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Abstract

This thesis presents a non-linear finite element model for the flexure shear response of RC beams
strengthened externally by epoxy bonded steel and glass fiber reinforced plastics (GFRP). The salient
features include (i) the introduction of a thin, six-noded element to simulate behavior of the
concrete/epoxy glue/plate interface and (ii) a scheme of loading a virgin RC beam to a prescribed
displacement to simulate damage, unloading and then reloading the damaged RC beam repaired by an
external plate. Results are presented for RC beams repaired by plates of varying thickness and a
transmutation of failure mode is noted from classical flexure for the case of external reinforcement in the
form of thin plates to a unique concrete cover rip off failure for thicker plates.

Using experimental-numerical approach, and based on data from a specially designed half beam
specimen and experimental results from other specimen geometries, combined with their respective non-
linear finite element idealizations, a classical Mohr-Coulomb failure law together with a tension cut-off is
suggested for the material characterization of the steel/glue/concrete interface.

Drawing on results of numerical and experimental studies, a rational design approach for plated
RC beams is crystallized by interpreting major modes of failure including (i) flexural, (ii) interface
separation and (iii) concrete cover rip-off. New expressions for peak interface shear and peeling stresses
as well as a predictor equation for shear resistance of plated RC beams are presented for use as design
aids.
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This thesis presents a non-linear finite element model for the flexure shear
response of RC beams strengthened externally by epoxy bonded steel and
glass fiber reinforced plastics (GFRP). The salient features include (i) the
introduction of a thin, six-noded element to simulate behavior of the con-
crete/epoxy glue/plate interface and (ii) a scheme of loading a virgin RC
beam to a prescribed displacement to simulate damage, unloading and then
reloading the damaged RC beam repaired by an external plate. Results
are presented for RC beams repaired by plates of varying thickness and a
transmutation of failure mode is noted from classical flexure for the case of
external reinforcement in the form of thin plates to a unique concrete cover
rip off faiiure for thicker plates.

" Using experimental-numerical approach, and based on data from a specially

designed half beam specimen and experimental results from other specimen
geometries, combined with their respective non-linear finite element idealiza-
tions, a classical Mohr-Coulomb failure law together with a tension cut-off
is suggested for the material characterization of the steel/glue/concrete in-
terface.
Drawing on results of numerical and experimental studies, a rational design
approach for plated RC beams is crystallized by interpreting major modes
of failure including (i) flexural, (ii) interface separation and (iii) concrete
cover rip-off. New expressions for peak interface shear and peeling stresses
as well as a predictor equation for shear resistance of plated RC beams are
presented for use as design aids.
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Chapter 1

General Introduction

1.1 Introduction

The need to maintain, repair and upgrade structures has now come to be
recognized as being just as important as their design and construction. The
level of maintenance, particularly in the Kingdom, is expected to rise due to
the extensive deterioration of structures experienced in the Gulf Peninsula.

The increase in vehicular loading, as has been seen in the Kingdom
[1,2,3], may render the load carrying capacity of existing highway bridges
inadequate. There is therefore an urgent need to strengthen the bridges
to carry the extra load. In some cases strengthening becomes necessary
due to poor construction and workmanship which may result into cross
sectional strengths originally calculated not being achieved, or if individual
reinforcing bars are incorrectly placed. In yet other situations, changed
use of the structure may create internal forces that exceed the limiting
capacity of the member. Strengthening repair may also become necessary
after structural damage due to settlements, explosions, vehicular impacts,
fire etc.

Depending on the type of structure, 2 number of techniques have been

used in the past to achieve the desired improvement, and in case of concrete
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structures, some of the most common methods include

* Replacing non-structural toppings with structural elements or by lighter

materials to reduce the dead loads
¢ Introducing extra supports
* Adding extra reinforcement by stapling and guniting

* Prestressing either externally or internally.

The cost of such work as well as the long periods of time and the disruption
involved can often be considerable. Evacuation of all or part of a building,
or road closures in case of bridges, may be necessary while the work is being
carried out and all these add to the cost.

With the advent and development of strong epoxy adhesives in recent
years, strengthening of concrete structures by bonding external plates has
come to be recognized as an effective and convenient method of improving
structural performance. The gluing of steel plates to the surface of the
concrete ensures composite action with the original member and helps in
carrying the live load or live and dead load if propping or some other load
reliéving method is used. This techxiique has the virtues of being relatively
simple in application, quick to carry out with minimum disruption to the
functions of the facility, and when completed the changes to the structural
dimensions are only of the order of a few millimeters.

Some of the most important and interesting features regarding the be-
havior of reinforced concrete beams strengthened with externally bonded

plates are summarized in the list below:

e Full composite action can be achieved between a concrete member

and a steel plate by the use of a suitable epoxy glue.

¢ Plating can be used to increase flexural capacity of R/C beams weak

in flexure due to inadequate main reinforcement or to increase the
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shear capacity of those beams weak in shear due to inadequate pro-

vision of stirrups.

¢ Plate bonding has a considerable reducing effect on crack widths and

deflections.

¢ In situations where failure of a flexurally strengthened reinforced con-
crete member is by yielding of the plate (i.e. when plates are suffi-
ciently thin), the ultimate strength of the structure can be accurately

predicted by using conventional R/C theory.

o When it is necessary to use relatively thick plates, failure may occur
by horizontal cracking and plate separation starting at the plate ends.
In this case, the plates do not reach their yield stress and failure is
sudden, brittle and without warning. This failure mode precipitated
by an interface failure occurs when the interface shear stress exceeds

the shear strength of the concrete-glue-steel interface.

The last aspect of the repair by plate bonding technique is of considerable
concern to practicing engineers and forms the basis of some of the theoret-
ical and experimental research being carried out at universities worldwide
including KFUPM.

Due to the various factors involved, the problem of premature failure,
which though is of such practical significance, does not lend itself readily to
straightforward strength of materials analysis. Yet the vast potential of this
technique as an effective repair and strengthening tool, has led to rapid field
implementation based on actual laboratory findings. The understanding of
fundamental behavior however has lagged behind. The main thrust of this
thesis is to help bridge this gap and is achieved by using a finite element
approach for the analysis of the pfoblem.
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1.2 Aims and Objectives of the Project

The overall objective of this work is to use finite element as a numerical
tool to (i) analyze and understand the structural response including failure
mechanisms of reinforced concrete beams strengthened by epoxy bonded
steel plates and (ii) develop a criteria for the rational design of such repaired

R/C beams. The specific objectives of the study include:

o Development of a computaional model in the form of a non-linear
finite element program so as to adequately predict load-deflection
response, the ultimate load and state of stress in the critical zone of

plate curtailment.

o Experimental determination of the material properties of the glued
interface and hence construction of a material model needed as input

to the computational analysis.

» Verification of the program by comparing the numerical results to

existing experimental data. The experimental data relating to beams

- bonded by cither steel plates or by glass fiber composite plates is de-

rived from experiments conducted at KFUPM and other researchers
elsewhere, particularly at University of Sheffield in the UK.

1.2.1 Finite Element Program

To be able to accurately simulate the structural response of a reinforced
concrete member, the finite element model must be capable of simulating

material nonlinearity including

e concrete cracking in tension and associated tension stiffening
e plasticity of concrete in compression

¢ plasticity of reinforcing steel
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e nonlinearity due to bond-slip
o shear degradation of concrete.

For beams strengthened with external plates, special elements must be
formulated to model nonlinear material characteristics unique to the steel-
glue-concrete interface.

