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Abstract. The notion of semi-convergence of filters was introduced by Latif (1999) who
investigated some characterizations related to semi-open continuous functions. In the spirit of Latif
(1999), Min (2002) used the idea of semi-convergence of filters to introduce a new class of sets,
called y — open sets, and the notions of y — closure, y — interior and y — continuity and investigated
some properties. In this paper we introduce y — continuous, y — irresolute, y — open, y — closed,
pre —y — open and pre — v — closed mappings and investigate properties and characterizations of
these new types of mappings.

1. Introduction

The notion of y —open set (originally called y — sets) in topological spaces was introduced by Min
[Min,2002]. We continue to explore further properties and characterizations of y — continuous,

y — irresolute and y — open mappings. We also introduce and study properties and characterizations
of y — closed, pre —y — open and pre — y — closed mappings.

Throughout this paper, (X, t) (simply X) always mean topological space on which no separation
axioms are assumed unless explicitly stated. Let S be a subset of X. The closure (resp., interior) of S
will be denoted by CI(S) (resp., Int(S)). A subset S of X is called a semi-open set [Levine, 1963]
(resp., o — open set [Njastad, 1965]) if S < CI[In«(S)] (resp., S < Intf[CI(Int(S))]). The complement
of a semi-open set (resp., o — open set) is called semi-closed set (resp., oo — closed set). The family of
all semi-open sets (resp., o — open sets) in a topological space (X, t) will be denoted by SO(X) (resp.,
T%). A subset M(x) of a space X is called a semi-neighbourhood of a pointx € X if there exists a
semi-open set S such that x € S < M(x). In [Latif, 1999] Latif introduced the notion of
semi-convergence of filters and investigated some characterizations related to semi-open continuous
function. Now, we recall the concept of semi-convergence of filters. Let
Sx)={4 € SOX) : x € A} and let S, = {4 < X : there exists W < S(x) such that p is finite and
N < A4}. Then, S; is called the semi-neighbourhood filter at x. For any filter I on X, we say that I
semi-converges to x if and only if I is finer than the semi-neighbourhood filter at x.
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A subset U of X is called a y — open set if whenever a filter ' semi-converges tox and x € U,
U e T'. The complement of a y — open set is called a y — closed set. The intersection of all y — closed
sets containing 4 is called the y — closure of A, denoted by Cl,(4). A subset A4 is also y — closed if
and only if 4 = Cl,(4). We denote the family of all y — open sets of (X, 1) by t*. It is shown in
[Min,2002] that t7 is a topology on X. In a topological space (X, 1), it is always true that
TC1t*cSX) <.

2. Characterizations of Mappings

The purpose of this section is to explore properties and characterizations of y — continuous,
y — irresolute, y — open, Yy — closed, pre —y — open and pre — y — closed functions.

A.y —Continuous Functions

In [Min,2002] Min introduced the notion of y — continuous mapping and gave certain
characterizations of it. The purpose of this section is to investigate further properties and

characterizations of y — continuous functions.

Definition 2.1. 4 function ' : (X,7) — (Y,0) is said to be y — continuous if {1 (V) € 1" for every
V e o.

Theorem 2.2. Letf: (X,t) — (Y,0) be a function. Then the following are equivalent:
(1) fis y — continuous,
(2) The inverse image of each closed set in Y is ay — closed set in X;
3) CLIf' N < fICUN)), for every V < Y
HACL(D)] < ClIAV)], for every U C X;

(5) For any point x € X and any open set V of Y containing f(x), there exists U € t"
such thatx € Uand (U) C V;

(6) Bd,[f'(N] < f[Bd(V)], for every V C Y,
(MAD(U)] c ClIAV)], for every U C X;

) ' Unt(V)] < Int,[f1(V)], for every V < Y.
Proof (1) = (2) : Let F < Y be closed. Since fis y — continuous, f'(Y—F) = X - f'(F) is
y — open. Therefore, ! (F) is y — closed in X.
(2) = (3) : Since CI(V) is closed for every V < Y, then f~'[CI(V)] is y — closed. Therefore
FCIN] = CLIF(CIP)] 2 CLIF ().
(3) = (4) : Let U < Xand f{U) = V. Then f[CI(V)] = CL,[f}(V)]. Thus
FICIAUN] = CLIF(AU))] 2 Cl(U) and CIAU)] 2 ACL(U)].



