However, a simpler, yet effective way, is by applying a rigid-body

displacement to the body in any one direction; Equation (2.37) then becomes:
[H]{1,}=0 (2.38)

where, {I,} is a vector defining a unit displacement in the direction /. Hence, the

diagonals of [H ] are simply:

H,=-Y H, (2.39)

izj

which means that neither the ¢; nor the H; coefficients nced be determined

cxplicitly.

2.5 BEM FORMULATION FOR POTENTIAL PROBLEMS

The application of the BEM for the solution of potential problems is considered in

this section. Consider a problem governed by Laplace equation:

kViu=0in Q (2.40)
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where, k is the material property and « is the potential. The boundary conditions

are such that:

L
- (2.41)

r=t onl,

where, ¢ is the flux vector, given by:

t =9u/on (2.42)

One can weigh Equation (2.40) by a weighting function «" . Integrating by parts twice

yiclds the inverse formulation:

[&v2u Juda+ [ w'tdr - [ u=0 (2.43)
Q r r

This is the starting equation for the application of the BEM for potential problems and
is equivalent to Equation (2.9). To avoid unnecessary repetition, one can follow the
same procedures as in the previous section to finally obtain the BEM equations given
by Equations (2.37). For a detailed formulation of the BEM for potential problems

references {16-21] can be consulted.

2.6 FINITE ELEMENT FORMULATION

Although the common procedure for deriving the FEM equations in solid mechanics

is based on energy principles, the weighted residual technique is used here for the
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reasons explained earlier. It should be noted, however, that both procedures

mathematically yield the same FEM model, but differs in their algebraic form.

The domain Q of the original problem is divided into sub-domains Q°, e=1,...,.N,
and construct the weak varaitional form by applying Equations (2.8) over element

Q°,ie.,

_{!:u,..j[,uu” - ) Y }/Q
(2.44)

+ju [yu” 2™ AT+ [ub,dQ =0
Q(

Equation (2.44) can be written as:

B”(ul.,ul)+ Blz(u,‘,uz)=ll(u;)

2.45
BZl(u;,ul)+ Bzz(u;,uz)=lz(“;) ( )

where, the bilinear and linear functions can be written by comparison to (2.44). The

nodal displacements can be approximated over Q¢ by the interpolation:

u = Zul;e)¢(e)
(2.46)

(e) 4
“2—2“2;¢e)

Note that ul ) and u2 ) are the nodal values of the primary variables. Substituting in

Equation (2.45) yields:



iB“(qD,-(‘),qb;’))u,(f) +ZB|2 @,(z) (e))uztje) = ! (¢i(¢))
=l

J=1
2le(¢;e)'¢}e))ul(j) +2Bzz@,‘ge)’¢;¢)) (o) _12(¢(¢))
J]= J=
or

v e e b2 o b}
o Ho bl T )

where,

© ' © 3¢
Kiljl(e) — J-[Cll a¢x J +c a¢: ¢J "ldtz

o ox, dy, > ox, ox,

() (e) e) (e)
KiljZ(e) KZI(e) I[CIZ g/’ dt} ve 39 09} }Ix

o ox, dx, > 9dx, ox,

() 91} © 3¢
KP = | (c 0" Ty, 907 9 x,dx,

33 22
o dx; ox, dx, OJx,

1= J.’1¢(e))dr+ I(bx¢( ))trld"z

29 = J.(t2¢i(e)hr+ I(’h‘f’im h"ldxz
r Q

2.47)

(2.48)

ldx2
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2
€11 =Cx2 = 'l:,,
2vu
C2 = ;
l-v
€3 = H

’ ’ V -
v’ =v for plane stress, and v’ = T—v for planc strain.
-V

The global system of equations can be obtained by applying the same procedure for

cach element and assembling the resultant equations to yield:
Ku-= f (2.49)

where K is the stiffness matrix for the system, and # and f are the nodal

displacements and force vectors, respectively.

Note that if, on the other hand, using the principle of virtual work, the basic

expressions required for solution can be obtained as [74]

jB’adQ-F-jN’bdg=o (2.50)
Q Q

where, F donates the external applied forces. N and B are the usual matrix of
shape functions and the elastic strain-displacement matrix, respectively. Thus the

stiffness matrix K will have the following form:
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T
K:jB D B dQ (2.51)
Q

where, D is the stress strain matrix.