The program used in this study takes into account all of the above
material nonlinearities by using an iterative approach in the computation
algorithm to achieve an acceptable solution at any given load increment.
The required degradation is achieved by updating the element stiffness ma-
trix at any iteration and at the same time redistributing resulting stresses
to be compatible with the appropriate constitutive law. Each component of
the plate bonded reinforced concrete beam is modeled by a different element

type, for which the stiffness matrix at any given iteration is derived.

1.2.2 Material Properties of the Glued Interface:

Several test configurations are needed to permit the construction of a uni-
versal material law for the glued steel/concrete interface capable of simu-
lating the associated characteristic failure mechanisms. Failure of the glue
interface normally occurs in the concrete at low shear stresses if accompa-
nied by tensile normal stresses acting transversely to the interface, and at
relatively higher shear stresses when the normal stresses are compressive.
Double lap shear tests such as those used in experiments by Charif [4]
as well as single lap tests of the type described in this work generally do
fail at higher shear stresses due to the interface transverse normal stresses
which are compressive. On the other hand an R/C beam under a four
point loading and whose tensile face is bonded an external plate fails at
much lower shear stresses as a result of transverse tensile or peeling forces

simultaneously occurring at the zone of plate curtailment.
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Whereas it is possible to determine the peak shear stress at failure as
well as the shear stiffness of the interface, measurement of the accompa-
nying transverse normal stress is practically impossible. In this project,
a numerical-experimental technique is used to assess the normal stress at
failure of the various test configurations leading to the derivation of a ‘Mohr-

Coulomb’ type material law for the glue interface.

1.2.3 Program Verification

To verify that the finite element program developed simulated the structural
response of a plate bonded beam, comparison between the numerical results
and documented experimental data was made. In this respect data from
experiments conducted at KFUPM and at the University of Sheffield was
used.

Aspects of structural response compared include deflections, ultimate
loads, cracking patterns, strains and stresses in the bonded plate and in-

ternal reinforcement as well as the overall failure mechanism.

1.2.4 Design Guidelines

In order to arrive at a rational design criteria for the plate bonded reinforced
concrete beam, a parametric study must be undertaken to determine the
influence of the various variables. In this project the parameters studied

included

¢ bonding plate geometry. Aspects studied in this case were the plate
thickness and width, position of plate curtailment and also the effect

of the plate taper in the zone plate curtailment.

o the effect of level of damage prior to repair, on the load capacity and
other structural properties of the plate bonded reinforced concrete

beam
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e type of ultimate failure as influenced by amount of main steel rein-

forcement

The concept of design for plated beams hinges on the relative plate
thickness where for beams strenthened or repaired with thin plates, failure
of is dominated by extensive flexural concrete cracking and steel yielding
and ultimate failure defined by the crushing of concrete in the compression
zone. In this case, the design can be based on strain compatibility and the
use of a rectangular compression stress block similar to the ACI method for
RC beams in flexure. As the plate thickness increases however, the interface
stresses at the plate curtailment zone increase and if the allowable strength
values for the interface are exceeded, the plate may separate resulting in
premature failure.

If the bonding adhesive is weak or if the gluing is not properly done, this
type of failure may be characterized by plate debonding initially emanating
from the plate curtailment. As the plate debonding proceeds away from
the support and as the effective plate length is reduced, the peak peeling
stresses progressively increase till such a value that a shear critical crack
develops leading to sudden failure.

If the glueing is strong enough so as to prevent plate debonding, crack-
ing emanates from the location of plate curtailment. The existence of peak
peeling and shear stresses at the plate curtailment zone in addition to the
bending stress results in a biaxial tensile stress state forcing the crack to
move in essentially horizontal direction just below the level of internal re-
inforcement where the section is weakest. Failure ensues when the moving
horizontal crack joins an existing shear flexural crack, culminating in a
steep vertical ascent towards the point of loading.

To determine the external plate thickness sufficient to strengthen or
repair an RC beam therefore, the design procedure should consist of three

steps namely: Step I: The plated beam should be designed for flexure
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assuming plate yielding and concrete crushing on the compression side.
Step II: The interface stresses must be checked to ensure they are within
limits to avoid plate debonding. Step III: The shear capacity of the plated
beam must be checked to safeguard the beam against sudden failure due

to concrete cover rip-off.

1.3 Thesis Qutline

Chapter 2 of this thesis presents a literature review of the state of the art

related to this work in three broad categories namely;

o Study related to the bonding of plates to damaged reinforced concrete
beams. This includes the experimental study of the parameters that
affect plate bonded beams and application of the repair technique to
actual practical problems in the field.

¢ Approximation techniques based on strength of materials and par-
tial interaction theory to determine stress concentrations at the plate

curtailment.

o Laboratory determination of the mechanical properties of the glued

steel-concrete interface.

Chapter 3 contains explanations regarding the material model used in
this work and details the constitutive relations for the different compo-
nents of the externally bonded reinforced concrete beam at all load levels
including the failure criteria.

In chapter 4, the finite element model is presented where the governing
differential equations are derived using the minimization of the total po-
tential energy. For each of the element type, the finite element discretiza-
tion, the strain-displacement relations as well as the numerical integration

schemes are discussed.
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Chapter 5 describes the experimental configurations used in this study
to investigate the mechanical properties of the glue interface and techniques
used to derive a characteristic material law. The technique is built around
a non-linear finite element discretization of various test specimens used to
characterize interface behavior.

Techniques used to implement the material and finite element models
as described in chapters 3 and 4 respectively, into a working computer
program are presented in chapter 6.

In chapter 7 the ability of the finite element program developed in chap-
ter 6 to predict the structural response of a reinforced concrete beam ex-
ternally strengthened or repaired with plates is verified. Results from the
numerical computations are compared with experimental data derived from
experiments done both at University of Sheflield and at KFUPM.

Chapter 8 contains explanations regarding the numerical experiments
conducted to determine the influence of several parameters on the structural
response and ultimate behavior of repaired and strengthened R/C beams.

Guidelines to assist in the rational design of plated beams are suggested
in chapter 9. A regressed equation, based on considerable data obtained
from numerical experiments is presented to allow for the determination of
interface stresses. A predictor equation for the shear strength of plated
beams is also presented in this chapter after a survey of experimental data
reported by different researchers.

The general conclusions of the present work are presented in chapter 10.

Appendix A contains the users manual for the main program and Ap-
pendix B explains the use of a pre-processing program capable of generat-
ing an input file for the main program. Instructions for using the graphical

post-processing program are contained in Appendix C.
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Literature Review

2.1 Introduction

The numerous advantages offered by plate bonding as a strengthening tech-
nique compared to other more traditional methods of repair have provided
an impetus into experimental research to come up with some design guide-
lines for the confident use of the technique in the field. The results of such
intensive experimental investigations have led to rapid field implementa-
tions even before fully understanding the fundamental mechanics of the
plate bonded beam.

Computations of the ultimate loads and deflections of plated beams
based on standard design codes as well as theoretical calculations based on
strength of material approaches have been used and compared to experi-
mental data. Numerical modelling has been restricted to finite difference
approach in order to estimate the shear stress concentration occurring at
the location of plate curtailment. No existing model analytical or numer-
ical, has attempted to include aspects of material non-linearity which can
play a significant role in the overall response.

In this chapter, areview of the literature related to this work is presented

in three categories namely;

10
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o Experimental study of the parameters that affect plate bonded beams
and application of the repair technique to actual practical problems
in the field.

o Approximate techniques based on strength of materials used to evalu-
ate stress concentration at the plate curtailment. Methods employing

the partial interaction theory with partial slip are also reviewed.

