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Abstract

This research was motivated by the occurrence of premature damage in a number of concrete
bridge decks in the form of severe cracking and pot hole type of failures in the Kingdom of Saudi Arabia
entailing high expenses of repair and maintenance.

The primary objective of the research was to develop a generalized computer model for
reinforced concrete slabs using nonlinear finite element analysis by modeling various forms of
degradation in the material throughout the loading history.

The influence of several material parameters such as yield criterion of concrete, hardening of
concrete, cracking of concrete, shear degradation, crushing of concrete, dowel effect and elasto-plastic
behavior of steel on the failure of reinforced concrete slabs was studied. Also the structural parmeters
were varied in order to study the influence of several factors on the metamorphosis in failure modes of
reinforced concrete slabs.

Based on this study, the mechanisms of commonly observed failure modes including those of
flexure and punching shear occurring in bridge deck slabs have been explained.
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Chapter 1

INTRODUCTION

1.1 BACKGROUND TO THE PROBLEM

A number of concrete bridge decks suffered premature damage in
the form of severe cracking and pot hole type of failures in the king-
dom of Saudi Arabia entailing high expenses of repair and maintenance.
In view of this, a national research project [1] was sponsored by King
Abdulaziz City for Science and Technology (KACST) to investigate the
cracking of bridge decks in Saudi Arabia. In this project a series of
experiments were conducted in order to study pattern of crack forma-
tion, crack growth and overall failure modes of girder-siab type roln-
forced concrete (R/C) concrete panels. Although this thesis is not for-
mally a part of that research program, the motivation behind the work
reported herein is to develop a parallel nonlinear computational model
based on finite element methodology in order to study the flexure/shear

response of R/C slabs by modelling various damage components.

It has been observed that due to in plane compressive forces
induced by support restraints the flexural capacity is enhanced consid-
erably. This behavior is often referred to as arching action or com-
pressive membrane action. In view of the evidence of existence of the

favourable influence of membrane forces Ontario Bridge Code [2| has
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introduced an empirical design method using 0.3% isotropic steel at both
top and bottom faces of the slab. This approach is based on the
assumption that the most likely mode of faillure is the floxural made of
failure and the possibility of fallure precipitated by other localized
mechanism under occasional heavy repetitive wheel loads precluded.
Experiments {3] made it evident that progressive crack nucleation
impeairs the punching capacity and forms a closed envelop creating in
effect a surface of separation leading to premature punching failure.
Such a8 metamorphosis in fallure modes from global fallure to localized
failure calls for comprehensive non-linear computatioﬁal analysis in
order to assess the contribution of various damage components and to

find the actual collaplm'r mechanism. v

There are several aspscts to the nonlinear analysis of such struc-
tural problems. The major aspect is the constitutive modelling of the
material as It dogrados throughout the load history. Othor aspocts
include the development of the computational model to analyze a struc-
ture subjected to certain loads and the numerical solution of the nonli-
near problem. Finite element technique has been evolved to be the

most powerful computational model to analyze such structural problems.

1.2 SCOPE AND OBJECTIVES

The scope of this thesis is the static nonlinear finite element analy-
sis of R/C slabs subjected to distributed patch loading. Attention is
focussed on rectangular R/C slabs, which are treated using layered,

9-node Lagrangian element formulation. Displacements are small and
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temperature, creep and shrinkage effects are out of scope of this work.

Also bond behavior is assumed to be perfect. Experimental data on fle-

xure/shear behavior of R/C slabs as available in the literature is used

to verify the computational model developed.

The primary objectives of the proposed research are as follows:

1.

To develop a generalized computer model using nonlinear finite
element analysis for the prediction of flexure and shear response
of R/C concrete slabs by modelling various forms of degradation
in the material throughout the loading history.

To use this software to implement some of the existing e}asto-
plastic constitutive models for concrete. The software would be
written in a modular form, rendering it convenient to accommo-
date new developments in constit.utive modelling of concrete.

To present the full range sensitivity study of various compo-
nents of material model on the response of R/C slabs.

To explain the mechanisms of various failure modes of R/C slabs
such as flexural, flexure-shear and punching shear.

To study the influence of several factors on the metamorphosis

in failure modes of R/C slabs.

The various components of the nonlinear model are chosen so as to

reflect :

1.

yielding of concrete according to an appropriate stress yield cri-
terion with hardening.

cracking of concrete with tension stiffening

shear degradation of cracked concrete.

elasto-plastic ylelding of steel.



.

4, crushing of conorete according to a strain criterion.

1.3 LITERATURE REVIEW

There exists voluminous lterature addressing the floxural responso
of slabs, especislly pertaining to enhancement of slab strength due to
compressive membrane action [4-7], with a worldwide consensus on its
behavior. As far the shear and shear/flexure interactive fallures are
concerned there appears to be a lack of consensus on the role of the
various characteristic parameters influencing such fallures. This Is
reflected in the conservative approach adopted by the design codes,
with the American Concrete Institute (ACI 318-83) Code not reflecting
the beneficlal effect of main reinforcement on punching resistance, and
both British Standards (BS 8110 : 1985) and ACI neglecting any contri-
bution of edge restraint to punching capacity. Also the punching shear
capacity 1s proportional to the square root of the concrete strength in
ACIl whereas in BS 8110 the shear capacity of the concrete is propor-
tional to cube root of the concrete strength. Moreover in the design
codes the punching shear strength of a concrete slab is usually checked
by considering a cylindrical surface around the loaded area (column
section) at a distance equal to the effective slab depth or a fraction of
it as the critical punching section whilst the actual failure surface is by

no means cylindrical as borne out from the experiments.

In order to overcome the lmitations of empirical design methods,
theoretical approaches were tried. There have been three main types

of theoretical approaches. One is the rotational mcdel introduced by
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Kinnunen and Nylander [8,9], the second is from the application of per-
fect plasticity theory by Nielsen et al [10] and the last is based on a
truss model developed by Andra [11] .and Van Dusen [12]. All these
methods have divergence features making their general acceptance diffi-
cult. The Kinnunen and Nylander approach seems to give the best
account of both slab behavior and the factors affecting punching resis-
tance, but involves various assumptions of questionable validity. In
this model the. slab is considered to be divided into rigid segments each
bounded by two radial crack lines. Hewitt and Batcheior [13] used Kin-
nunen and Nylander model and incorporated effect of edge restraint.
Shehata and Regan [14] improved the Kinnunen and Nylander model in
many ways. They assumed that at near failure a rigid wedge element,
bounded by the internal inclined crack and the initial circumferential
crack, is detached from each radial segment and rotates independently
around the center of rotation. These models include the effect of ratio
of reinforcement and its yleld strength, effect of ratio of slab radius to
its thickness and the influence of concrete strength on punching resis-

tance.

Expressions for punching collapse load using plasticity theory have
been presented by Braestrup, M. W., et al {15], Nielsen,M.P. [10]. A
modified Mohr-Coulomb was used as the fallure criterion for concrete.
Braestrup M. W. [15] suggested parabolic fallure envelope combined
with a circular tension cut-off. More recently, Jiang and Shen [16]
presented a similar model using 8 second-degree parabola to simulate
the Mohr-Coulomb fallure locus. Bortolotti {17] included strain softening

of concrete in the form of failure surface generatrix.
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The application of plasticity theory for punching fallure modelling
was questioned by Bazant and Cao (18] in view of Its brittle mode of
failure. The reason presented is that concrete does not exhibit a hori-
zontal yield plateau after reaching the failure envelope, but exhibits a
straln softening. Consequently, the limit states are not reached simul-
taneously at various points of the failure surface in concrete. Rather,
. they are reached in sequence, so the failure zone propagates. Further
they added that there is evidence of size effect on thé punching shear
stress which is the well established phenomenon for brittle fracture
type behavior. Thus plastic_limit analysis could be applicable only to
very small specimens, such that the slab thickness is only a few maxi-
mum aggregate sizes. Then, however, the slab is no longer a homoge-
neous continuum and the applicability of continuum analysis is question-

able.