For the elasto-plastic analysis [31], Equation (2.50) will not be generally satisfied at

any stage of computation, and thus:

w=[B"6dQ-F - [N"bdQ =0 (2.52)
Q Q

where, y is the residual force vector. For an elasto-plastic situation the material
stiffness is continuously varying, and instantaneously the incremental stress/strain

relationship is given by:

do=D,,de (2.53)

where, D,, is the elasto-plastic stress-strain matrix For the purpose of evaluating the

material stiffncss matrix at any stage, an incremental form of Equation (2.52) must be

employed. Thus within an increment of load we have:

Ay =[BT 46dQ - 4F - [NT 4bdQ2 (2.54)
Q Q

Substituting for 46 using Equation (2.53) results in

Ay =Ky du—-(4F + [NT 4bdQ) (2.55)
Q
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where, the tangential stiffness matrix Ky = [B' D,,B dQ.
2

For the solution of Equation (2.55), and for cach load increment, the incremental
nodal displacements and stresses are calculated. The updated stresses are then brought
down to the yield surface and are used to calculate the equivalent nodal forces. These
nodal forces can be compared with the externally applied loads to form a system of
rcsidual forces, which is brought sufficiently close to zero through an iterative

process before moving to the next load increment.

2.7 COMPUTATIONAL STEPS OF THE FEM AND BEM

This section broadly defines the basic computational steps followed in the FEM and

BEM. The basic steps of the FEM are as follow [20]:

1. Discretize the problem domain. The first step is to divide the problem domain
into a number of finitc clements each of simple geometry. An element has a
number of nodal points the locations in space of which are given by coordinatcs
rclative to a set of global axes. The shape of each element is defined in terms of
thesc coordinates by interpolation or shape functions. This is known as solid

modeling and is not only a feature of finite element analysis.

2. Assume a variation of the unknown inside each finite element. An

interpolation function is proposed for the variation of the unknown (e.g.
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displaccment, temperature) inside cach element in terms of values at the nodal

points.

Find element response matrices. For each finite element, coefficient matrices
that describe the response characteristics of the clement are determined. In solid

mechanics for example a matrix of stiffness coefficients is computed.

Assemble the element matrices to obtain the response matrix of the problem
domain. To find the response matrix of the system [K ] to be modeled, the
response matrices of the individual elements are combined to form a matrix

cquation expressing the behavior of the entire solution region.

Introduce boundary conditions. The global material response matrix is a
singular one. To remove the singularity problem, certain boundary conditions

must be invoked before the assembled system of equations can be solved.

Solve system of equations. In most problems the number of equations is large,
thus special solution techniques have to be employed to solve the system
cfficiently taking advantage of the properties such as symmetry and sparseness of

the matrix of equation coefficients.

Determine additional quantities as required. Using the nodal values and
interpolation functions, additional parameters can be determined such as strain

and stress inside each element.
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The basic steps of the BEM are as follow [20]:

l. Discretize the boundary of the given problem. By contrast with the FEM only

the boundary of the problem domain need be discretized.

2. Assume a variation of the unknown inside each boundary element. This is the
samc¢ as in finite clement method cxcept that only boundary values arc

interpolated.

3. Calculate the coefficient matrices. Unlike the FEM, the coefficient matrices,
[H ] and [G] are computed directly by integrating over the boundary elements
using the fundamental solution which satisfies the governing differential

equations exactly.

4. Solve system of equations. As in the FEM the system of equations is now solved.

The primary unknown values are obtained directly.

5. Compute values inside the domain. By contrast to the FEM the solution of the
boundary element equations give only unknowns (e.g. displacements, surface
tractions) at the boundary surface of the problem domain. If displacements or
stress values are required at specific points inside the domain, they can be
calculate from those boundary values. This is one of the distinct features of the
BEM in that output may be seclectively obtained after the analysis has been

completed.
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The main programming steps of the BEM and FEM are shown in Figure 2.8.

2.8 COMPARISON OF THE FEM AND BEM

Some of the major differences between the two methods are remarked on here.

Depending on the application some of these differences can either be considered as

advantagcous or disadvantageous to a particular scheme. The major differences can

be summarized as [30]:

1.

FEM: Secondary variables on the boundary are less accurate than the primary

variables.

BEM: Both the primary and secondary variables are of the same accuracy.

FEM: An entirc domain mesh is required.

BEM: A mesh of the boundary only is required.

Comment: Because of the reduction of the size of the mesh for the BEM, one can
say that the problem size is reduced by one dimension. This is one of the major
advantages of the BEM as construction of meshes for complicated objects,

particularly in 3-D, is a very time consuming exercise.

FEM: Entire domain solution is calculated as part of the solution.