¢ Laboratory determination of the mechanical properties of the glued

steel-concrete interface.

Literature related to application of finite elements to reinforced concrete
beams and use of finite element techniques to model interfaces is reviewed
in Chapter 3 and 4.

2.2 Plate Bonding of Damaged Beams

The attempt to use epoxy resins to form the shear connection between ex-
ternal steel plates and existing concrete for purposes of repair or strength-
ening was simultaneously pioneered in France [5] and South Africa [6] in
the late 1960s and early 1970s. The technique of structural strengthening
by plate bonding has also been used elsewhere including parts of Europe [7]
and Japan [8], where at least 240 undercapacity bridges had been plated by
1975. In the United Kingdom the technique has been applied to highway
bridges [9] as well as buildings. A list of known such applications as of 1987
is given in Table 4 of reference [10]. In the Gulf region, repair of structures
by plate bonding has been used at ALBA aluminium smelting plant in
Bahrain [7] and parking garages in Riyadh and Jeddah, Saudi Arabia [11].
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2.2.1 Experimental Study of Beams Bonded with Steel
Plates

Irwin [12], in his study on the use of plate bonding technique for strength-
ening beams in flexure, concluded that the crack widths of the plated beam
were significantly reduced to almost half of those on the unplated beam,
whereas the moment capacity did not increase to any great degree.
Experimental studies done by Macdonald [13] focused on the effects of
several variables including adhesive properties, joint geometry, plate thick-

ness and load cycling, on the structural performance of plated reinforced

concrete beams. The results showed that the load to produce a crack of

certain width in a plated beam was approximately double the load needed
to produce the same size-crack in the unplated beam, but with no sig-
nificant increase in the load carrying capacity. From observations in all
cases, failure occurred in the plated beam by horizontal shear in the con-
crete adjacent to the steel plate, commencing at the end where the plate
is terminated. Also, after the plate separation, subsequent failure seemed
to occur by shear/compression failure of the concrete at a load similar to
the failure load of the unplated beam. The important observations stated

in Macdonald's study [13] may thus be summarized as:

¢ Bonding of steel plates increased the beam stiffness and resulted
into more closely spaced flexural cracks. Ultimate loads were in-
creased by 40 % and stiffness by 190 %.

o Proportion of plates. Narrow plates with large width b, and small
thickness ¢, gave ductile failures with yielding of the plate and even-
tual crushing of concrete. The lower flexural stiffness of the plate
reduced the peeling stresses. It is recommended that rapid shear

failure may be prevented by using a b/t greater than 60.

s Adhesive flexibility. A flexible adhesive did not change the crack
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pattern nor the load at first crack and whereas the more stiff adhesive
resulted in a similar deflection response, more closely spaced cracking
pattern was noticeable. He thus recommended [13] the use of a stiff
adhesive.

® Measured shear stresses. Very low peak shear stress values of
7 between 0.13 and 0.8 MPa were reported. This was however, at-

tributed to inaccuracies of strain measurement.

o Partial bonding of the plates resulted in the same ultimate loads

as full bonding although the cracking was more extensive.

Jones, Swamy and Ang [14] studied the influence of bonding steel plates
on the behavior of under and over reinforced concrete beams. One parame-
ter studied was the relative efficiency of different plate thickness for under-
reinforced beams. Two over-reinforced beams with plates bonded on the
tension and compression respectively were also included in the experimental
investigation. Some of the important observations, results and conclusions

from their study may be summarized as follows;

¢ Modes of failure were characterized by yielding of the rebars and
plates for under-reinforced beams of depth 150 mm and bonded with
thin plates of 1.5 and 3.0 mm., whereas beams reinforced with thicker
plates of 5 and 10 mm. failed by plate separation followed by tearing
commencing at the plate curtailment. The over-reinforced beams

suffered a sudden failure due to crushing of concrete in compression.

¢ Increase in ultimate loads was 100 % for under-reinforced beams,
44 % for over-reinforced beams with plates on the tensile face and
only, 22 % for over-reinforced beams with plates on the compression

side.
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¢ Effect on cracking was that the first crack was delayed by plate
bonding but little effect on crack spacing. Crack lengths and widths

were however reduced.

» Measured shear stresses of T between 2.13 and 2.18 MPa were

constant and thought to be function of concrete strength.

¢ Plate on the compression face buckled initiated by the crushing

concrete.

¢ In the theoretical analysis a rectangular stress block with 0.6 f
was used. Using the actual ¢ — ¢ for steel, a strain compatibility for
concrete with &, = 0.0035, the experimental cracking and ultimate

loads were accurately predicted.

The effect of parameters such as plate thickness, glue thickness, layering
and lapping of plates, variations in glue thickness and presence of stress
concentrations in the adhesive layer, on the service and uitimate loads were
studied in the experimental investigations performed by Swamy, Jones and
Bloxham [15]. A total of 24 beams of width 155 mm and a total depth
of 255 mm were tested and summarized below are the salient features the

study;

e First crack load. Best results are obtained when the glue layer is
as thin as possible. Other parameters such as plate lapping, stress
concentrations in the adhesive layer as well as precracking did not

seem to have any significant effect on the first crack load.

¢ Flexural rigidity was found not to be constant and varied with the
applied load, degree of cracking, plate and glue thicknesses. Increas-
ing the thickness of plates reduces deflections and plate strains. The
same result seems to apply with glue thickness though to a lesser
extent.
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* Ultimate load. The increase in the ultimate loads between the
plated and unplated beams was 10% — 16% for plate thicknesses less
than or equal to 3 mm. For the beam plated with 6 mm, the ultimate
loads decreased by 5% - 16%. Glue thickness had no visible effect
on the ultimate loads for thin plates, but lead to slightly lower loads
when thicker plates were used. Qverall factor of safety between the

service and ultimate loads was about 1.6.

¢ Theoretical prediction of ultimate moments was done using

three different methods, namely

1. CP110 without a partial factor of safety.

2. strain compatibility assuming cracked glue, CP110 rectangular

stress block and no partial factors of safety.

3. same as no. 2 except the glue was assumed to be uncracked.

It was concluded that ultimate moments may be predicted by con-
ventional means except for beams with thick plates (t, > 6 mm) since
such beams are unable to develop the full flexural capacity.

¢ Modes of failure.

— Beams with 1.5 mm plate failed in flexure with yielding
of the main reinforcement and plate. No plate debonding was
noticeable. Similar failure pattern was reported for beams with
lapped plates, variable glue thickness and stress concentration
risers in the glue layer and also for beams precracked before
plating.

— Beams with 3 mm plates experienced a flexure/shear-bond
failure though flexural mode dominated the failure mechanism.
No debonding was noticed though concrete below the internal re-

inforcement ripped away after initiation of the shear crack at the
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plate end. Beams with lapped plates achieved full flexural capac-

ity though the final failure mechanism was that of shear/bond.

— Beams with 6 mm plates had the concrete cover ripped off
but no debonding in the glue layer was noticeable. The steel did
not yield and results indicated that a thinner glue layer gives

more efficient performance.

¢ Limiting plate thickness to prevent brittle premature failure should
be such that the ratio of plate width to thickness b/t is less than 50.
To avoid conditions of over reinforcing, the ratio x/d should be less
than or equal to 0.4, where z is the depth to the neutral axis and d

the effective depth.

Conclusions along similar lines were made in an earlier study by Jones,
Swamy, Bloxham and Bouderblah [16].