Furthermore the models based on plastic theory completely ignore
both dowel and membrane actions of flexural reinforcement. For slabs
where the slab diameter is relatively large with respect to punching
diameter, as in the general case, the outer part of the slab that sur-
rounds the punching cone does not remain undeformed (rigid disk)
while the punching cone has its relative vertical displacement. Also the
degree of homogeneity is largely affected by the extensive cracking in
radial and tangential directions along the failure surface. These con-
siderations lead to the conclusion that punching resistance of slabs can

not be estimated by limit analysls.

Alexander and Simmonds [19] extended the concepts of Van Dusen's

{12] truss model and proposed & model consists of a three dimensional
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space truss composed of concrete compressive struts and steel tension
tles. The reinforcing steel and concrete compressive fields are broken
down into Individual bar strut units. The compressive struts are
assumed of two types: one parallel to the plane of the slab (anchoring
struts) and the other at some angle to the plane of the slab (shear
struts). They assumed that punching shear failure could be repre-
sented by a truss analogy and that failure is due to the concrete cover
failing to contain the out-of-plane component of force between the rein-

forcement and the concrete compressive struts.

Analytical procedures based on experimental data were attempted to
predict the punching capacity of siab at interlor colunms by Long and

Bonds |20}, Long [21], Gesund and Dikshit [22] and Yitzhaki [23].

Extensive experimental data was produced in the last forty years by
many researchers in the reslm of punching shear study of R/C slabs:
Richart and Kluge {24], Elstner and Hagnested [25], Scordelis et. al [26],
Kinnunen and Nylander {8], Moe [27], Anderson (28], Kinnunen {9|, Tay-
lor and Hayes [29], Mowrer and Vanderbiit |30], Corley and Hawkins [31],
Criswell {32], Gerber and Burns [33], Masterson [34], Aokl and Seki [35],
Nylander et. al {36], Kinnunen, Nylander and Tolf {37], Shehata (38|,
Regan (39,40}, Narayan {41], Bazant and Cao (18], Gardner |42| and Dra-
gosavic and Reukel [43], The test results of Taylor and Hayes [29]
reflected an iInteresting phenomenon that the beneflcial effect of edge
restraint on the fallure load, identified as punching, appeared to taper

off as the main reinforcement percentage was increased.

In the work presented thus far, the one serious limitation appears
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to be the lack of definition of what constitutes a punching failure, and
its true failure mechanism at macrocrack level. All the procedures dis-
cussed thus far have certain limitations with regard to incorporation of
all the effects contributing to the punching capacity and no method
includes these effects comprehensively. ‘. An salternate, sophisticated and
rational procedure is cslled for in order to clearly understand the

mechanism of punching fallure explaining how various factors affect

such a fallure.

To an increasing degree, computational modelling of R/C structures
is finding its way as an essential tool towards understanding the com-
prehensive behavior of these structures considering the complex inter-
actlve effects of various parameters. Finite element modelling is one of
the most promising method as applied to R/C structures. The earliest
published application of the finite element method to R/C structure was
by Ngo and Scordelis in March 1967 [44]. Since then enormous amount of
work has been done on the material modelling of concrete with the
advancement of finite element technique due to development of high
speed computers. State of the art papers which review much of
research done in North America and Europe from 1967 to 1976 have been
published by Scordelis {45}, Schnobrich [46,47] and Wegner [48]. From
1977 to 1985 several important events and publications occurred, which
gave a strong impetus to research in this field. A state-of-the-art
report [49] was published In 1982 by the Task committee of the American
Society of Civil Engineers. Recent developments up to 1985 in the
realm of nox_rlinear finite element analysis of R/C structures is pre-

sented In the state-of-the-art seminars sponsored by Japan Society for



Promotion of Sclence/U.S. National Science Foundation [50}.

Attempts to apply finite element method to punching shear problem
have been reported only sporadically. Masterson and Long [51] used
this method for punching problem when the complexities in the concrete
material were not recognised yet fully. Recently de Borst and Nauta {52]
simulated the punching shear in circular slabs by uslug an axlsymmotric
model. They used the non-orthogonal cracks within the smeared crack
concept. The concrete in compression is modelled as elastic-perfectly
plastic using Mohr-Coulomb yleld surface. Simlar effort has been done
by Gonzalez-Vidoss F. et al. (53] in which they also simulated the
effact of punching using axisymmetric non-linear finite element modelling
and finally presented the mechanism of fallure of slabs with and without
stirrups in view of the distribution of radial and tangential cracking.

In [52] and {53}, the problem is formulated axisymmetrically which is
appropriate exclusively for circular slabs in the two dimensional frame
work. Such a model can not be applied to rectangular slabs specially
when precise modelling of boundary restraint in terms of dlsplacements
snd rotations are desired in order to see the effect of restraint on
punching capacity. Moreover, the perfectly plastic models are used for
concrete while It is evident from experiments that concrete exhibits
hardening behavior in compression even at lower level of stress. Also
the interactive effect of cracking with bond between steel and concrete,
known as tension stiffening is completely ignored which has been

proven to be an important aspect of modelling of R/C structures.

Considering these limitations of the past work, a nonlinear elasto-
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plastic finite element model for R/C slabs using plate bending formula-

tions under generalized triaxial condiiions is presented.

1.4 ORGANIZATION OF THESIS

Chapter Two contains the behavior of concrete and a literature
review of some of the existing constitutive models for multiaxial behav-
jor of concrete. A yleld criterion has been proposed which is simple
and reflects most of the characteristics of concrete failure envelope.
Also the elasto-plastic formulation of concrete is presented for computer
implementation. Modelling of other coméonents such as cracking of con-
crote with tension stiffening in conjunction with shear degradation,

elasto-plastic steel, and crushing of concrete i{s presented.

In Chapter Three, the finite element model is described. Standard
formulations for degenerate plate element are given. Some other
aspects of this formulation such as types of elements, layered model,
numerical integration are discussed.

A finite element program FATIMA for nonlinear elasto-plastic analy-
sis of R/C slabs is described in Chapter Four. A detsiled discusslon of
important subroutines is presented. " The correctlonv of stresses for
ylelding concrete and steel, cracking and crushing concrete is elabo-

rated.

Chapter Five consists of the verification of the developed computa-

tional model as applied to some square and rectangular slabs from liter-

ature.
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Chaﬁter Six presents a parametric variation study of material,
structural, geometrical and finite element parameters on the behavior of
R/C slabs. Mechanism of fallure modes is presented in the perspective
of the influence of reinforcement ratio and support restraint on the

metamorphosis of failure modes.

Chapter Seven presents conclusions, suggestions and future scope

of the work.
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Chapter 2

MATERIAL MODELLING

~

2.1 INTRODUCTION

With the advancement of finite element technique and availabllity of
high speed computers, there ixas been a demand for refined and sophis-
ticated models in order to trace the response of reinforced concrete
structures in the nonlinear post-cracking and post-yleld range. The
limitations of linear elastic, plastic and ultimate load theories necessitate
the nonlinesr analysis by a computational model such as finite element
method. Linear elastic theory can never predict the fallure stress and
the true factor of safety is never determined. To overcome this objec-
tion, plastic methods and ulfimate load theories have been developed.
Since determination of the actual fallure stress distribution and collapse
mechanism is not straightforward due to complex geometry of structures
and loading, these methods can not be relied for important structures.
Moreover there is no consideration in these methods for several other
factors such as: inplane behavior, failure mechanism of localized fail-

ures, effect of load history, etc.