BEM: Solution of the boundary is calculated first. Thereafter, the solution at

domain points, if required, is found as a separate step.
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Comment: There are problems where the details of interest occur on the
boundary, or localized to a particular part of the domain, and hence an entire

domain solution is not required.

4. FEM: Differential equations are being approximated.

BEM: Only boundary conditions are being approximated.

Comment: The use of the Green-Gauss theorem and a fundamental solution in
the formulation means that the BEM involves no approximation of the differential
cquation in the domain. Approximation is only performed on the boundary

conditions.

5. FEM: Sparse symmetric matrix generated.

BEM: Fully populated asymmetric matrix generated.

Comment: The matrices are generally of different sizes due to the differences in
size of the domain mesh compared to the surface mesh. There are problems where
either method can give rise to smaller system and quickest solution. This depends
partly on the volume to surface ratio. For problems involving infinite or semi-

infinite domains, BEM to be favored.

6. FEM: Element integrals are easy to evaluate.
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BEM: Integrals are more difficult to evaluate, and some contain integrands that

become singular.

Comment: BEM integrals are far harder to evaluate. Also the integrals that
contain singular integrands have a significant effect on the accuracy of the

solution, so these integrals need to be evaluated accurately.
7. FEM: Relatively easy to implement.
BEM: More difficult to implement.

Comment: The need to evaluate integrals involving singular integrands makes the
BEM at least an order of magnitude more difficult to implement than a

corresponding finite elcment procedure.

It is now obvious that both methods have their own range of applications where they

arc most efficient. To summarize, the FEM is most suitable for problems [20]:
1. with a high ratio of boundary surface to volume;
2. where boundary stresses are not of primary importance;

3. where the material is nonhomogeneous, behaves nonlinearly and/or contain joints

and cracks.
The BEM on the other hand, is most suitable for applications involving:

1. alow ratio of boundary surface to volume;
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2. ahigh accuracy of boundary stresses;

3. homogencous and linear elastic materials.

Typical applications with a high boundary surface to volume ratio are plate and shell
structures. Extremely low surface to volume ratios, occur in geomechanics problems
where the domain in most cases is assumed to be infinite or semi-infinite. Cases
where boundary stresses arc of primary importance occur mainly in fracture

mechanics and many applications in mechanical engineering.

2.9 COUPLING THE BEM AND FEM METHODS

There are undoubtedly situations, which favor FEM over BEM and vice versa. Often
one problem can give rise to a model favoring one method in one region and the other
mcthod in another region. In a detailed analysis of stresses around an underground
opening, the FEM can be employed to analyze the problem of any shape with
complex stress-strain response of the soil media. However, the extent of boundary
distance to represcnt infinite domain and the necessity to discretize large domain
introduce some approximation in the results. Furthermore, the preparation and
checking of data are tedious and time consuming. The BEM on the other hand
requires very small input data, and the elastic infinite domain commonly encountered
in the underground openings can be fully represented. An efficient way of solving the
problem is to utilize the advantages of both the BEM and FEM by coupling them. For

cxample, in the vicinity of the opening (where the plastic behavior is anticipated), the
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FEM can be used, and away from the opening (where the elastic behavior is

cxpected), the BEM can be used.

Both the FEM and BEM are widely employed in fracture mechanics. However
neither method is effective for all fracture mechanics problems. Fracture analysis is
governcd by linear elastic fracture mechanics (LEFM) and elasto-plastic fracture
mechanics (EPFM). The former is ideally suited to analysis by the BEM, and there
arc numerous examples of the application of the BEM for LEFM [32,33]. Although,
the BEM is superior to the FEM for LEFM, the BEM is less attractive for EPFM.
Coupling of FEM and BEM may be most efficient for certain classes of applications.
In EPFM problems, the plastic region around the crack can be modeled by the FEM
while the remaining linear elastic region can be modeled by the BEM. In contrast, in
the analysis of LEFM problems, it is useful to utilize the BEM at the fracture tip to
accurately capture the singular behavior and then to apply the FEM for the rest of the

structure where the material properties may be non-homogenous.

For such applications a combination of FEM and BEM seems to be the most efficient
way of analysis. In a coupled analysis the user can have the best of both worlds, i.e.
utilize the advantages and avoid the limitations of both methods. This may result in
an efficient analysis of many engineering problems. Coupling the FEM and BEM is

discussed in details in the following chapter.