(4) = (2) : Let W < Ybe aclosed set, and U = (W), then
MACLU)] < CIAU)] = CIIAf'(W))] = CAW) = W. Thus
CL(U) c fHACL(U))] < /' (W) = U. So Uis y — closed.

(2) = (1) : Let ¥ < Ybe an open set, then Y — Vis closed. Then f{(Y - V) = X— f'(V) is
y — closed in X and hence (V) is y — open in X.

(1) = (5) : Letf: X — Ybey— continuous. For any x € X and any open set J of ¥
containing Ax), U = ' (V) € 17, and AU) = f[f ()] < V.

(5) = (1) : Let V € o. Weprove f' (V) € t'. Letx € f'(V). Then f{x) € V and there
exists U € 17 such thatx € Uand f(x) € fAU) < V.Hencex € Uc f'[AU)] < f (V). It shows
that f~1(V) is a y — neighborhood of each of its points. Therefore f~1(V) € 1.

(6) = (8) : Let ¥ < Y. Then by hypothesis, Bd,[f'(V)] < f[Bd(V)]

= V) = Int,[f '] < £V = Int(V)] = f1 (V) = f [Int(V)]

= FndV)] < Int,[f (V)]

(8) = (6) : Let ¥ < Y. Then by hypothesis, /! [Int(V)] < Int,[f (V)]

= 1) = Int,[f ' ON] < 1) = Ind(V)] =1V = Int(V)]

= Bd,[f'(")] < £ [Bd(V)].

(1) = (7) : It is obvious, since fis Y — continuous and by (4) f[Cl,(U)] < CI[f(U)] for each
U < X. So/ID,(U)]  CIIAU)].

(7) = (1) : Let U < Ybeanopenset, ¥V = Y— Uand (V) = W. Then by hypothesis
MADy(W)] < CIIfW)]. Thus ADy(f (V)] < CIAf (V)] < CI(V) = V. Then Dy[f' ()] < f'(V)
and f!(V) is y — closed. Therefore, fis y — continuous.

(1) = (8) : Let ¥V < Y. Then f ! [Int(V)] is y — open in X. Thus
SN = Inty[f 1 Int(V))] < Inty [ (1)]. Therefore, ' [In(¥)] < Int, [ (V)].

(8) = (1) : Let ¥ < Ybe an open set. Then f1(V) = f[Int(V)] < Int,[f'(V)]. Therefore,
fN(V) is y — open. Hence fis y — continuous.

In the next Theorem, #y — c. denotes the set of points x of X for which a function
f:(X,t) — (Y,0) is not y — continuous.

Theorem 2.3. #y — c. is identical with the union of the y — frontiers of the inverse images of
Y — open sets containing f(x).

Proof Suppose that fis not y — continuous at a point x of X. Then there exists an open set VC Y
containing f(x) such that f(U) is not a subset of V for every U € 1" containing x. Hence, we have
UN[X-f1(7)] # ¢ for every U € 1" containing x. It follows that x € Cl,[X —f(V)]. We also
have x € ' (V) < CL[f'(V)]. This means that x € Fry(f'(V)).

Now, let f be y — continuous at x € X and V < Y any open set containing f(x). Then,

x € fY(V)is ay— open set of X. Thus, x € Int,[f'(V)] and therefore x ¢ Fr,[f'(V)] for every
open set V containing f(x).

Remark 2.4. (1) Every continuous function is y — continuous but the converse may not be true.

(2) If a function f - (X,1) — (Y,0) is y — continuous and a function g : (Y,c) — (Z,9)
is Y — continuous, then go f : (X,1) — (Z,3) may not be y — continuous.

(3) If a function [ : (X,1) — (Y,0) is y — continuous and a function g : (Y,c) — (Z,9)



is continuous, then go f: (X,t) — (Z,9) is y — continuous.

(4) Let (X,t) and (Y, o) be topological spaces. If f : X — Y is a function, and one of the
following

(@) f'[Unt,(B)] < Int[f}(B)] for each B C Y,
(b) CIif ' (B)] < f[CLy(B)] for each B C Y,
() fICA)] < CI,[fA)] for each A < X.
holds, then f'is continuous.

Lemma 25. LetAc Y X, Yisy—openinXand Aisy—openinY. Then A isy — open in X.