Swamy, Jones and Chariff {17] in their investigation on the effect of plat-
ing structurally damaged RC beams considered two cases of strengthening,.
In one case, beams loaded up to 70 % of the ultimate load were unloaded

and strengthened in the unloaded state while in the second case the beams

‘were strengthened in the loaded state. The result was that strengthening

of severely cracked beams is structurally efficient and beams were restored
to flexural stiffness and strengths more superior to unplated beams. Other

conclusions of the study include;

¢ Flexible epoxy adhesive will not crack before failure and thus is a

full participant in the composite system.

o Strengthening of predamaged unloaded beams had no adverse
effect on the the beam behavior though cracking effect was more pro-

nounced on loads beyond the preload level.

o Strengthening of predamaged beams under high stress lead
to higher strains and deformations but less than the unplated beams.
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o Anchorage stresses were assessed using conventional elastic theory.
The shear stress in the anchorage zone may be calculated as
VAy
T=— 2.1
7 (2.1)

where

V max shear,

A area of transformed section using long term modular ratio,
7 distance from the neutral axis to the mid-plane of plate,

b width of plate and

I second moment of area of the transformed section using long

terrn modular ratio.
Then the maximum shear stress,
Tmaz = 27 < Tun = V2, (2.2)
where

Tul¢ Wtimate shear stress and

ft the tensile strength of the concrete.

In summary, these investigations show that bonding of thin steel plates
on the tension faces of concrete beams can lead to significant improvements
in the structural performance under both service and ultimate load condi-
tions. However, the investigations also show that premature failure may
occur because of shear and normal stress concentrations at the ends of the
steel plates resulting in debonding of the plate or ripping off of the concrete
cover. Although bolts at the plate curtailment may help prevent the pre-
mature tearing off of the plate, glued anchor plates on the beam sides seem
to produce the best performance with thick plates as found out by Jones,
Swamy and Charif [18] and Charif [4].
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2.2.2 Long Term Durability Study of Plated Beams

To study the long-term behavior of reinforced concrete structures strength-
ened with externally bonded reinforcement, the Swiss Federal Laborato-
ries for Materials Testing and Research (EMPA) started in 1973 a special
program of testing reinforced concrete beams strengthened by externally
bonded steel plates, with a planned observation period of at least 15 years.
Christoph [19] has reported the initial information obtained after one, three
and five years of this study. The different parameters that have been studied
in this research include the magnitude of the load, the type of weathering
and the type of corrosion protection. The results showed that no significant
damage has occurred in comparison with the original conditions.

To investigate the possibility of deterioration of the bond between steel
and concrete due to weather, Calder [20,21,22] carried out prolonged ex-
posure tests on plain concrete specimens one side of which was bonded
a steel plate using a structural adhesive. Some of the specimens were left
unloaded while others were subjected to sustained flexural loading. The ex-
posure sites were chosen to represent three different environments, namely
a high rainfall rural region with clean air, a highly polluted industrial area
and a coastal marine environment. Some of the specimens were kept in a
controlled laboratory environment at constant temperature and humidity.

The results of strengths and stiffnesses under a four point loading of
the outdoor specimens exposed for various periods compared to those of
similar beam specimens kept in the laboratory, showed that no significant
damage has occurred, though attention needs to be given to alternative

surface treatments. Similar results have been reported by Gemert [23] and
Weder [24].
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2.2.3 Theoretical Analysis of Plate Bonded Beams

In the sections below is presented theoretical and analytical techniques that
have been used thus far in the literature to model the stress state in the
adhesive layers in order to asses the fajlure mode and predict the ultimate

loads of plated beams.

2.2.3.1 Bonded Plate Analysis using a Strength of Materials Ap-

proach

Formulations based on equilibrium of the force systems at the steel/glue
concrete interface as well as the strain compatibility of the transverse sec-
tion result into some of the basic design guidelines to be followed in the
deign of plates for strengthening of reinforced concrete beams. In one such
formulation, Jones, Swamy and Charif [18] evaluate the shear and peeling
stresses in the zone of plate curtailment and their analysis is presented in

the next sections below.

Glue/Plate Interface Shear Stress

Equilibrium, S F, =0 of a plate element as shown in figure 2.1 result in

T, +dT, T, — fy,deb, = 0 (2.3)
o 1d7,
= P

where fy, is the glue/plate interface bond stress and b, the plate width.
Using the concept of equivalent section,

fo _ T _ My, ©(2.5)
Ny Apn,, It )

where
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Strain Diagram

Ji s

J—pr Plate %il_ Ep————‘—f’p /’)’L

Section EDZ: + d7;

Plate Element

Figure 2.1: Shear stress in glue/plate interface
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A, cross-sectional area of plate

E.
n, modular ratio, —2%° ~ 8.0

concretle
Y distance from the neutral axis to the mid-plane of plate
I; moment of inertia of the transformed section

fsp the tensile stress in the plate.

The incremental form of equation 2.5 becomes

dT,  dMy,

= 2.6
Apnp It ( )

into which, if substituted dM = Vdz results in
4T _ Vipdony (2.7)

dr Ig

Using equation 2.7 into 2.4 yields the glue/plate interface bond stress as

VypApn,
_ ————— 2.8
be Itbp ( )

Glue/Concrete Interface Shear Stress

Equilibrium, 3° F; = 0 of a plate-glue element as shown in figure 2.2 result

in
frcbpdz = (Ty + dT;) — Ty + (T, + dT;) - T, (2.9)
o dT, + dT,
=9 7P 11

Also by analogy of equation 2.7

ﬂ _ Vy,Agng
dz - It
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Glue

Figure 2.2: Shear stress in glue/concrete interface
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A, cross-sectional area of the glue layer

n, modular ratio, Eatve  © 0,03 - 0.30

concrete

Yy distance from the neutral axis to the mid-plane of the glue layer

dT, t c e
Comparing equations 2.7 and 2.11 results in ETE ~ Z—pt—p which is in the
9tg
range of 12 - 270. Assuming d7, as small compaired to dT,, equation 2.10
becomes T
= L = 2.12
fbc bpdm fbp ( )

Effect of Plate Cut Off
I: Shear Stress

Assuming the plate is fully effective at section BB (see figure 2.3) and elastic
theory applies at a distance Z from the plate curtailment, the stress in the
plate section at BB is given as
V(L + Z)ypnp
Gp=——Tp
t

For average bond shear stress over length z,

(2.13)

FooEby = 0, A, (2.14)

such that when used in equation 2.13, the shear stress becomes

V(L+Z
fbp = ( +Itm)ypnPAp

1
zb,
L

Vy,A,n,
= (14L) Yeedens 2.15
(1+§:) I, (2.15)

When L = Z, equation 2.15 compared to equation 2.8 shows considerable

increase in the average bond stress near the region of plate cut off. Tests
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Figure 2.3: Development length at plate cut off
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show this to be true [18], with non-uniform interface bond stresses and a
high peak value near plate end. This f;, increase plays a critical role in

failure by plate separation.

II: Peeling Forces

The resultant of the interface stresse f,; over an element length dz is given
by (Figure 2.4a),
dF, = fi,bydz (2.16)

Replacing the force system in Figure 2.4a with an equivalent single force

and couple moment acting through the centroid of the plate results in

t
M, =b, (tg + Ep) f (2.17)
where M., is the twisting moment per unit length and as seen in Figure 2.4b
is the total unbalanced peeling force due to the plate curtailment. Using
equation 2.15 into 2.17 results in

Vyn,A, ( t,,) ( L)
— i = 1
M, T t, + 5 1+ . (2.18)

Derived from a strength of materials approach, using elastic theory and
equilibrium, equations 2.15 and 2.18 clearly indicate the basic guidelines
to be followed in the design of plates for strengthening reinforced concrete
beams. Equation 2.18 implies that peeling forces can be minimized by
reducing A,, ¢,, t, and L, and increasing z. The latter can be attained by
using flexible glue.