CHAPTER 3

BACKGROUND ON FEM/BEM COUPLING APPROACHES

3.1 GENERAL

As discussed above, both the FEM and the BEM have their own advantages and
disadvantages. It is desirable to develop a combined FEM/BEM technique, which
makes use of their advantages and rcduces or completely eliminates their
disadvantages, and to use the combined tcchnique in situations where it is
appropriate. Du-e to their distinct mathematical formulations, the FEM and the BEM
cannol be directly linked. The basic variablcs in the FEM are nodal displacements and
forces, and in the BEM the variables are surfacc tractions and displacements.
Zicnkiewicz ct al. [34] were the first authors who proposced the coupling of the two
methods. Subsequent contribution came from Atluri and Grannell [35] and Brebbia

and Georgion [36].

The conventional coupling methods employ an entire unificd cquation for the whole
domain by altering the formulation of one of the methods to make it compatible with
the other. The conventional coupling approachcs can be classified into FEM hosted

and BEM hosted. More recently, coupling the FEM and thec BEM has been achieved
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using itcrative domain decomposition methods. This chapter presents a critical review

of the available FEM/BEM coupling approaches.

3.2 FEM HOSTED APPROACH

There are many variations of the FEM hosted approach [34-47]. In general, the FEM
hosted approach treats the BEM sub-domain as a large finite element. The
displacement-traction cquations governing the BEM sub-domain are transformed into
FEM-like displacement-force stiffness equations. These stiffness equations are then

assembled with those of FEM sub-domain according to the direct stiffness concept.

Considering Figure 3.1, where the domain is decomposed into two sub-domains Qg
and Q.. The decomposed portions arc modcled using the BEM and FEM. The

corresponding boundary integral equation for the BEM sub-domain is given by:

[H]{u}=[GHe} er, 3.1)

For the FEM sub-domain, the assembled element equations are:

[klu}={r} e Qr (3.2)

Now, let us define the following vectors:

{ug}: displacement in the BEM sub-domain,

{u A }: displacement on the BEM/FEM interface (but it is approached from the BEM

sub-domain),
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Figure 3.1: Domain Decomposition
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: }: displacement in the BEM sub-domain except {4 H }
fus}=tf.up |
{ur }: displacement in the FEM sub-domain,

{u,’r }: displacement on the BEM/FEM interfacc (approached from the FEM sub-
domain), and

{u 5 }: displacement in the FEM sub-domain except {u ¥ }
furY=tfutf

Similarly, onc can define the traction and force vectors for the BEM and the FEM

sub-domains, respectively.

In order to combine Equations (3.1) and (3.2), the first one can be reduced to a finite

clement form by inverting G as follows:

G} [H]{u}={} (3.3)

Next, a rclationship between the surface traction and the nodal forces should be

cstablished. This relationship can be written as:

{r}=[m]{} (3.4)

where, [M] is the converting matrix duc to the weighting of the boundary tractions

by the interpolation function on the interface. Equation (3.3) may now be written in

the form:
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(vl [0 {u}= [M14}={7} (3.5)

where, the right hand side vector has the same form as that in the FEM. Equation

(3.5) may be written as:
[K]{u}={r} (3.6)

where, [I? ]= [a1] [G]_' [H] is a stiffncss matrix obtained from the boundary clement
formulation. The equivalent finite element matrices of Equation (3.2) can now be
asscmbled with the matrices corresponding to the sub-domain Q4 to form a global

stiffncss matrix.

A major drawback of this approach is that the resulting assembled stiffness matrix is
asymmetric and fully populated in contrast to the symmetric sparscly banded stiffness

matnx of the FEM.

Zcinckiewicz et al. [34] and Brebbia and Georgion [36] forced a symmetrization on
the BEM stiffness matrix on the basis of energy or error minimization considerations,
respectively. Although the two symmeterized stiffness matrices are the same, no
theoretical justification was made. This forced symmeterization has been followed by
many rcsearchers who reported some successful applications, e.g., Beer and Meek
[37], Swoboda et al. [38] and Kohno et al. [39]. However, as pointed out by Li et al.
[40], Mang et al. [41], and Tullberg and Boltcus [48], that this symmetrization results

in a loss of equilibrium in a region near the interface. It was also found in [40,41] that
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coupling the asymmetric BEM stiffness with the FEM lecads, in general, to morc
accurate rcsults. Of course, in such a casc the resulting total matrix is asymmetric,
and hence general matrix equation solvers have to be used which are less efficient

than the symmetric equation solvers.