Although the use of finite element technique for R/C structures is
highly promising, yet the task of modelling the material behavior was

and remains a great challenge. Ever since this method was applied to
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°R/C structures, concrete material modeiling has become a very active
area of research. Although a great deal of progress has been made by
researchers as seen in the state-of-the-art reports {49,50], continuing
research work is still attempting to resolve some of the difficult issues.
These include: nonlinear behavior, tension cracking, biaxial stiffening
and strain softening phenomenon, modelling of post fracture behavior
and lnteract_lon effect between the concrete and reinforcing bars. For
the development of a mathematical model, the typical experimental data
is used for concrete under uniaxial, biaxial and triaxial states of stress
in order to simulate the material behavior and to determine the various

material constants in the mathematical model.

To model the nonlinear response of' concrete as a continuum, four
distinct approaches have been employed i.e., nonlinear elasticity based
models [54-59|, plasticity-based models [60-63], plastic-fracturing models
|64,65], and endochronic theory [66-69]. A complete evaluation of these

approaches was given in state-of-the-art report 149].

In the nonlinear olasticity based models, nonlinear deformational
response of concrete is simulated incrementally as a pieccewise linear
elastic material with variable moduli. These models have the capability
of producing repeated, hysteretic effects in cyclic loading. However,
experimental data under reversed loading is still very scarce, thus lim-
iting further developments. Also ‘variable moduli approach does not
model accurately the behavior of concrete at high stress levels and it
may have the continuity problem when stress paths are on or near neu-

tral loading.
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The strain-hardening plasticity models can be considered as a gen-
eralization of elastic perfectly plastic models and they satisfy all the
basic principles of continuum mechanics such as the requirements of
uniqueness and continuity of stress near neutral loading paths. Theose
models use strain-hardening theory of plasticity with an associated flow
rule for plastic concrete before fracture. An initial discontinuous sur-
face or elastic limit surface is described similar to the failure surface
for uniform hardening. When the materisl ls strossed beyond the Inttint
discontinuous surface, a subsequent new discontinuous surface called
the loading surface is developed. This new surface replaces the initial
discontinuous surface. If the material is unloaded from and reloaded
within this subsequent loading surface, no additional irrecoverable
deformation will occur until this new suruface is recached. If straining Is
continued boyond this surface, furthor discontinuity and additional
irrecoverable deformation results. In other woi-ds, at cach stage of the
history of loading there exists a loading surface in stress space con-
taining all states Vot stress which can be reachod by slastic changos and
any straining beyond this surface is accompanied by the irrecoverable
plastic deformation. Beyond the elastic limit, the normality condition or
the so-called assoclated flow rule is assumed to govern the post yielding
stress-strain relations for concrete. Once the loading surface is
defined, constitutive equations based on the concept of flow rule can be
derived. The stress failure surface In terms of stresses is dofined as
the outermost extreme of the loading surface similar to that of perfectly
plastic yleld surface. Crushing surface is expressed in terms of
strains to mark the eventual collapse of the yielded material. Once the

stress failure surface is reached, the concrete begins to flow under
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constant stress.

The theory of incremental plasticity does. not take into account
microfracturing, which in contrast to plastic phenomena, is accompanied
by a degradation of elastic moduli. Plastic theory does not reflect the
change in elastic moduli, but rather it accounts only for the plastic slip
which is true for the conditions of very high hydrostatic pressure. 1f
the unloading slopes for various points of the stress-strain diagram are
known, these two ccntributions to inelastic behavior can be rigorously
distinguished [64]. In contrast to plastic phenomena, the fracturing phe-
nomena are better characterized in terms of a loading surface that
depends on strains rather than stresses. Since stress decrease Is
impossible for strictly plastic behavior, it is the fracturing which is
respensible for ' the strain-softening, i.e., the decline of stress at
increasing strain. The fact that the loading surface that governs frac-
turing should depend on strains rather‘ than stresses may be also con-
cluded from the need to distinguish unloading from loading. If we con-
sider a state on the strain-softening branch, whereas both loading and
unloading involve decreasing stress, unloading is distinguished by
strain decre;sé in contrast to loading which registers a strain increase

on the softening branch.

Endochronic theory of inelasticity has been proposed to develop a
continuous model which may not require the existence of a yield condi-
tion, and to be thus free from the cumbersome hardening rules. ‘The
endochronic theory was proposed in 1971 by Valanis |70] for the
description of mechanical behavior of metals. Valanis showed that by

employing a pseudo-time scale, the intrinsic time, a constitutive
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equation in integral or differential form can successfully be used to
describe metal behaviors including strain hardening, unloading and
reloading,cross-hardening and continued cyclic stralning. The theory
does not require the specific definitions of ylelding and hardening.
Using Valanis' concept, Bazant and his co-workers have extended the
theory to describe behavior of plain concrete and reinforced concrete
under various conditions [66-69]. They have also shown that the new
constitutive formulations have the capability of correctly predicling the
nonunea: effect, creep behavior and concrete response subjected to
cyclic loadings. Although some fundamental questions of the theory
seem to need further studies, it appears to have remarkable potential of
practical applications. One of the main advantages for employing an
inelastic theory without a yileld condition is its tractabllity in the
numerical analysis of two;dimensional or three-dimensional problems,
particularly when the problem involves complicated cyclic loading histo-
ries. Further research In rf;ﬂnlng this theory Is needed in order to
circumvent the limitations of the theory to satisfy the basic principles
of continuum mechanics and to reduce the number of material constants
without sacrificing accuracy. Despite the obvious generality of this

theory, it is not used as a widely accepted modelling tool.

In addition to the nonlinear stress strain response, concrete crack-
.ing is one of the major contributing factors to material nonlinearities.
Generally, two types of crack models, i.e., a discrete model and a
smeared model, have been employed by the analysts; the latter became
popular for purposes of application. Reinforced concrete is considered

as a composite material. On the macroscopic level, it consists of two
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major components: steel reinforcement and concrete. In the modelling
of its stress-strain behavior, a general approach is to treat the
response of each component separately, then obtain the combined effects
by imposing the conditions of material cqntlnult'y. In the present work
the behavior assumed for steel is extrapolated from an idealized one
dimensional bilinear elasto-plastic curve. The steel reinforcement is
assumed as a smeared layer In the direction of rebars. Modelling of
concrete cracking is further complicated by the interaction effects
between the cracked concrete and the steel reinforcements. These
include tenslon stiffening, shear transfer due to dowel action, and bond
slip. Several techniques in the modelling of tension stiffening have
been suggested by various researchers {71-74|. It was recognized that
the overall nonlinear response of a reinforced concrete structure Is sig-
nificantly affected by tension stiffening. Another important aspect in
the snalysis of reinforced concrete nirncture- ts the consideration of
shear transfer behavior. Shear can be transferred through aggregate
interlock and dowel action across the cracked concrete sections [75]. In
the finite element analysis, such effect can be treated elther using elas-
tic spring elements {76], or by reducing the shear stiffness of cracked
concrete [77]. Due to its simplicity, the latter approach is more useful
for computational purpose. The post-cracking softening of concrete and
tonsion stiffening due to bond effects between steel bars and concrete
are accounted in this model. The cracked concrete is modeled to lose
shear stiffness gradually as the cracks become wider and with the clo-

sure of cracks the shear stiffness is assumed to resume its full value.