The experimental values of interface bond stress fy, were very high in
the anchorage zones near the ends of the plate, with a limiting value of
V2fi, where f; is the tensile splitting strength of concrete. Theoretical
stresses based on the simple elastic theory as given by equation 2.8 did

not yield a consistent relationship to the measured values [18]. However, a
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dfa = fipb, dzx

e s BN "
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(a). Glue/Plate Element at Plate Curtailment
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wt b
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(b). Development of Peeling Force

S Plate

Figure 2.4: Development of peeling forces near the plate cut off in glue/plate
interface
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magnification factor of 2 applied to the stress obtained theoretically gave
a reasonable estimate of the peak values. This suggests an T ~ L for the
glue used in this particular set of experiments. A somewhat more rigorous
but still elastic analysis was carried out by Roberts [25] and summarized
in the sections below.

2.2.3.2 Approximate Analysis of Shear and Normal Stress Con-
centrations in the Adhesive layer of plated beams

The analysis presented by Roberts [25] is a superposition of three stages
and diagrammatically illustrated in figure 2.5. In stage I, full composite
action between the reinforced concrete beam and bonded plate is assumed
and in the second and third stages, the solution is modified to take into

account the actual boundary conditions due to plate curtailment.

Stage I

In the first stage of the analysis, the shear force per unit length, 7, in the
adhesive layer, and the resultant normal force t1 in the steel plate can be

expressed using conventional theory and full composite action as

- VQ Fbd
1= _I- = '—;E(hp - h) (219)
and Mid
tl = Ip p(hp - h) (220)
where

V = F the global shear force
M the global bending moment

by, d, width, thickness of the bonding plate
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F F4+dF
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M _ M+dM he— |
T
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(a). STAGE I: Fully Composite

RIGID BASE
tro——..L J— tia
l:z:=0 (i) :t=a.l
ms mgtdm,
T; (Force/Length) IA T, + 7, (Force/Length)
t, t + di, titts
A T e oo T
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(ii) (iii)

(b). STAGE I: Rigid Base, Glue Layer has only Shear Stiffness

RIGID BASE

" 3

(c). STAGE Hi: Rigid Base, Glue Layer has only Normal Stiffness

Figure 2.5: The three stages of analysis according to Roberts
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h, depth to the center of the bonding plate
h depth to the neutral axis and

I the second moment of area of the transformed equivalent steel sec-
tion about the neutral axis.

At the plate end where z = 0 or 2 = a, and M = My or M = M,, the
respective quantities 7, and ¢, are denoted by 10, t1p and 7y, t1,.

Stage II

In the second stage of the analysis, forces —t;9 and —#,, are applied to the
plate since in reality, the resultant axial forces at plate ends are non-existent
(see Figure 2.5b(i)). The approximate solution is achieved by assuming a
steel plate bonded to a rigid concrete base through an adhesive layer with
a finite shear stiffness. If 7, is the shear flow (force per unit length), then

Tolue = bzz' = Ga'y = Ga 1;7‘81
or ] G b
7—-2 = ; u'urcl = I{surel
and ;
K, =G,-= 2.21
{, =G a (2.21)
where

Tgiue Shear stress in the glue
Y shear strain in the glue layer
G, shear modulus of the adhesive layer

ba,d, width and thickness of the adhesive layer and
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U, Telative deformation on the opposite sides of the glue layer.

From equilibrium (Figure 2.5b(ii)), the shear force in the adhesive layer is

given as p
_ ta
— —— ¢ 2.
i Ku (2.22)
and the normal force as J
u
t2 = prpdpa- (223)

where
E, is the elastic modulus of the plate and
u the plate displacement in the x direction.

Combining equations 2.22 and 2.23, the resulting governing differential

equation becomes,

du
'@ —a‘u=90
K
2 s
= 2.24
* = Ebd (2.24)
Solution of equation 2.24 using the boundary equations that ¢, = —typ at
z =0 and t; = —#;, at £ = a becomes
tiosinhaz  tigcoshaa — ty, coshaz (2.25)

T T Epbde | Ebdasinhaa

Using equation 2.25 into 2.22 the shear force per unit length becomes

. _[ K, \* ) ticoshaa — t4,
Tp = (m) [—tmsmhax + o coshaz (2.26)

Equilibrium of a steel differential element dz at end of solution stage II
results in the shear force (see Figure 2.5b(iii)) ‘

dm d
fo= T;— +(R+7)F (2.27)
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at = 0, my may be ralated to the global curviture M, by the equation
EI
=My | —F2 - 2.28
Mo 0 [(EpIp T EcIc)] ( )
where I, I, are the second moment of area of plate and concrete about
their respective centroidal axes, based on non-composite action. However,
during the pursuit of the thesis, the expression used in equation 2.28 was

found to be incorrect. Instead the value for myg should be given as
I

Moy = M()Tp (229)

where I is as defined in equations 2.19 and 2.20. This error would not affect
the final result as the terms in which it plays a role are considered by the
author [25] to be of minor significance.

Using equation 2.28 and 2.19 in 2.27 leads to

E,L
f20=[ —

d
-7 __|F, F oo ) == 2.30
(EpIp+EcIc)} o+(7'1o+7'20)2 ( )

The moment m,, and shear force f,, can be similarly obtained for z = a.

Stage III

In the third stage of the analysis, moments —mg, —mae, — fao and — faa
are applied at plate ends (see Figure 2.5¢c), and an approximate solution
is obtained by assuming that the steel plate bonded to a rigid base by an
adhesive layer with a finite normal stiffness. If & is the normal force per
unit length, then

g Wrel
Oglye = 7— = EaE = Ea'_‘
ba

d,
or Eb
Gg= (;aawrel = I{nwrel
and ;
K, = Ea-j— (2.31)
where
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Oglue transverse normal stress in the glue
€ transverse normal strain in the glue layer
E, Younge’s modulus of the adhesive layer and

w,¢ relative normal deformation on the opposite sides of the glue

layer.

Using the fact that

073 = an (2.32)
where w = w,, the resulting governing differential equation becomes
diw
oy +47'w =0
K,
R 2.33
V=I5 L (2.33)

The solution of 2.33 assuming w tends to zero as z increases and also that

at z=0,

d*w
- E Ip dz? = M3 = —Myg
d3w :

becomes

[( Fa0y + magy?)cosyz — moyy szn'y:z:] (2.35)

2E Ly 2E,L*
Using 2.35 in 2.32 leads to
g3 =2e " [( fao7 + magy?)cosyz — m20723in7:c] (2.36)
A mirror image problem may be used to obtain the solution at z = a. By
superposition,
T = n+7
F = &3 (2.37)
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The adhesive shear and transverse normal stresses are obtained by dividing
the forces per unit length in equation 2.37 by the adhesive width, b,.

By omitting terms of minor significance in 2.36 and assuming coshaa =
sinhaa in 2.25, the peak stresses at the plate end can be shown to be

1
_ K, |? b,d,
To = (Fo + [prpdp] Mo) Iba (hp h) (238)
and .
K, |*
0o = Tod, [-—4 Ep—’p] (2.39)

2.2.3.3 Comparison of Roberts and Swamy Equations

The distance z, from the plate curtailment beyond which full composite
action, may be approximated by comparing equation 2.15 suggested by
Jones, Swamy and Charif [17] and equation 2.38 proposed by Roberts [25]
for the calculation of the peak shear stresses in the glue interface as

= Eybydy i
x| === 2.
z ( é | (2.40)
Figure 2.6 shows the plot of the shear stresses as predicted by the two

approximate formulae.