Instead of concentrating on the collocation BEM formulation, many symmetric BEM
formulations have been developed that can directly be combined with the FEM. Most
of these variational formulations are based on Galerkin or generalized principles of
the type proposed by Reissner [49] and Washizu [50], in which the field and
boundary variables are taken to be indcpendent of cach other, therefore leading to
hybrid BEM schemes. Onc can also mention herc thc work of Schnack [51],
Polizzoto and Zito [52], Sirtori et al. [53], Dummont [54], Fclippa {55], Defigueiredo
[56], and Brebbia and Defigueiredo [57]. However, attempts for obtaining symmetric
BEM were either mechanically inconsistent, due to the inherent nature of the

asymmetric BEM matrix, or computationally cxpensive.

3.3 BEM HOSTED APPROACH

In contrast to the first approach, the BEM hosted approach treats the FEM sub-
domain as an equivalent BEM one by converting the stiffness equations of the finite
clement sub-domain to BEM-like equations. Thesc cquations are then coupled with
thosc of the BEM sub-domain while satisfying the continuity and equilibrium along

the interface.
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Considering Figure 3.1, the governing Equations (3.1) can be decomposcd and

written in the following form:

B B
“sl-lG, G,l{' 3.7)
Up {g

The matrices for the finite element sub-domain can be written in a similar manner

[, H,]

using the concept of the converting matrix defined in Equation (3.4),

[k, K:]{"f }=[M, M;]{:f} (3.8)

Ur F

At the interface, the compatibility and equilibrium conditions should be satisfied, i.c.,
Wbl=btl=t'} er (3.9)
=it} er (3.10)

Using (3.9) and (3.10), Equations (3.7) and (3.8) can be rearranged and written

together as:
H, HZ -Gz 0 u _ GI 0 tg (3 11)
0 K, M, K;||¢ 0 M,||f ’
F
ur

These equations will of course need to be rearranged in accordance with the boundary

conditions.
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This method of coupling involves no matrix inversion as the FEM hosted procedures.
Unlike the first approach, the BEM hosted approach was employed in few
investigations [58-60], becausc in the FEM there is a lot of efficient software
available for pre- and post-processing and for solving the final large linear equation
system. Furthermore, the BEM hosted approach destroys the positive characteristics

of symmetry and bandedness that originally exist in the FEM.

3.4 ITERATIVE DOMAIN DECOMPOSITION METHODS

More recently, the coupling of BEM and FEM has been achicved through the iterative
domain decomposition methods. In these coupling methods there is no need to
combine the coefficient matrix for the FEM and the BEM sub-domains, as required in
most of the conventional coupling methods. A sccond advantage is that different
formulation for the FEM and BEM can be adopted as basc programs for coupling the
computer codes only. Scparatc computing for cach sub-domain and successive
rencwal of the variables on the interface of both sub-domains are performed to reach

the final convergence.

Gerstle ct al. [61] presented a solution method, which was itcrative in nature. Their
idea was to iteratively apply displacement boundary conditions on the interface of the
FEM and BEM sub-domains, calculate the resulting forces on the interface, and then
to use the unbalanced force vector on the interface as a predictor for the applied
displacements in the next iteration. However, their method was applicable only for

symmetric BEM formulation with the disadvantages discussed carlier.
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Percra ct al. [62] prescnted a parallcl mcthod that was based on the interface
cquilibrium of Steklov Poincare. Their method may not be suited for certain classes
of problems where the natural boundary conditions are specified for the entire
external boundary of the FEM or BEM sub-domains. In such case the specification of
Neumann boundary conditions over the whole boundary of any sub-domain, will

result in non-unique solutions.

Kamiya ct al. [63] employed the rencwal mcthods known as Schwarz Neumann-
Ncumann and Schwarz Dirichlet-Neumann. Both methods, however, are not suited
for problems where the natural boundary conditions arc spccified on the cntire
cxternal boundary of the FEM sub-domain. Kamiya and Iwase [64] introduced an
iterative analysis using conjugate gradient and condensation. However, the conjugate

gradient method is only applicable to symmetric BEM formulation.

Lin ct al. [65], and Feng and Owen [66] proposed a mcthod which is considered as a
scquential form of the Schwarz Dirichlet-Neumann method. The method was based
on assigning an arbitrary displacement vector to thc interface for the BEM sub-
domain. Then, the energy cquivalent nodal forces of the solved interface tractions
were treated as boundary conditions for the FEM sub-domain to solve for the
interfacial displacements. The solution was achiecved when these two sets of

displacements converge.

In the following sub-sections the formulation of the main iterative domain

dccomposition methods are critically reviewed.
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3.4.1 Parallel Schwarz Neumann-Neumann Method

In Parallel Schwarz Neumann-Neumann method, the traction (Neumann data) is

assumed in advance on the FEM/BEM interface [63]. The computations for FEM and

BEM are performed in parallel. The iterative method can be described as follows:

oy
.