To account for the effect of steel reinforcement In stiffness calcula-
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tions, three alternative approaches can be used: smeared model, embed-
ded model and discrete model. A review of these methods is given in
{49). In the smeared model, the reinforcement is assumed to be distrib-
uted uniformly over the element. Assuming perfect bonding between
concrete and reinforcement, the constitutive relations can be derived
from the composite theory. On the other hand, when the rebars are
sparsely located in the reinforced concrete member, either the embedded
or discrete model becomes more effactive. In the embedded model, the
stiffness of reinforcement ls evaluated individually in the olement in
conjunction with isoparamatrici shape function. Thus, the reinforcement
need not be distributed uniformly. Also, their location and orientation
can be arbitrary. In the discrete model 44|, a one-dimensional bar ele-
ment is superimposed on the two-dimensional elements. In spite of its
simplicity of concept, the discrete model has one disadvantage in that
the finite element mesh patterns are mstr&cted by the locations of rein-
forcements. Numerically, it is less efficlent than the embedded and

smeared approach.

2.2 BEHAVIOR OF CONCRETE

Some typical experimental data for concrete under uniaxial, biaxial
and triaxial states of stress are reviewed. These data provide guidance
in the development of the computational model and also help determine

the various material constants to describe the model.



2.2.1 Uniaxial Compression

The uniaxial stress-strain curves in compression are shown In
Fig.2.1 for low-, normal-, and high-strength concretes. The normal-
strength concrete has a linearly elastic behavior up to about 30% of its

maximum compressive strength f'c. In the present work, the uniaxial

stress-straln curve is employed for the modelling of strain-hardening
behavior of multiaxial state of stress. In the present model linear elas-

tic behavior ls assumed up to stress equal to 0'3f'c and beyond this

level a parabolic stress-strain relationship Is essumed with strain corre-
sponding to peak stress equal to 2£'c/Eo for normal concrete where Eo
is initial modulus of elasticity (Fig.2.2). Beyond this peak, the stress

{s assumed to be constant at increasing strain until crushing failure

occurs at some ultimate strain £a

2.2.2 Uniaxial Tension

The typlcal stress-strain curve in tension is linear up to a rela-
tively high stress level of around 60% of its maximum tensile strength

f’t. In the model adopted herein, the curve is assumed linearly elastic

up to its maximum tensile strength t"t with a descending softening
branch (will be discussed in detail in 2.7.1). The tensile strength £y
is calculated uming oither spiit-cylindor tensile strength G/, or the

modulus of rupture 7.5J/f o’ with the latter being more appropriate for

flexural modes of failures.



20

£ =67 N/mm?
(9.7 ksi)

$5 (8.0)

48 (7.0}

39 (5.7}

Stress, 0

27 (4.0}

15 (2.2)

Fig. 2.1 Uniaxial compressive stress-strain curves for concrete |78
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22
2.2.3 Biaxial Behavior

Biaxial test results of Kupfer [79] for concrete are shown in Fig.2.3.
The maximum compressive stress increases for biaxial compressive state
which 1s known to be the biaxial stiffening effect. A maximum strength
increase of approximately 25% is achieved at a stress ratio of 0.5 and

about 16% at an equal biaxial compressive state.

Many important classes of structures can be approximated as being
in the state of plane stress, such as beams, panels, and thin shells.
In modelling such structures, test results for concrete under biaxial

states of stress are very useful.

2.2.4 Triaxial Behavior

Fig.2.4 shows typical stress-strain curves from the tests by Richart
ot al. [80]. Their tests were conducted at low or moderate confining
pressures. It is seen that under higher confining stresses the unstable
straln softening portion gradually vanishes. This Is because under
higher confining stresses the possibility of bond cracking is greatly
reduced and the failure mode shifts from cleavage to crushing of cement

paste.

Under triaxial loading, concrete has a fairly consistent failure sur-
face that is a function of the three principal stresses [81]. If isotropy
of concrete is assumed, the elastic limit, subsequent yielding and fail-
ure limit all can be represented as surfaces in three-dimenslonal princi-

pal stress space (Fig.2.5). These surfaces are closely associated with
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Fig. 2.4 Triaxial stress-strain relationship for concrete [80]
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the mechanism of Internal progressive microcracking. The surface cor-
responding to elastic limit and often referred to as initial yleld surface
marks the onset of stable crack propagation. Within this surface, the
avallable energy is less than the energy required to creale new micro-
crack surfaces. The subsequent loading surfaces are assoclated with
stable crack propagation until the failure surface is reached which
marks the onmset of unstable crack propagation and tho matorial starts
softening unstably. Eventually the fracture surface in terms of strains
marks the complete disruption of the material often referred to as

crushing.

2.2.5 Characteristics of Fallure Surfaces

The yileld criterlon F(I J 2 ? J 32 X = 0 is generally represented

1 ?
by first stress invariant I,, second and third deviatoric stress invari-

ants J 2 J a and hardening parameter y. Alternatively it is also defined

o. coordinate system as the

by variables £ , p and 0 in the ¢, , 0, , 0,

eylindrical geometric coordinates of the surface in the three-dhimensional

principle stress o, space (Fig.2.5), where
§ = l,/«/3

p = ,/2.12

and

_ _3J38 3/2 =
sin 30 = -5 J,/3, — sS0s (2.1)

I
6 6

With these definitions, the principal stresses can be expressed as fol-
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lows:
a
i & 1 sin(0+ 2rn/3)
- -k r
o,} = 7 1} + 3% sin0 ses & (2.2)
o, 1 sin(0+ 2zn/3)

The general shape of the yleld/fatlure surface can be best described by
its cross sectional shapes in the deviatoric planes (Fig.2.6) and its
meridians in the meridian planes (Fig.2.7). Experimental results indi-
cate that for concrete the fallure curve (trace of the fallure surface) in
the deviatoric plane is smootl}, convex, nearly triangular for tensile and
small compressive stresses and almost circular for high compressive

stress {82].

Two fallure curves in the meridian planes are identified as tensile
(6=-30) and compressive meridians (0=30). These meridians are also

smooth, convex and depend on the hydrostatic component of stress, I,

or £ l.e., p increases for increasing hydrostatic pressure.

The genersl characteristics of the faflure surface described above
provide the necessary guidelines required in the development of failure
models for concrete materials. A brief review of the proposed yleld and

failure criteria for concrete materials is presented now.

2.3 YIELD CRITERIA FOR CONCRETE

A multiaxial constitutive relationship is an essential component in

any finite element nonlinear analysis of reinforced concrete structures.



Fig. 2.6
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Trace of failure surface in the deviatoric plane
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Early proposed models were simple one- and two-parameter models when
the true behavior of concrete was not known. With the advent of com-
puter technology, and as more test data have become available, three-,
four- and five-parameter models have been formulated. Recent review
papers on the failure criterla of concrete have been made by Argyris et
al. [83], Eibl and Ivanyl (84), Paul [85], Chen {86}, and Chen and Saleeb
{82]. A brief review of the fallure criteria for concrete materials is pre-

sented now.

Early finite element applications utilized one parameter models such
as Rankine's maximum tensile’ stress criterion in terms of tension cut-off
to account for brittle fracture of concrete. This criterion Is still used
extensively in combination with other models for modelling of crack ini-
tlation. For ductile fallure, von Mises and Tresca yield criteria were
used. Tresca criterion neglects the effect of the intermediate principal

‘gtress, ¢o_, and cannot represent the increase in strength under biaxial

z’
compression. And both von Mises and Tresca criteria are found to be
independent of hydrostatic states of stress, and thus are not consid-

ered adequate for describing the actual behavior of concrete.