2.2.3.4 Techniques Based on Partial Interaction Theories of Com-

posite Beams

Elastic models developed by Newmark [26] and Roberts [27] to study the
influence of slip on composite beams with partial interaction may be mod-
ified for the analysis of a plate bonded beam. In that case, the beam is
considered as a composite beam made up of a concrete part connected to
the steel plate through a flexible glue adhesive so as to allow slip between

the concrete and the steel plate.
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Figure 2.6: Comparison of Roberts and Swamy Equations
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In the model suggested by Newmark [26] for concrete slab connected to
a steel I-beam through shear connectors, the equilibrium and compatibility
equations for a composite beam element are reduced to a single second

order differential equation in terms of the axial force in concrete as

d&F k EI kE z

dz?  sEAY.EI sy EI

ZEI =FE,I 4 E. I,
El=Y EI + B4

11,
EA  E,A, ' E,A,

(2.41)
where

E,,E; elasticity modulus for slab and beam respectively,

A,, Ay cross-sectional areas of slab and beam respectively,

k modulus of the shear connectors,

s spacing of the shear connectors,

z distance between the centroidal axes of the slab and beam and

F axial force acting at the centroids of the slab and beam.

A more general formulation is presented by Roberts [27] where in the
derivations, the beam element consists of two materials a and b (see Fig-
ure 2.7) joined by a medium of negligible thickness but having finite normal
and tangential stiffness. Assuming elastic behavior, equilibrium and com-
patibility relations for the beam element can be reduced to [27],

d*u, d?uy

EA —+EbAb—d;2—

4 dg? =0
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d'w d'w
Buligm Elyg7 =P
d*u, dw
EaAu-(T:E_{ - K,(ua — Up — 6'2;) =0 (242)

The expressions in equation 2.42 are solved using finite difference for
the composite beam with partial interaction. To solve the plate bonded
beam with the plate curtailed short of the supports, Hussain [28] used a
finite difference model in which the material properties of the plate and
the adhesive are modified and set to zero as shown in Figure 2.8 [28], to
simulate a non-existent plate in this region. For an elastic analysis, this
approach does yield acceptable values for the interface shear and peeling

stresses.
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Concrete

Figure 2.8: Modification to plate and glue properties to solve the plate
bonded beam problem using the partial interaction theory [28]

o



Chapter 3
Material Modelling

3.1 Introduction

The failure of an externally plated RC beam can be precipitated not only by
a premature interface failure but also due to various component materials

reaching a limiting state of stress or strain, including

(1) significant cracking of concrete in tension in lightly to moderately

reinforced concrete members,
(i) yielding of internal reinforcement and external plate,
(iii) crushing of concrete in compression zone,

(iv) diagonal tension failure in RC members adequately reinforced against

flexural failure and
(v) bond failure at the interface of concrete and internal reinforcement.

In order that a nonlinear finite element model depict the global be-
havior of the externally reinforced RC beam up to failure, which may be
precipitated by a breakdown in any single component of the multi-phase

structural system, limiting failure criteria describing the ultimate state of

39
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each material must be defined. The constitutive relations at all levels of
material stresses should also be established in order to evaluate the stiffness
characteristics and at the same time adjust the stresses in the constituent
components according to the material state.

The earliest published application of the finite element method to re-
inforced concrete structure was by Ngo and Scordelis in March 1967 [29].
Beams with predefined ‘discrete cracks’ were studied using a plane stress
analysis in which the concrete and steel reinforcement were represented by
two dimensional triangular finite elements or axial bar elements, and special
linkage elements were used to connect the steel to the concrete. Scordelis,
Ngo and Franklin [30] used this same approach to study shear in beams
with diagonal tension cracks considering the effect of stirrups, dowel shear,
aggregate interlock, and horizontal splitting along reinforcement near the
support.

Because of the complications involved in using discrete crack modelling,
an alternate approach was initiated to assist in design of the containment
structures for gas cooled nuclear reactor [31]. It was necessary to model a
large segment of the concrete containment vessel, its reinforcement and liner
in order to study the overall behaviour of this structure to overload. The
concrete model, therefore, had to locate zones of cracking and how crack
development affected the overall behaviour of the structure. The conse-
quence of these demands led to the development of a smeared crack model.
Therefore in subsequent studies, emphasis was placed on the development
of the smeared crack model.

Scordelis [32] in his state of the art report on ‘Finite Element Analysis of
Reinforced Concrete’ presented the complicating factors in modelling, the
experimental research that was needed and the future studies to be done.

From 1977 to 1985 several important events and publications occurred,
which gave a strong impetus to research in this field. A state of the art
report [33] published in May 1982 by the Task committee of the American
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Society of Civil Engineers discusses in great detail topics such as Constitu-
tive Relations and Failure Theories, Modelling of reinforcement and Rep-
resentation of Bond, Concrete Cracking, Shear Transfer, Time dependent
effects and Dynamic Analyses. It also includes numerical examples and
compilations of finite element programs for nonlinear analysis of reinforced
concrete structures.

In this chapter such relations as used in the present numerical mode! are
described. The material behaviors are described for the materials of con-
crete, steel, including the internal flexural and shear reinforcement as well
as the external plate and for the material behaviors of glued concrete/steel

interface and steel/concrete bond.

3.2 Concrete

The behavior of concrete under predominantly compressive stresses is char-
acteristically different from when it is subjected to tensile stresses. Under
compression, concrete may flow plastically and as such, theories based on
incremental plasticity have been used to model its material behavior. In
tension however, cracking of the concrete and the accompanying tension
stiffening and shear degradation are some of the major contributing factors
to the material nonlinearities. In the sections below, these characteristics of
concrete material behavior and how they are used in the present numerical

model are described in more detail.

3.2.1 Behavior in Compression
3.2.1.1 Uniaxial Compression

The curves relating the stress to strain for concrete in compression for vary-
ing values of concrete strengths are shown in Figure 3.1, where it can be
observed that up to 30% of the peak stress f. [34], a linear relation is exhib-
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ited between the stress and strain. In the present model therefore, concrete
is taken to be linear elastic up to a stress level of 0.3f.. To more closely
simulate the curves shown in Figure 3.1, a parabolic stress-strain relation
is adopted up to a strain level corresponding to 2f,/E, (see Figure 3.2)
where Ej is the initial elastic modulus. The stress is taken to be constant
at a value of f, for increasing strains until the ultimate strain €4, Where at

crushing occurs and the concrete looses its stiffuess and strength.

3.2.1.2 Yield Criterion

Since the actual behaviour and strength of concrete materials is quite com-
plicated, no one mathematical model can be expected to completely de-
scribe the strength properties of real concrete under all conditions. And
even if such a model is constructed it would be far too complex to be used
in the analysis of practical problem. Therefore simpler models are used
representing only those characteristics that are essential to the problem at
hand. Models normally employed are Drucker Prager, Modified Drucker
Prager [37], and the Mohr Coulomb [38].

The yield criterion is normally written in terms of stress invariants as
F(I],Jg,Jg,X)-':O (31)
where

I, is the first stress invariant,
J2, J3, are the second and third deviatoric stress invariants and

x is the hardening parameter.