!\)

Set initial values { B0 }= f}

Calculate {[ F.0 }

)5, 1}

Do for n=0,1, 2,...

Solve

Apply

Until

A S I AT e
[k, K:]{:f }={;7F } for fef )

F.n F.n

Bn+l} {Bn}“’ﬁ({‘rn} {IBn})
U wer }=- 1145, )

where, B is a relaxation parameter to speed up convergence

[hoo)-b5 Y
[t ]

where, € is a given tolerance.

A drawback of this method is that it requires a parameter B, which may be

cmpirically selected. Some trial and error and cxtensive experience are inevitable.

Another major drawback is that the method may not be suited for certain classes of
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problems where the natural boundary conditions arc spccificd for the entire FEM or

BEM sub-domains.

3.4.2 Parallel Schwarz Dirichlet-Neumann Method

In Parallel Schwarz Dirichlet-Neumann method {63], the assumed data on the
interface of the BEM sub-domain is the displacement (Dirichlet data), while that of
the FEM sub-domain is the traction (Ncumann data). The computations for FEM and

BEM are performed in parallel. The iterative method is described below:

1. Sect the initial guess {u ,',',, }= {E } and {f,.!.o }= {i}

2. Dofor n=0,1,2,...

Solve H, 112]{“,g }=[G, 62]{:’3 } for ¥4, }

uB.u B.n
X, Kz]{u;}={f{} for 4l |
uFJl F.n
Apply {";';...u }=(1—7){l£,..}+7 {lﬁ}

Uk s =M1t}

where, 7 is a relaxation parameter to speed up convergence

[fehner -t}

Until
" {‘;.nd}" <

where, € is a given tolerance.
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The parallel Dirichlet-Neumann method requires the selection of a parameter v,

which demands some trial and error, and cxtensive cxperience. Furthermore, the
mcthod may not be suited for problems where the natural boundary conditions are

specified on the entire external boundary of the FEM sub-domain.

3.4.3 Sequential Schwarz Dirichlet-Neumann Method

The Scquential Schwarz Dirichlet-Ncumann itcrative mcthod can be described as
follows [65,66]:
1. Sctthe initial guess fu’, }= {@}

2. Doforn=0,1, 2,...

Solve - [H, Hzl{",g ]»=[G, Gz]{:,g } for ¥2,, }

u B.n B.n

Solve [, KZ]{";}:{ fe }for{u},.}

]
F.n - M B.n

Apply A S YT SR R A

where, « is a relaxation parameter to speed up convergence

haet - Wb}
" {‘ Bansl }"

where, € is a given tolerance

Unul <€

The method has the same limitation as that of the parallel Shwarz Dirichlet-Neumann

method.
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3.5 SUMMARY

This chapter presents a background on the existing FEM/BEM coupling methods. The
conventional coupling methods employ an entire unified equation for the whole
domain, by combining the discretized equations for the BEM and FEM sub-domains.
Although the FEM hosted approach concecived morc convenience than the BEM
hosted approach, their shortcoming is that the algorithm for constructing the entire
cquation is highly complicated when compared with that for cach single equation. In
order to overcome the stated inconvenience, iterative domain decomposition methods
wcere developed. In these methods, scparate computing for the BEM and FEM sub-
domains and successive rcnewal of the degrees of freedom on the interface of both
sub-domains are performed to rcach the final convergence. Different methods were
critically reviewed. The iterative FEM/BEM coupling mecthods presented in Section
3.4 offers many advantages over the conventional coupling methods and appears to
bc promising. However, the important issuc of convergence of the iterative methods
is not fully addressed. Also the effect of scveral parameters such as the initial guess,
matcrial and geometrical propertics of the sub-domains, and relaxation are not
investigated. Moreover, the iterative domain decomposition coupling methods [61-
66] arc limited only to linear clastic or potential problems, and are not suited for cases
where the natural boundary conditions arc specified for the entire external boundary

of the FEM sub-domain.



CHAPTER 4

CONVERGENCE OF THE SEQUENTIAL DIRICHLET-

NEUMANN ITERATIVE COUPLING METHOD

4.1 GENERAL

Several methods for coupling the FEM and BEM were critically reviewed in Chapter
3. Although the iterative FEM/BEM coupling methods offer many advantages over
the conventional coupling mecthods and seem to be promising, the important issue of
convergence is still not fully addressed. The objective of this chapter is to establish
the convergence conditions for the Sequential Dirichlet-Ncumann iterative coupling
mcthod presented by Lin ct al. [65], and Feng and Owen [66]. Scveral factors
involved in the convergence of the method arc discussed. Benchmark examples arc

presented for validation.