Thus pressure dependent two parameter models are proposed for use
in the computational model to be developed herein. For simplicity and
convenience, these models have assumpd that all the deviatoric cross-
sections are geometrically similar; the only effect of the pressure is to
adjust the size of the cross section. The simplest and most commonly
used two parameter models of this type are the Mohr-Coulomb and

Drucker-Prager failure criteria, whose meridians depend linearly on the
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hydrostatic stress component § (Fig.2.8). These models are used In
combination with a maximum tensile strength cut-off. As is evident
from the shapes of Mohr-Coulomb, the trace of Mohr-Coulomb surface in
the deviatoric plane is an irregular hexagon with corners. These cor-
ners are characteristic of models which are independent of intermediate

principal stress o,. Tresca and Mohr-Coulomb are examples of such

models. Since these corner.s are not numerically convenient, Drucker
and Prager [87], have suggested a smooth approximation to the Mohr-
Coulomb surface by a simple modification of the von Mises criterion
(Fig.2.8). As is evident from the shapes of Mohr-Coulomb and Drucker
Prager fallure surfaces, Mohr-Coulomb is a good predictor model at low
and moderate pressures with non-circular deviatoric sectlonv while the
‘Drucker Prager is the appropriate one at high hydrostatic pressures

with the circular deviatoric cross section.

To overcome the basic shortcoming of two-parameter models which Is
the existence of a linear relationship between £ and p and that the
deviatoric sections are not appropriate, three-paramcter models have
been developed. The three-parameter models replaced the two parame-
ter models in two ways: first by assuming a parabolic dependence of p
on £ but retaining the circular cross sectlon and as 8 socond approach
by retaining the linear p—§ relation but letting the deviatoric sections

exhibit 0 dependence.

Following the first approach, Bresler and Pistor (88|, proposed a
three-parameter failure criterion. On the other hand, the second

approach has been used by Willam and Warnke [89], to develop a three-
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parameter fallure surface for concrete In the tension and low compres-

sion regime.

Attempts have been made to develop models that exhibit both curved
meridians and noncircular deviatoric sections. Reimann [90], and Otto-
sen [91], proposed four parameter models to meet these requirements.
Later Willam and Warnke [89] developed a five parameter criterion which
has elliptic devlatoric sections and parabolic meridlans. ‘'ho  modol
meets the required characteristics concerning smoothness, convexity and

symmetry for all stress combinations.

Fallure models are used as perfectly plastic models. A fallure modol
can be rendered to an isotropic strain-hardening model by replacing tho

fallure strons ['p by the effective stress o which is funclion of slrain

hardening parhmeter x. The straln hardening models are expressed
explicitly such as

£, , J, , 33 = 0,0 (2.3)

Initial and subsequent loading surfaces are assumed to retain the same
shape és the failure surface but with different size depending upon the
level of hardening. In order to use any proposed fallure model as a
strain hardening model, it should be expressed in the explicit form as

equation 2.3.

Unfortunately the refined three-, four- and five-parameter models
are presented in implicit form such as

£(1, , J, » I, f'c) = f’c (2.4)

with f’c lying on both sides of the equation. Reduction of equa-
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tion(2.4) to the explicit form further complicates the equation and in
the calculation of the flow vector as required in the numerical implemen-
tation. Consequently the computer implementation either becomes too
complicated to use or com;.mtatlonally it becomes too expensive. Thus
sophisticated models are practical for the most part only as perfectly
plastic models. Since the use of perfectly plasticity is questionable for
a material such as concrete, there is a tendency to use models that can
be modified readily use as strain hardening models. Therefore in this

work attention is focussed on two and three parameter models.

2.3.1 Drucker Prager Criterion

Drucker-Prager criterion is expressed as
F(I‘,Jz) = al, + ,/J2 -k=20 (2.5)
where k and a are material constants. Using the uniaxial and biaxial

test results ( £’ cb = 1.2£'c -179] ) these constants can be evaluated and

shown to be a = .08, k = 0.5f'c. The criterion can then be expressed

as

»

F(II,JZ) = 0.08[1 + ,/Jz - O.SE'C =0 (2.6)
which can be rewritten as:

F(,,J,) = 0.161, + 2/T, - £, =0 (2.7)

2.3.2 Mohr-Coulomb Criterion

Mohr-Coulomb yleld criterion has been used successfully for shear



K
critical reinforced concrete structures [77]. The Mohr-Coulomb failure
criterion is described as

Ix] = ¢ — otang (2.8)
where t and ¢ are shear and normal stresses on any plane at a point in
a concrete material. ¢ and ¢ are material constants. This equation
may be written in the alternative form in terms of principal stresses as

(1 + sing) -G (1 — sing) _ 1
1 2c cos¢ 3 2c¢ cosg

2.9)
or in terms of invariants using the equations(2.2)

F“a»"z"”“%’x”“"" /stln(0+ %)+,/J2/3 cos(0+ ?’;-)slmp*-c cosp=0 (2.10)

or in terms of the variables p,t and 0
£(,p,0)=JV2Es8ingp + ./3psln(0+%) + cos(0+ -g-)slnq) - J6¢ cosp=0 (2.11)
In these expressions ¢ is the angle of internal friction for concrete and

taken as 37° [16]. The constant c Is obtained In terms of concrete com-
pressive strength by making the Mohr-Coulomb envelope touch the cir-
cle corresponding to the uniaxial compressive test. The value of c is
* then evaluated as :

f'c(l - sing)
2c089

c = (2.12)

Now equation (2.10) can be rewritten as :

P = —2 | amo+ v3 0 — -L sin 0 sl _f =0
(ou) d=sin 9) Ts P 2{ cos :738 sin «p) e

(2.13)

The casting of the Mohr-Coulomb criterion in the form of equation 2.13
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renders convenient the adaptability of the formulation to either per-
1
fectly plastic model or to strain-hardening model, where t‘c can be

replaced by the effective stress Sy

2.3.3 Parabolic Mohr-Coulomb Criterion

Parabolic Mohr-Coulomb failure envelope combined with circular ten-
sion cut-off was originally presented by Braestrup [15], as an improve-
ment over the ordinary Moh}--Coulomb envelope. Jiang and Shen [16]
presented the same model with the intrinsic curve (Fig.2.9), to reflect
the convexity of failure envelope. In their analytical work they used
perfectly plastic theory to arrive at the punching collapse load using

parabolic Mohr-Coulomb failure envelope expressed as :
c 1 2
n, 1li nt =
f_t+f[2ft] 1 219

where K is defined as:

K = %[m + 2(1 - Yym¥+1)j (2.15)
and
f v £
m = -fﬁ = {-f—"- (2.16)
t tE'e

where Yo and v 8re offectlveness factors and fc and ft are offective

strengths corresponding to full compressive and tensile strengths f’c

and f't .
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Parabolic Mohr Coulomb

Fig. 2.9 Mohr-Coulorﬁb and Parabolic Mohr-Coulomb cnvelopes [16]
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The computational model developed herein tested the suitability of

the parabolic Mohr_Coulomb failure law by recasting it in a form suit-

able for use in isotropic hardening description of concrete state of
stress by first rewriting equation 2.14 in terms of principal stresses.