Equation 3.1 is more amenable to computer implementation if it is defined
in the principle stress space (01, 03, 63), and in terms of variables ¢, p and
6 where

§=I1/\/§
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l. fe =67 N/mm?
{9.7 ksi)
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39 (5.7)
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|
| —

Strain, €(%)

Figure 3.1: Stress-strain curves for concrete in uniaxial compression ac-
cording to Wischers [35] and adopted from [36].

{.ZJ



CHAPTER 3. MATERIAL MODELLING 44

Parabola

0.3f

;
|
I
I
f
|
|
l
|
|
! >
|

- —=—-—---—1

J &= 0.0035

Figure 3.2: Stress-strain curve for concrete in uniaxial compression used in
the present model
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o=\,

. 3V3Js
sinf = — ———

2J3/
-ssos<z (3.2)

The principle stress are them simply expressed as

oy ¢ 1 » sin(6 + &) }
gy p=—={ 1 )4 sin
0;2, V3 1 V3 sin(6 — %)

w
< = 3.3
<6<: (33)

For perfect plastic models, the failure criterion in equation 3.1 is written

(2

explicitly in terms of failure stress f, as
F(L, 72, J5) = . (3.4)

Replacing the right hand side of equation 3.4 by the effective stress g

which is a function of the hardening parameter , the perfectly plastic

- failure criterion is rendered into an isotropic strain hardening model, that

is

F(I,, J2, J3) = oo(x) (3.5)

The Mohr-Coulomb yield criterion used in this study is described as
T=c—otang (3.6)

where
7,0 are shear and normal stresses on any plane and

¢, ¢ are material constants. The parameter ¢ is the angle of internal
friction for concrete taken as 37° throughout this study.
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Equation 3.6 can also be written in terms of stress invariants as

F(Iy, Jy, 6) = %I, sin¢+\/._7—25in(9+§)+ \/-J?:cos(ﬂ—i-g)sinqﬁ—c cosp =0

(3.7)
The material constant c is obtained in terms of f, by making the Mohr-
Coulomb envelope touch the circle corresponding to the uniaxial compres-
sive test and determined as

_ f.(1 —sin ¢)

Using in equation 3.7 results in

2 L . 1 . '
F(oy;) = T~ [—3—sm¢+ \/J_g(cosqﬁ - %smqﬁcosgb)] ~-f.=0
(3.9)
for perfectly plastic models. If £, is replaced by o4(x), the model expressed

in equation 3.9 can then be used to handle strain hardening.

3.2.1.3 Flow & Hardening Rule

The flow rule defines the incremental plastic stress-strain relation in the
plastic range and is related to the plastic potential function, G(o;) [39,40]

such that
aG(O’,’J’)

5o (3.10)

de}’j =d\
where

def; is the plastic strain increment,

d) is a proportionality scalar constant and determines the magnitude

of the plastic strain increment and

the gradient 0G(a;;)/00;; termed the flow vector defines the direction

of the plastic strain increment normal to the plastic potential function.
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In associative plasticity which will be assumed in this study, the plastic
function G(o;;), may be taken as equal to the yield function F(o;;) as

given in equation 3.9 and so 3.10 becomes

6F O;s

def; :d)\—a—((—y-;i)- (3.11)
After the initial yield surface where at the onset of plastic flow is defined,
the evolution of the subsequent yield surfaces during plastic deformation
is specified by the hardening rule. Isotropic hardening is employed in this
model and is extrapolated from the assumed uniaxial stress strain relation
of concrete in compression as shown in Figure 3.2. In the post-linear stress
range of 0.3, < o < f., a parabolic relationship of the from expressed in

equation 3.12 is assumed [37].

g = EoE — 0.5'5—052
€o

0.3f. <o < f. (3.12)
where
Ey is the initial elasticity modulus,
¢ the total strain and
€o the total strain at peak stress f,. which may be taken as 2f,/Eq.

The value of Ej is taken from the equation proposed by ACI committee
363 [41,42] as

E, = 3320/, + 6900 (3.13)
for concrete strengths ranging from 21 MPa to 83 MPa.

The total strain in equation 3.12 may be decomposed into the plastic

and elastic components and substitution of the elastic portion €, = o /E,
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results in
g = —EoEp + \/2Eg€0€p
0.3/, <o < f, (3.14)
where

€p 1s the plastic strain component

The hardening parameter defined as the derivative of equation 3.14 is there-

do ' Eo
— = P — ,lr
&, x=H Ey + Eo1 / o, (3.15)

3.2.1.4 Elasto-plastic Constitutive Relations

fore expressed as

The incremental strain in the post-linear elastic range due to an infinetismal

increment in stress is given by

dei; = de; + def;

(1-2v) oF

dsij

= oa + 5 8i;dow + d/\aa,-j (3.16)
where
s3; is the deviatoric stress tensor,
E, G the elastic normal and shear modulus respectively and
v the Poisson’s ratio.
In ma.tx:ix form equation 3.16 becomes
d{e} = [D]"'d{o} + dz\-—a—F—- (3.17)

9{c}

where
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[D] is a matrix of elastic material constants.

Since the yield function in equation 3.16 is F = F(oyj,x), the total
differential is given by

JaF OF

dF = ——d + dx =0 3.18)
517} (
or in matrix form
{a}Td{o} — Ad\ =0 (3.19)
where OF OF OF
T_}Y gr dr 3.2
r - {35, 5F 2F | (3.20)
is termed the flow vector and
1 dF
4= ———"dy 2
A Doy dy (3.21)

Premultiplying both sides of equation 3.17 by {a}7[D] and using the
expression in 3.19, the proportionality constant is determined to be

d)\ =

1 T
reRpEL TRl GRLID: (322)

Using equation 3.22 in 3.17 and rearranging, results into the elastoplastic

constitutive relation as

d{o} = (Dl dic} (3.23)
where (D}{a} {a}7ID)]
[D)ep =D} - T (@) 7(D)(a) (3.24)

As outlined in reference [39], the value of 4 can be shown equal to the hard-
ening parameter H' described in equation 3.15. The elastoplastic material
matrix then becomes

apqa T
(D], = [D] - H[Pl{ {gT[}Dgl{g} (3.25)
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The flow vector as defined in equation 3.20 can be written as

OF(I,VT5,6) OF 8, ~ 8F 8T, OF o4

W) = =50y ~aL5i0) * 5% 900} T 99 0(0)
= Ci{a} + Co{az} + Cs{as} (3.26)
where on eliminating 6 in terms of J, and J;,
1
oL 1
@l = 3= 0
1
Sz
{a} = oL _ 1 | s,
YT 0o} T 2VE | 2
Sz
SySz + J2/3
_ 0J3 Sz8: + Jo/3 5
{a3} = o] = ors. (3.27)

SgSy — Tgy + J2/3
For Mohr-Coulomb yield criteria used in this study, the constants C; in
equations 3.26 are evaluated as [43]

oF 2sin ¢

Ci = 3= 3(1 — sin¢)

oF 3 tanSG@
NI, T 08
tan 30 — tanéd

2 .
= l—singbcose 1+tan9tan3t9+sm¢——T

Ca

Ch = 21—
3 2c0s 30 Jp\/J, 08

_ 2. V/3sind 4 cosfsin ¢ (3.28)
1-—-sing 2Jycos 6
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For 8 = £30°, the quantities C; in equations 3.28 cannot be uniquely de-
termined due to the singularities at the corners of the yield surface in the
stress space. The problem can however be overcome if the original expres-
sions of the yield criteria are written using explicit expressions of § as £30°.
The values C; in the neighborhood of singular points thus do become

2sin ¢
G 3(1 —sing)
_ 2 V3 sin ¢
G = 1_Sm¢(“2—im)
Cs = 0 (3.29)