4.2 CONVERGENCE OF THE ITERATIVE METHOD

In this section, the convergence of the Sequential Dirichlet-Neumann iterative
coupling method is investigated. The findings will be confirmed by numerical

cxamples in Section 4.3.
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For the sake of convergence discussion, the BEM and the FEM equations can be

rewritten in more detailed sub-structured forms:

l:H,, Hpy ) [uf| _[Gu Gi:][ef @.1)
H, Hj ||u} G: G|t

i eva
At the interface, the compatibility and equilibrium conditions are:

lupl={ut } er’ 4.3)
Utleimlfeg}=0 er 4.4)
The FEM/BEM iterations arc written as:

{uh, nur }= - @) {uf  Jra {ul,, } 4.5)

After applying the boundary conditions and rearranging, Equation (4.1), can be

written in the following form:

Gl a)fca) “s
l,’; Ay Ay “:r )
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where, X7 is a vector which contains all unknowns in thc BEM sub-domain except

the interfacial displacements uj and traction tf. Cp is a vector which contains all

BEM known quantities. Similarly, after applying the boundary conditions and

rcarranging, Equation (4.2) can be written as:

F F F,; | |[C
ur Fy Fijlfr
where, C, is a vector of known FEM values. Using Equation (4.4) in the second of
Equations (4.7) gives:
ujf =F,Cp —Fy, Mt} (4.8)

Using the second of Equations (4.6) in (4.8) gives:

ur =C uh+E (4.9-a)
where

C =~F,MA,, (4.9-b)
and

E=F,Cy —F;,,MA,C,g (4.9-c)

Substituting for u;-,,, in Equation (4.5) using Equation (4.9-a) gives:
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Up, =l-a)+aClup, +a E (4.10)
where, I is the unit matrix. Now, Equation (4.10) is an iterative method of the form:
X, =D,X,+d, 4.11)

which converges if and only if the set of eigenvalues o(D,) of the matrix D, is
contained in the unit ball B(0,1) in thc complex planc [67]. Equation (4.10)

converges if and only if:

oc(l-a)+aC)c B(0,1) 4.12)
or
oc@C)c Bla-11) 4.13)
or
11
c(C)cB(l—-—,—) (4.14)
a o

The ball is centered at Z =1—$, with the radius l Next, it can be shown that, if
a

/=x+iye o(C) with x<I1, then /e B(l—ai,é) for some «a. For this the

following inequality has to be satisfied:
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ll_(l_i) L @.15)
(04 a
or
2
[x—a-l)] +y? < 1, 4.16)
(04 a“”

which, upon simplification, gives:

4.17)

(I-x)P+y?< 201 -x)
o

Notc that inequality (4.17) immediately implies the necessary condition x<1.

Inequality (4.17) can be rewritten as:

2(1-x)
a< m (4. 18)

The forcgoing discussion shows that if Z; =x;, +iy;...Ay =X, +iy, are the

cigenvalucs of C, then,

ISisN

20-x;) }

a < min
{(l“xi)z +.Vi2

4.19)
and x; <1, i=L2,..,N

arc the necessary conditions for the convergence of the Sequential Dirichlet-Neumann

iterative coupling method.
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For a proper choice of «, the specteral radius of the iteration matrix ((1 - +acC )

which may be denoted by p((1-a)! +« C), may be minimized.

Let
A=A, 4,..4,) (4.20-a)
and
I'=01 1..1) (4.20-b)
then
p@~af +aC)=max{| Q-a)+a s | }=| A-a) T+a i . (4.20-c)

where, | (1-a) I+a 4 [, is the infinity norm of the itcration matrix. The problem
now is to choose & such that | (1-a) I+« 4|_ is minimized. Due to the fact that
|-]. is not differentiable, an explicit value for the optimum «a is not readily

obtainable.