) . 2

NICAS o, +0, 11 2 01—63] _

'f—‘[ 3 ]slnu + 5 + X 2 cos a 3 (2.17)
tt 4ft

where a is defined as

2Kft
tana=

(2.18)
“nt

In torms of invariants, equahon 2.17 is expressed as a Yyleld criterion
(by making use of equation 2.2 which expresses the principal stresses
in terms of stress invariants) in the form
2
J'stmO_chos 0m I

= m —— = ’
Floy = L&D | ™ 73 K p, 3 e (2.19)

Application of parabolic Mohr-Coulomb criterion resulted in diver-
gence after the first few load increments. The obvious reason found
was that the term (K-1) in equatlon 2.19 happens to be very small for

certain experimental values of f'c, f't, Ve and 2 causing singularity.
Moreover the values of Ve and v¢ used were somewhat arbitrary and did

not have any experimental basis. Considering thesc shortcomings of

this criterion, a8 new model with different parameters ls proposed.
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2.3.4 Proposed Yield Criterion

In order to remove the serious defects of the parabolic Mohr-Cou-
lomb yield criterion a8 new model is proposed using form similar to equa-

tion 2.19 with a8 new set of parameters as:

J cosZ0

— 2 = g
F(1,,3,,0 = A,/Jz—sin0+B—-f,T——+Cll = £, (2.20)

The values of A, B and C can be determined from three tests on con-
crete such as uniaxial compression, blaxial compression and high com-

pression on tensile meridian as follows:

(¢)] Uniaxial compression:
The polnt corresponding to uniaxial compression test lies on the

compressive meridian (Fig. 2.10) with angle of similarity 0 equal
to 30°. For this test, I, = -f_and /T, = £ /V3.
(i)  Biaxial compression:

The point corresponding to biaxial compression test lies on the
tensile meridian (Fig. 2.10) with angle of similarity 0 equal to
-30°. For this test, I, = -2f, and /J, = £ /v3, where
f'yc 18 the biaxial compressive strength and it's value is
1.18f'c i89].
(i) High compressive stress point on the tensile meridian:
The corresponding point for this test lies on the tensile meridian
(Fig. 2.10) with angle of similarity 0 equal to —30°.

with 1, = —11.01f’c and ,/Ja = 2.37f'c/s/'3’ {89].

Using the values for I 1,J 2 and 0 for these tests in equation 2.20 yields
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the values of A, B and C as follows:

A =1.7288
B = -1.6812
C = -0.9212
Equation 2.20 can be rewritten in terms of § = I,/V3 and p = J2 2

as:

2
F(§,p,0) = A-\-,%sln0+3‘)zﬂ’_s__9.+\/3c§ = §

; (2.21)
ch . c

Equation 2.21 describes the geometry of the proposed yield criterion in

the deviatoric and meridian ialanes. For 0=30° and 0=-30° the tensile
and compressive meridians are drawn and shown in Fig. 2.11. The
meridians are curved conforming to the characteristics of concrete fail-
ure envelope. For ordinary Mohr-Coulomb and Drucker Prager yield
criteria the meridians are straight lines. The deviatoric cross section

is shown in Fig. 2.12. The cross sections are non-circular and convex
with corners at 0= +30°. The flow vector can be found out at corners

using the explicit expression of yleld function at 0=+30°. The ratio of

values of p corresponding to tensile ‘and compressive meridians Pg and

p, 18 found to be 1.13 at ?,5-=1o. As it is evident from Fig. 2.11 that
(o]

very limited yielding is predicted in tension zone. By fitting points

corresponding to other data of concrete tests the model parameters can

be readily modified.
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Fig. 2.12

Deviatoric representation of the proposed yicld criterion
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2.4 FLOW AND HARDENING RULE

In order to apply the incremental theory of plasticity to concrete,
four basic assumptions must be made:
1. The initial yield surface that defines the beginning of plastic flow;
2. The faﬂure condition that sets the upper bound in stress space;
3. The hardening rule that describes the evolution of the subsequent
loading surface; and
4. The flow rule that is related to a plastic potential function and

glves an Incremental plastic stress-strain relation.

.

2.4.1 Flow Rule

To construct the stress-strain relationship in the plastic range, the

concept of plastic potential function G(Clj) is introduced. This helps in

writing the equation of plastic flow In the form

aG

deP = —_—
ao"

= @

(2.22)

where dA is a positive scalar factor of proportionality which determines

the magnitude of the plastic strain increment, and the gradient ac/aou

called flow vector defines direction of plastic straln increment to be
perpendicular to the plastic potential function. For simplicity an asso-
clated flow rule is assumed i.e., F = G , or the plastic strain incre-
ment is assumed to be perpendicular to the yield surface. The case of

G when different from F is referred to as the non-associated rule.

Thus



&P = an == (2.23)

2.4.2 Hardening Rule

The hardening rule defines the motion of the subsequent yleld sur-
face (the loading surfaces) during plastic deformation. There are four
types of hardening rules; isotropic, kinematic, mixed and non-uniform
hardening. Kinematic hardening is cmployed to doplct thoe so-callod
Baushinger's effect found in metals during cyclic loading. Recently
Han and Chen [92] proposed nonuniform hardening plastlcity of concrete
in order tc differontiate the response of concrete In the compressive
region from that of tenslon region. However, since in this work a par-
allel model for cracking of concrete exists, the use of isotropic harden-
ing ts sufficlont for the present modul. The isotrople hardounlng ls
extrapolated from the uniaxial compression stress-strain
curves(Fig.2.1). For simplicity, these curves are assumed to be para-
bolic [93] in the post-linear elastic range and post-yleld stress-strain

relationship is assumed as follows:

E
2 ’ ']
o = Eg - 0.5-82 ¢ 0.3t <o S f_ (2.24)

o
E >0 = the initial elasticity modulus

¢ = the total strain

Ly = the total strain at peak stress f'c

For normal concrete with f’c of around 4 ksi (Fig.2.1) %o is equal to
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2f’c/E. .

Decomposing the total strain in equation 2.24 in elastic and plastic
strain components and substituting the elastic strain component
g, = o/Eo in equation 2.24 and then solving for o yields :

.._ - 2 - 12 14
G = anp + V2E ocor‘p ; 0.3fc <o < fc (2.25)

where o is the plastic strain component.

Differentiating equation 2.25 with respect to ':p' yields the harden-

ing parameter as :

do

d.
“p

= H = --Eo + Eo c°/2r.p . (2.26)

Equations 2.25 and 2.26, give the current yield stress o and the cur-
rent hardening parameter H’, respectively, corresponding to the cur-

rent loading surface at current level of effective plastic strain.

For strain hardening model the yield criterion is expressed explicitly

as
E(ou) = k(cp) (2.27)
while the perfect plasticity model is expressed as

f(ou) = k ; a constant (2.28)

Strain softening for post-peak behavior has been tried in a quite
refined way recently by Han and Chen [65] using the plastic and frac-
ture degradation concepts. However in view of the behavior of con-
crete in confined triaxial compression -where the unstable strain soften-

ing part vanishes(Fig.2.4), a perfect plastic model is used in the
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post-peak region till crushing surface is reached.

2.5 ELASTO-PLASTIC STRESS-STRAIN RELATIONS

In the post-linear elastic range, the incremont of straln during an

infinitosimal increment of stress ou is divided Into elastic and plastic
components.
= 4@ P '
d"il d:.u + ds.u (2.29)

The elastic strain increment is related to stress increment as follows:

.

ds
_ ds 1-2
dcfj = 26' + £ EJV 593 (2.30)

where su is stress deviatoric tensor.