Proof Since 4 isy — open in Y, there exists an open set U < X such that 4 = Y n U. Thus 4 being
the intersection of two y — open sets in X, is y — open in X.

Theorem 2.6. Letf: (X,t) — (Y,0) be a mapping and {U; : i € I} be a cover of X such that
U; € " foreachi € I. Suppose that f|U; : U; — Y isy — continuous for each i € I. Then prove
that f'is y — continuous.

Proof Let V < Y be an open set, then (f|U,~)_1(V) isy—openin U, for eachi € I. Since U, is
v —open in X for each i € 1. So by Lemma 2.5, (f\Ui)fl(V) isy—open in X for each i € I. But,
1wy = u{(f|Ul-)_l(V) tie I}, then f\(V) € 17 because 1" is a topology on X. This implies
that f'is y — continuous.

B. Y —Irresolute Functions

In this section, the functions to be considered are those for which inverses of y — open sets are
vy — open. We investigate some new properties and characterizations of such functions.

Definition 2.7. [Min,2002]. Let (X,t) and (Y, o) be topological spaces. A functionf : X — Yis
called y — irresolute if the inverse image of each y — open set of Y is a y — open set in X.

Theorem 2.8. [Min,2002]. Let (X,t) — (Y,0) be a function between topological spaces. Then the
following are equivalent:

(1) fis y — irresolute;
(2) the inverse image of each y — closed set in Y is a y — closed set,
) CLI N1 < fICLIN)] for every V < Y,
WD ACL()] < CLIAU)] for every U c X,
(5) f ' Unt,(B)] < Int,[f'(B)] for every BC Y.
Theorem 2.9. Prove that a function f: (X,t) — (Y,0) is y — irresolute if and only if for each



point p in X and each y — open set B in Y with f(p) € B, there is a'y — open set A in X such that
p € 4, f4) c B.

Proof Necessity. Letp € Xand B € c" such that p) € B. Let A = f~'(B). Since f'is
y — irresolute, A isy— openin X. Alsop € f'(B) = A as {p) € B. Thus we have
fid) =Af'(B)] < B.
Sufficiency. Let B € o', let A = f~(B). We show that A is y — open in X. For this let x € A.
It implies that f(x) € B. Then by hypothesis, there exists A, € 1" such thatx € A, and f(Ay) < B.
Then Ay < f[fldx)] < f'(B) = A. Thus A = U{A, : x € A}. It follows that A is y — open in X.
Hence fis y — irresolute.

Definition 2.10. Let (X, 1) be a topological space. Let x € X and N < X. We say that N is a
v — neighbourhood of x if there exists a y — open set M of X such thatx € M < N.

Theorem 2.11. Prove that a function [ : (X,t) — (Y,0) is y — irresolute if and only if for each x in
X, the inverse image of every y — neighbourhood of f(x), is a y — neighbourhood of x.

Proof Necessity. Let x € X and let B be a y — neighbourhood of f(x). Then there exists U € o
such that Ax) € U < B. This implies that x € f'(U) < f1(B). Since f'is y — irresolute, so
fY(U) € t'. Hence f"'(B) is a y — neighbourhood of x.

Sufficiency. Let B € . Put A = f"(B). Let x € A. Then f(x) € B. But then, B being
Y — open set, is a 'y — neighborhood of f(x). So by hypothesis , A = f~(B) is a y — neighborhood of x.
Hence by definition, there exists A, € 1" suchthatx € Ay € A. Thus A = U{A, : x € A}. It
follows that A is a y — open set in X. Therefore f'is y — irresolute.

Theorem 2.12. Prove that a function f : (X,t) — (Y,0) is y — irresolute if and only if for each x in
X, and each y — neighborhood U of f(x), there is a y — neighborhood V of x such that V) < U.

Proof Necessity. Let x € X and let U be y — neighbourhood of f(x). Then there exists Ogy) € oY

such that f{x) € Opyy < U. It follows that x € f'[Og)] < f1(U). By hypothesis, f[Onn] € 1.

Let V = f-Y(U). Then it follows that V is a y — neighbourhood of x and AV) = f[f ' (U)] < U.
Sufficiency. Let B € c". Put O = f/(B). Letx € O. Then fix) € B. Thus Bis a

v — neighbourhood of f(x). So by hypothesis, there exists a y — neighbourhood V of x such that

fVy) < B. Thus it follows that x € V, < f'[fAVy)] < f'(B) = O. Since V, is a

v — neighbourhood of x, so there exists an O, € t" such thatx € Oy < Vy. Hencex € O, < O,

Oy € 1'. Thus O = U{Oy : x € O}. It follows that O is y — open in X. Therefore, f is

Y — irresolute.