However, noting that L".11]2 <[ldl. <|x],. one can uy to obtain a value of the

JN
rclaxation parameter (& ) that minimizes the Euclidean norm. If for such & , it turns

out that | (1-&) I+& 4|, <1, then so will be the infinity norm and consequently

the spectral radius of the iteration matrix. Proceeding with this idea let
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Fay=|-a)1+a z],’ (4.21-a)
then
F'(@) =2Re(” (4— D) +2a| i1’ (4.21-b)
and
Fia =2]i-1I* >0 4.21-c)

The initial values (4.21-a) correspond to the minimum a. Now sctting F’(a) =0, the

following cquations are obtained:

_Re('(i=1)

_ 4.22)
-1l

a =

and

o Rew G- DY’

= (4.23)
min R 2
[+-1|

Then a sufficient condition for convergence in this casc is F;;, <1. Moreover, this

condition implies that & necessarily satisfics Equation (4.19).

The two conditions for convergence depicted by Equations (4.19) give rise to a set of

factors that control convergence. The most important one is the selection of the
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parameter a, which greatly affects thc convergence of the Sequential Dirichlet-
Neumann itcrative coupling method. Beyond the values given by Equation (4.19), the
mcthod does not converge. Also from the discussion given in this section, it can be
concluded that convergence is dependent on the eigenvalues of the matrix C , which
in turn arc dcpendent on K, H, G and M matriccs. This indicates that convergence
is decpendent on the mesh density on the interface, specified type of the boundary
conditions for the given sub-domains, and the geomectrical and material propertics of
the sub-domains. It is interesting to notc that the initial guess is not involved in the

conditions for convergence.

4.3 BENCHMARK EXAMPLES

The conditions for convergence were cstablished theoretically in the previous section.
Also, the factors that affect convergence of the method were clarified. Two
benchmark examples are given for validation. These examples also serve to clarify
somc issucs related to the convergence of the Sequential Dirichlet-Ncumann iterative

coupling method.

4.3.1 Potential Flow Problem

The first benchmark example (Figure 4.1) is a potential flow in a rectangular domain
governed by Laplace cquation, i.e., &,V?u=0 in Q,, where k ; 1s the material
property in the sub-domain Q. and « is the potential. The decomposed portions are

modeled using the BEM and FEM. The domain is decomposed to the FEM and BEM
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Figurc 4.1: Potential Flow Problem

1« =200

67



68

sub-domains with 0<x<a and 0< y <& . The boundary conditions are selected as
u(0,¥) =0, u(a,y) =200, and zero flux (k;Vu ) elsewhere. The effect of the relative
malerial properties (kg/kp), relative size of the computational sub-domains
(ag/ar ), and initial guess is investigated. For ag/ap =1, the domain is modeled
using 18 lincar boundary elements and 40 linear triangular clements (Figure 4.2). Due

to the simplicity of the problem, the results agrec very well with the exact solution

and therefore, they are not given here.

The cffect of kgz/ky on the convergence of the solution is shown in Figure 4.3,
which clearly indicate that both the optimum value and the applicable range of «

vary with kg /k. . The Figure also shows the crucial role of a in achieving the
convergence. As an example, for kg /k =8, a should be within the range of 0.02 to

0.20, in order to assurc convergence. Beyond the value of 0.20, the iterative method

docs not converge.

Similarly, Figure 4.4 gives the applicable range of a for different relative sizes of the
computational sub-domains (agz/ar) with kg/kp =1. For example, Figure 4.4

indicates that for ag/as =0.2, the convergence can not be achicved when a > 0.32.

The optimum value and applicable range of a for diffcrent combinations of ag/ap
and kg /k; are given in Table 4.1. It is interesting to obsecrve that for combinations

of very high values of kgz/kr and low values of agz/ar, applicable range of a



Figure 4.2: Discretization for the Potential Flow Problem
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Table 4.1: Applicable Range and optimum values of a for Different Values of
ag/ar and kg [k,
kB/kF
a,fa, 0.1 0.50 1.0 2.0 8.0
0o Range  0.02-1.32 0.02-0.56 0.02-0.32 0.02-0.18 0.02-0.04
Optimum 0.68 0.28 0.16 0.1 0.02
04 range 0.02-1.58 0.02-0.88 0.02-0.56 0.02-0.32 0.02-0.08
Optimum 0.8 0.44 0.28 0.16 0.04
range 0.02-1.8 0.02-1.32 0.02-0.98 0.02-0.64 0.02-0.20
10 Optimum 0.9 0.66 0.5 0.34 0.12
40 range 0.02-1.94 0.02-1.76 0.02-1.58 0.02-1.32 0.02-0.66
Optimum 0.96 0.88 0.8 0.66 0.34
80 range 0.02-196 0.02-1.88 0.02-1.76 0.02-1.58 0.02-0.98
Optimum 0.98 0.94 09 0.8 0.50
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rcducces to a very narrow range. The limit and optimum values given by Table 4.1 are
found to be in good agreement wi