Using equations 2.23 and 2.30 in equation 2.29 the complete stress-

strain relationship can be written as follows:

ds
= i 1-2v of
duyy —J'ZG + S—lE 8y doyy, + dl—u (2.31)

The yleld function defined in (2.27) can be rewritten as
F(ousX) = f(cu) - Go(x) =0 (2.32)

where y is the hardening parameter which governs the expansion of the

2

yield surface. The total differential of equation 2.32 yields

_ OF JdF =
dF = -a—(a-d(a} + Ta-dx = 0, (2.33)
or
T =
(a)Td{c}-Adr = 0, (2.34)

with the definitions
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(‘]T ) . {ap [y JF [ 3 aF dF

, , . (2.35)
0%z aoyz}

d{a) acx ! aoy ’ aoz ’ . aoxy
and
- -1 3E
A T dx. (2.36)

The vector {a)} is termed the flow vector. Equation 2.31 can be rewrit-
ten in the matrix form as:

JF

_ 1
de) = D] 'die) + dhger,

(2.37)
where [D] is the matrix of elastic constants. Premultiplying both sides

of equation 2.37 by {a}T[D] and eliminating (a)Td(o} by use of equation
2.34, one may show the plastic muitiplier dA to be

a. = 1l —w'PKg. - (2.38)
A+(s) Dja) -

Substituting equation 2.38 into equation 2.37 yields the complete elasto-
plastic incrementsl stress-strain relationship to be

di{c) = [D].pd(s). (2.39)
where

T
lDopl = D] — M.&%L—LQL— (2.40)
A + {(a)” [D] {a}

Now A is evaluated as outlined in [94} using work hardening hypothesis
glven by :

dy = {G}Td{ap} (2.41)

For uniaxial case work hardening hypothesis results in :

dy = ;
X = oydi, (2.42)

where oy is uniaxial yield stress and Ep, uniaxial plastic strain.
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Equating equations 2.41 and 2.42 and using normality rule (equation
2.21) ylelds :

= o T - T
o dE, = (o) dirg) = di{a) d{o} (2.43)

Using equation 2.32 in equation 2.36 we get :

=1 _¥Yg 2.44
) A da dx X ( ) )

Applying Euler's theorem on homogeneous functions - equation 2.32 we

have :

..if_.(o} = g

30} v (2.45)

-

Now substituting equations 2.26 and 2.45 into equations 2.43 and 2.44

we get :
d\ = dcp
A =H. (2.46)

Substituting equation 2.46 into equation 2.40 we get :

T
- \p| - DL &} (s} ID
D, = 1bj - DLisl (&} ID

= (2.47)
H + (a}” [D] {a}
The linear elastic constitutive matrix [D] is given as :

Vo W r c W

X : 2 2 X

o E/(1-v") E/(1-v') O O 0 c
e eavo o o y

xy| = 0 o G 0 o0 ||™xv (2.48)
Txz 0 0 05G/6 O Yxz

: 0 0 0 0 5G/6]|y
\ sz . yza

wherein shear correction factor of 5/6 is applied to transverse shear

terms.
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2.5.1 Flow Vector

For yleld function F=F(I 1,J z,0), the flow vector JE can be evalu-

i
ated following the procedure given in [46] as :

a

8\/’-3_
lalT . OF _ JdF 1 oF 2 dF a0

o1 A, o) | ag3, ool @ Ao}

(2.49)

Eliminating 0 In terms of J, and J,, equation 2.49 may be recast in

-

the form
lal = C,la,] + C,la,] + Cla, (2.50)
where
) O
T _ 1
81" = e 1,1, 0, 0, 0} (2.51)
é./J
T 2 1
ja,l” = = {o,10 Og1s 2ty s 2t s 2t} (2.52)
d{a} 2 /Jz y Yy Z yz

.
v

aJ J J
T _ 3 _ _ .2 2 _ .2 2
Iaal = -5-{;}- .[O'y|0'z| Tyz + —3—], [O'xlcz; ‘txz + T ,®
z(tyztxz - nz'txy)’ 2(‘xytyz - (‘ly.txz),
.2(txztxy - ox'tyz)_l (2.53)
and
dF

c, = i (2.54)
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c - _9F__ tan 30 JF (2.55)

SN N R

J3 1 JF

3 2cos30 3,73, 30 (2.56)

with the primed stresses being deviatoric stresses.

The expressions for C , C2 and C, for different yield criteria were

evaluated and are as noted :

2.5.1.1 Drucker Prager

Using equations 2.54 - 2.56 in equation 2.7, the values of C, , C2

and C 3 may be shown to be :

c, = 0.16
c, = 2.0 (2.57)
c, = 0.0

2.5.1.2 Mohr-Coulomb

Using equations 2.54 - 2.56 in equation 2.13, C,, C2 and C, for

Mohr-Coulomb are found to be :

c = 2sing
1 3(1—-sin ¢)

2
= ————— + _
C, T=sing cos 0 {(1 tan 0 tan 30) + sin ¢(tan 30 tan 0)/v3)
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(2.58)

2

N + 0 J 30
R l—slmp(\la sin 0 cos 0 sin ¢)/(2J, cos 30)

2.5.1.3 Parabolic Mohr-Coulomb

Since equation 2.19 has E’c on both sides, it needs to be reduced to

explicit form in order to use it as a strain-hardening model. Ecquation

2.19 i»s rowritton as

2
[JJ sind I_;] _\/ [JJZ sin0 __I_L] _ K}EIJZWSZO

Kl 35,0 = 273 3 /3 3

—n___
2vc(K°1) 4
(2.59)

Using equations 2.54 - 2.56 in equation 2.59, the values of C,» C, and

C s for parabolic Mohr-Coulomb are given by :

- A -
Cl =3 (B/JR-1)
tan 30
C, = F, -~ —————F, (2.60)
2 2 °
\/Ja
C = - J3 1
3 2cos3OJ /
where
oF sin0 _ 1 sln(! K-1
F. = = Al 3 JJ cos O}l
2
6,/.12 ~J3 vR J3

_F _ 4 _1 K-1
F == Al./J2/3coso -JE{B,/J2/3c050+-K—stln0cosO}
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A — m
2vc(K-1)
p o gy sno L
2 J3 3
R = B2-E15 cos®o

2.5.1.4 Proposed Yield Criterion

Since equation 2.20 has f'—c on both sides, it needs to be reduced to

explicit form in order to use it as a strain-hardening model. Equation

2.20 is rewritten as

Fd,,J,,0 = %—lAJstin0+Clz+‘f(AJstln0+Cll)z+4BJ2coszo

(2.61)

In order to calculate the flow vector defined in equations 2.49 and 2.50

C‘, C2 and C 5 are evaluated using equations 2.54 - 2.56 in equation

2.61
(: = e —'I‘I
2 (\/R i

F _ tan 30

c, = F, I F, (2.62)
_ __J3 1
Cs 2cos830 J, /Jz E

where
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F = 9E_ = ilAsxn(H i/lﬁ{Axsr.mo+4!3\,1’.'1‘“2"cm120}I

2 83, 2

F, = & = -;—I A./J cos0+ -J—lﬁ-{AX\/r.T;coso—4Bstin()cos()}

X = AJstan-i- CI,

w
i

= X2 +4BJ2coszo

2.5.2 Singular Points on the Yield Surface

For the yleld surfaces which are independent of intermediate princi-
pal stress, it is found that ‘their surfaces in three dimensional stress
space possess some corners. The flow vector can not be uniquely

defined for certain stress combinations ( at the corners ). For example

this case arises for Tresca, Mohr-Coulomb and parabolic Mohr-Coulomb

yleld criteria at corners located by 0 = +£30°. This difficulty can be

overcome by rewriting the original expressions of yield criteria for the
explicit values of 0 = +30°. Then the expressions for C,» C2 and C,
can be derived from the 0— independent forms of yield criteria.