Theorem 2.13. Prove that a function [ : (X,t) — (Y,0) is y — irresolute if and only if
fIDy(A)] < flA) WD, [f(4)], for all 4 c X.

Proof Necessity. Letf: X — Y bey —irresolute. Let A < X, and ay € Dy(A). Assume that
fao) ¢ flAd) and let V denote a y — neighborhood of flao). Since f'is y — irresolute, so by Theorem
2.12, there exists a'y — neighborhood U of ay such that f{U) < V. From ay € D,(A), it follows that
UnN A # §; there exists, therefore, at least one element a € U M A such that fla) € f(A) and
fa) € V. Since flay) ¢ flA), we have fla) # flao). Thus every y — neighbourhood of flay) contains
an element of f(A) different from flao), consequently, flao) € Dy[f(A)]. This proves necessity of the
condition.

Sufficiency. Assume that fis not y — irresolute. Then by Theorem 2.12, there exists ap € X



and a y — neighbourhood V of f(ao) such that every y — neighbourhood U of ao contains at least one
element a € U for whichfla) ¢ V.PutA = {a € X : fla) ¢ V}.Thenay ¢ A since flap) € V,
and therefore flao) ¢ flA); also flay) & Dy[f(4)] since [A) N (V- {flao)}) = ¢. It follows that
fao) € fID,(4)] - [f4) U D,(f(4))] # ¢, which is a contradiction to the given condition. The
condition of the Theorem is therefore sufficient and the theorem is proved.
Theorem 2.14. Letf: (X,t) — (Y,0) be a 1 — 1 function. Then f'is y — irresolute if and only if
MDy(A)] < Dy[f(4)], forall 4 c X.
Proof Necessity. Let f be y — irresolute. Let A < X, ao € D,(A) and V be ay — neighbourhood of
fao). Since f'is y — irresolute, so by Theorem 2.12, there exists a y — neighbourhood U of a such
that {U) < V. But ay € Dy(A); hence there exists an element a € U N A such that a # ao; then
fla) € f(A) and, since fis 1 — 1, fla) # flao). Thus every y — neighbourhood V of f(ay) contains an
element of (A) different from flao); consequently flay) € D,[(4A)]. We have therefore
ADy(A4)] < Dy[f4)].

Sufficiency. Follows from Theorem 2.13.

C. Y —Open Functions

In [Min,2002] Min defined y — open mappings as a generalization of open mappings and
investigated some properties of such mappings. The purpose of this section is to add some more
characterizations of Y — open mappings.

Definition 2.15. Let (X, 1) and (Y, 6) be topological spaces. A function f : X — Y is called

v — open if for every open set G in X, (G) is a 'y — open set in Y.

Theorem 2.16. Prove that a mapping f : (X,t) — (Y,0) is y — open if and only if for each x € X,
and U € 1 such that x € U, there exists a'y — open set W < Y containing f(x) such that W < f(U).
Proof Follows immediately from Definition 2.15.

Theorem 2.17. Letf: (X,1) — (Y,o) bey—open. If W < Yand F < Xis a closed set containing
fYW), then there exists ay — closed H < Y containing W such that f'(H) < F.

Proof LetH=Y—-AX-F). Sincef'(W)c F, we have AiX—F) < (Y- W). Since fis y — open,
then Hisy — closed and f'(H) = X - f'[AX-F)] c X-(X-F) =F.

Theorem 2.18. Letf: (X,1) — (Y,0) bey—open and let B — Y. Then

S CL(Int,(CL(B)))] < CIIf ' (B)].

Proof CI[f"'(B)]is closed in X containing f~'(B). By Theorem 2.17, there exists a 'y — closed set
B c H c Y, such that f'(H) < CI[f"'(B)]. Thus,

FICLnt,(CLB)] < f[ClUnt,(CLUD] < £ H) < CIiF (B)].

Theorem 2.19. Prove that a function [ : (X,t) — (Y,0) is y — open if and only if

fUnt(A)] < Int,[f(4)], forall 4 c X.