3.2.1.5 Concrete Crushing

After the concrete has reached its effective peak stress, it is assumed to un-
dergo perfect plasticity until it crushes at a specific effective strain value.
The crushing type of concrete fracture is thus a strain controlled type phe-
nomenon and a strain criterion need be developed in terms of strain invari-
ants. One way of doing this is to simply convert yield criterion described

in terms of stresses directly into strains as follows [44,37):
fle)=¢€=¢, (3.30)
where
€ is the effective sirain and

Ex is the ultimate total strain extrapolated from uniaxial test results
and taken as equal to 0.0035

The loading function has the same form as stress loading function. When
the € reaches the value of 0.0035, the material is assumed to loose all char-

acteristics of strength at the sampling point concerned. The constitutive
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relations thus become

d{o} = [0]d{e}

{o} = [0{e} (3.31)

The effective strain criterion is evaluated using the Mohr-Coulomb yield

criteria as

3
£ = \/3 [sg + €2+ ez, + 1 (7§y)] (3.32)

3.2.2 Behavior in Tension

The behavior of concrete in tension is predominantly that of cracking. The
smeared crack model [31] is adopted in this study because of its generality in
permitting crack propagation and predicting crack directions, independent
of mesh configurations and element type used. The smeared crack repre-
sentation implies that the cracks are not discrete but distributed across a
region of finite element. As discussed in the sections below, tension stiffen-
ing and degradation of the shear modulus as cracks open are two aspects
included in the smeared crack model used in this study.

Cracking is governed by a maximum tensile stress criterion (or tension
cut-off). Cracks are assumed to form in a direction perpendicular to the

maximum principal tensile stress. The principal stresses are calculated as

— 2
Oy = = ; By \/ (”’ > 0“) +72, (3.33)

The concrete may thus crack in one direction if oy reaches the specified
tensile strength f, [39,36]. Depending on whether the value of o reaches
or exceeds the tensile strength f,, a second crack may develop in the or-

thogonal direction. The angle a between the direction of ¢ and the z-axis
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is calculated as

21,
tan2a = —=%—~ (3.34)
o — 0y

and the angle indicating the direction of the principal crack with respect

to the z-axis thus becomes

O=at (3.35)

After cracking the material is assumed to be orthotropic with Poisson’s

effect playing no role.

3.2.2.1 Concrete Behavior in Uniaxial Tension

The stress-strain curve for concrete in tension is linear up to about 60% of
its maximum tensile strength f;. In the present study therefore, the stress-
strain relationship is assumed linear with the initial elastic modulus of
concrete up to the maximum tensile strength f,, whereafter cracking occurs
and the stress is reduced to a value determined by the tension stiffening

parameter « (see section 3.2.2.2). On subsequent loading, the curve follows

in this study is taken as a function of f, using an equation proposed by
ACT {45] or
f, =0.324(f)3 (3.36)

expressed in MPa.

3.2.2.2 Tension Stiffening

Part of the tensile load between the cracks is inevitably carried by concrete
due to adherence or bond between the reinforcement and the concrete and
thus contributes to the overall stiffness of the structure [46]. This phe-
nomenon termed ‘tension stiffening’ has to be incorporated into a cracking
model to correctly simulate the load carrying capacity of a reinforced mem-

ber in tension. The average stress over a cracked region is thus not zero,
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but as the load is further increased more cracking occurs and the capacity
of the cracked region to carry more stresses decreases. A gradual release of
the stresses normal to the cracked plane, depending on the cracking opening
(‘cracking strain’) is adopted in this study.

The stress-strain relation used in the computational model is shown
in figure 3.3 and is essentially similar to the one proposed by Owen and
Figueiras [47]. The loading and unloading of cracked concrete is assumed
to be linear elastic with a reduced elastic modulus, E; given by

' rts 1
Ei = Olft(l—-egtt)

(o4 P
om cgrist

&t S e_qrt.st S Em (337)
where
a,€n, are tension stiffening parameters and

Egrtst the maximum value of strain ever reached at the sampling point

under consideration.

The parameter ¢,,, or the cracking strain beyond which stress cannot be
carried across the cracks, was assumed constant at 0.002 [37]. The tension
stiffening parameter a = «(f,) was calibrated against f, using results of
beams tested by Mphonde in his experimental studies on shear strength of
beams without stirrups [48], and was found to vary between 0.01 and 0.6.
Figure 3.4 shows the derived relation between the compressive strength f,
and the tension stiffening parameter « for a range of beams with a shear
span a/d > 3.6.

The normal stress thus becomes
O; = E,'E,' (338)

where
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&; is the current value of strain in direction 3.

If the strain component becomes zero or negative, the crack is assumed to
have closed and the concrete is made to acquire the uncracked characteris-
tics in the corresponding direction, but the crack direction as well as Egrest
are stored. On further reloading however, the modulus E; dependent on

Egrest 15 used.

3.2.2.3 Shear Degradation

Experimental results indicate that a considerable amount of shear stress
can be transferred across the rough surfaces of cracked concrete [49,50] due
to the rough nature and due to dowel action of steel bars. These tests
have shown that the primary variable in the shear transfer mechanism is
the crack width. In smeared cracking model the best way to account for
aggregate interlock and dowel action is to attribute an appropriate value
to the cracked shear modulus G°. In the present work an approach similar

to that used in Ref [51] is adopted, where the cracked shear modulus is

- assumed to be a function of the current tensile strain. For concrete cracked

in the 1 direction
0.25G(1 — £;/0.005) ¢, < 0.005

12 = (3.39)
0 € 2 0.005

where G is the uncracked concrete shear modulus and €; is the tensile
strain in the 1 direction [51]. For concrete cracked in both directions, the
shear modulus evaluated in equation 3.39 is further reduced by 50 perfecnt.
If the crack closes the uncracked shear modulus is again assigned to the

corresponding direction.
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3.2.2.4 Constitutive Relations for Cracked Concrete

The constitutive relations for cracked concrete are given with respect to

the local material coordinate system 1, 2. For Gauss points cracked in one
direction the relations become

[o3} &1
{ o] }= { [ } (340)
Ti2 T2

When a second crack develops in the orthogonal direction on oy reaching

E, 0 0
0 FE 0
0 0

G2
f; the material matrix is modified such that

g1 El 0 0 €1
gy = 0 E2 0 % (341)
T12

0 0 0.5G%, T2
The modulii £y and E, are equal to zero while loading but for unloading
and reloading cycles they are evaluated using equation 3.37. The shear

modulus Gy, is calculated from equation 3.39.
The material matrices expressed in the local cracked coordinate systems,
have to be transformed to the global -y system. The stresses and strains

in the local system are given in terms of the global values as

{o"} = (A%

4 = (Bl (3.42)
where
cos? § sin? 8 2sinf cosd
[4] = sin® 4 cos’d  —2sinfcosf (3.43)
—sinfcosf sinfcosf cos?f —sin?é
and _
cos® 8 sin’ 4 sin 8 cos §
[B] = sin®@ cos? § —sinfcos (3.44)
—2sinfcosd 2sinfcosf cos?8 — sin6
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Inverting equation 3.42 results in

(%} = [D9{%)
[D€] = (47" [D*](B] (3.45)

3.3 Steel

3.3.1 Internal Steel Reinforcement

A one dimensional elastoplastic material model ia assumed for the internal
flexural and shear stee! reinforcement. The yield is defined by the uniaxial
yield stress oy and further loading results in elastoplastic behavior with
linear strain hardening as depicted in Figure 3.5. An increment in stress
do results in a 