For Mohr-Coulomb, parabolic Mohr-Coulomb and proposed yield cri-
teria, the expressions for C .7 C2 and C 3 at points of singularity can

be shown to be :
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2.5.2.1 Mohr-Coulomb

For 0 = x30° equation 2.13 will have the form:

FU.  J.) = —2 — T o + v |3 7L sino|| (2.63)
172 (1-sin ¢) | 3 2t 2 taus
c = 2sing -
1~ 3({1-sin ¢)
_ 2 2=
C, = T=eme {J3/2+sin @/2J3} (2.64)
C.=0

2.5.2.2 Parabolic Mohr-Coulomb

Equation 2.59 can be explicitly written for 0 = +30° as follows:

1 v I 12
F m 1 1 _,K-1
d,,3) = =% tJJ2/2J3—-§-— 23, /203~ = 3X-1,

2vc(K-1) i 4K 2
(3.65)
‘The values of Cx' Cz and C3 for 0 = 1 30° are glven as follows:
- A _
Cx =3 (Bx/,/R1 1)
c = alset -_1 {iB_‘- AK-D) 5 } (2.66)
2 2/3 2R, L v3 2k "2 '
C3 =0
where
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2.5.2.3 Proposed Yield Criterion

At corners (0 = :i:30°), the expression for yield criterion is rewrit-
ten for the explicit. values of 0 = +30°. Then the expressions for
C:’ Cz and 03 can be derived from the 0 independent form of yield
criteria.

Equation 2.21 can be explicitly written for 0 = +30° as follows:

Fa. 3.y = Leavs specr, +V2avs s2+cr ) +383 (2.67)

1’72 2 2 1 ( 2 1) 2 -
The values of C , C2 and C, for 0 = +30° are glven as follows:

c, = £ (x //R +1
y = 7 (/YR
c = AlgAa, 1 {iA-)-(L+3BJJ } 2.68
2 2|72 JR, 2 2 (2.68)
c, =0
where
v,
X, = A +CI
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_ 2
R, = X, +3BJ,

2.8 CRUSHING OF CONCRETE

The post-peak behavior of concrete under multiaxial compression
either exhibit limited perfect plasticity or strain softening depending
upon the dogree of confinement of the materlal, with ovontual crushing
of concrete. The crushing type of concrete fracture is a strain-con-
trolled phenomenon. Thus an appropriate strain criterion is developed
in terins of strain invariants. Usually the strain criterion is obtained
by simply converting the yield criterion described in terms of stresses
directly into strains as .follows:

t(:.u) - -y (2.69)

where ty is an ultimate total strain extrapolated from uniaxial test

results and taken as 0.0035. The loading function has the same form
as stress loading function. The same material parameters used in the
stress failure criterion are used in the crushing criterion. When &

reaches the value specified as the ultimate straln &, the material is

assumed to lose all its characteristics of strength at a specific Gauss
point. Hence the incremental and total stresses are respectively given
by the relationships

d{c} = [ 0| d{e} (2.70)
and ‘

{o}) =10 |{e} (2.71)

Ususally von "Mises strain criterion is used to define the equivalent
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crushing strain for simplicity. In this work the equivalent crushing
strain £ is evaluated using Drucker Prager strain criterion. This cri-
terion reflects the effect of high confinement under which concroto
strength increases. Using equation 2.7 with stress invariants replaced

by strain invariants and f'c by Ly the crushing condition is given by :

Y
O.IG(cx+t.y)+2.0l r.; + !;; - t;xuy + 0.75(7,‘; + Yyi. + yz;)l =ty

(2.72)

2.7 CRACKING BEHAVIOR Ol; CONCRETE

In addition to the elasto-plastic stress strain response, concrete
cracking is one of the major contributing factors to materlal nonlineari-
ties. Generally, two types of crack models, i.e., a discrete model and
a smeared model, have been employed by the analysts. In the early
stage of modelling, concrete cracking was represented by the discrete
approach with a predefined crack pattprn |44]. Although the discrete
model can indeed trace the detatl features of concrete cracking, the
application of this approach has received only limited acceptance due to
two reasons: dlfflculty“in redefining the crack topology , and excessive
computational efforts. Thus, an alternative approach, i.e., the so
called 'smeared model', has become more popular in application. This
approach, originally introduced by Rashid [95], has the advantage of
permitting automatic crack propagation with a relatively small computa-

tional cost. Also, it offers complete generality in predicting crack

directions, independent of the mesh configuration and element type used
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in the analysis [96,97]. In lieu of its simplicity of application, the
smeared crack approach has nevertheless a drawback in the dependence
of finite element mesh slzes, as pointed out by Bazant and Cedolin
{98-100}. In their study, they investigated the objectivity requirement of
the smeared crack model. From the analysis of a cracked pancl with
the fracture mechanics concept, it was found that the use of a strength
criterion in the finite element analysis is not objective and may yleld
itncorrect solution. For the analysis of large-scale concrele structures,
e.g., nuclear contalnment vessels, the mesh slze of the finite element
model may become fairly large. Then, the objectivity requirement for
the cracking criterion way have a serious offect on the analysis results.
In this case, a modification of the cracking criterion was recommended
{100} to account for the effect of element size. In this work smeared
crack model Is used with corrections made in order to restore objectiv-
ity. Constitutive equations for cracked concrete are given now for

plate bending applications.

The smeared crack representation implies that cracks are not dis-
crote but distributed across a region of finite eloment. The maln fea-

tures of the present cracking model when applied to the layered plate

may be summarized as follows:

1. Different crack direction is allowed for each Gauss point in each

layer

2. Tension stiffening and reduced shear modulus are included in

the model

3. Cracks are allowed to open or close during the load increment

4. Cracking in one or two directions is allowed and
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5. Partial or full closing of the already formed cracks ls allowed

upon unloading.

The response of concrete under tex'xslle stresses Is assumed to be
linear eléstlc until the cracking surface is reached and then follows the
softening branch of the stress-strain curve. The isotropic linear elas-
tic relations for uncracked concrete are given in equation 2.48. The
tensile type of fracture or cracking is governed by a maximum tensile
stress criterion (tension cut-off). Cracks are assumed to form in
planes perpendicular to the direction of maximum principal tensile

-

stresses of the in-plane stress components. The principal stresses are

calculated as:

o+ <o \/ g_—0O 2
o, /2 = __x_z_y_ + [_’_‘_.V_] + 2 (2.73)

Thus cracks are assumed to form in planes perpendicular to the struc-
tural plane (layer). The concrete at any Gauss point may crack In

one direction if o, reaches the specified concrete tensile strength f’t .

The second crack orthogonal to the first crack may occur simultaneously

or subsequently depending upon the value of o, . Since the cracks are

orthogonal, only one direction is required to be stored. The angle «

between the first principal stress ¢, and the x-axis may be calculated

1

as follows:
2tx
tan2a = -c—_z— (2.74)
X Yy

The direction of principal crack with respect to x-axis is then given

by the angle 0 as follows:
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0 =a + n/2 (2.75)
After cracking the Poisson's effect is neglected due to the lack of
interaction between the two orthogonal cracks and the material will be
treated as an orthotropic one with material axes parallel and normal to

the crack direction after cracking.

2.7.1 Tension Stiffening

To improve the 