Proof Necessity. Let A — X. Let x € Int(A). Then there exists U, € T such thatx € U, < A. So
fix) € AU,) c f(A) and by hypothesis, {U,) € o'. Hence fix) € Int,[{A)]. Thus

fint(A)] < Int,[fiA)].



Sufficiency. Let U € t. Then by hypothesis, f[Int(U)] < Int,[fU)]. Since Int(U) = U as
U is open. Also Int,[f(U)] < AU). Hence A{U) = Int,[f(U)]. Thus fU) is y — open in Y. So f'is
Y — open.
We remark that the equality does not hold in the preceding Theorem as the following example
shows.

Example 2.20. Let X = Y = {1,2}. Suppose T be antidiscrete topology on X and G be discrete
topology on Y. Then v’ = tand o' = o. Let f=1d., A = {1}. Then

b = iInt(A)] # Int,[f4)] = {1}.

Theorem 2.21. Prove that a function [ : (X,t) — (Y,0) is y — open if and only if
Int[f"Y(B)] < f'lUnt,(B)], forall B C Y.
Proof Necessity. Let B < Y. Since Int[f'(B)] is open in X and f'is y — open, f[Int(f"'(B))] is
y —open in Y. Also we have f[Int(f"'(B))] < fIf'(B)] < B. Hence, f{Int(f"'(B))] < Int,(B).
Therefore Int[f"'(B)] < f'[int,(B)].
Sufficiency. Let A — X. Then f{A) < Y. Hence by hypothesis, we obtain
Int(A) < Int[f1((4))] < f[Int,({A))]. Thus f{Int(A)] < Int,[fA)], for all A < X. Hence, by
Theorem 2.19, fis y — open.
Theorem 2.22. Letf: (X,1) — (Y,0) be a mapping. Then a necessary and sufficient condition for
fto bey—open is that f'[Cl,(B)] < CI[f(B)] for every subset B of Y.
Proof Necessity. Assume fis y — open. Let B < Y. Let x € f'[CL,(B)]. Then fix) € CIl,(B). Let
U € tsuch thatx € U. Since f'is y — open, then f(U) is a y — open set in Y. Therefore,
BN AU) # ¢. Then U f1(B) # ¢. Hence x € CI[f"'(B)]. We conclude that
FUICLB) < CIF B)].
Sufficiency. Let B < Y. Then (Y — B) < Y. By hypothesis, f'[CL,(Y — B)] < CI[f"'(Y - B)].
This implies X — CI[f }(Y - B)] < X—f"'[CL(Y — B)]. Hence
X-CllX-fYB)] < f'[Y- CL(Y—- B)]. By applying Theorem 10 [Latif, 1993],
Int[f"1(B)] < f'[Int,(B)]. Now form Theorem 2.21, it follows that fis y — open.

D. y — Closed Functions

In this section we introduce y — closed functions and study certain properties and
characterizations of this type of functions.

Definition 2.23. 4 mapping f': (X,t) — (Y,0) is called y — closed if the image of each closed set
in Xis ay — closed set.

Theorem 2.24. Prove that a mapping f : (X,1) — (Y,0) is y — closed if and only
Cl,[fl4)] c fICI(A)] for each A < X.

Proof Necessity. Let fbe y — closed and let A — X. Then f{A) < fICI(A)] and f[CI(4)] is a
¥ — closed set in Y. Thus CI,[{ld)] < fICI(4)].
Conversely, suppose that Cl,[f(4)] < fI[CI(A)], for each A < X. Let A < X be a closed set.



Then CI,[flA)] < fICI(A)] = f(A). This shows that f(A) is a y — closed set. Hence f'is y — closed.

Theorem 2.25. Letf: (X,1) — (Y,0) bey—closed. If V < Yand E < X is an open set
containing f~'(V), then there exists ay — open set G < Y containing V such that f'(G) c E.
Proof Let G =Y—-AX-E). Sincef'(V) < E, we have AIX—E) < Y- V. Since f'is y — closed,
then Gis ay —open set and f'(G)= X-f'[AX-E)] c X-(X—-E) = E.

Theorem 2.26. Suppose that f : (X,t) — (Y,0) is a y — closed mapping. Then

Int,[CL,(f(4))] < fICI(A)] for every subset A of X.

Proof Suppose fis ay — closed mapping and A is an arbitrary subset of X. Then f{[CI(A)] is
¥ — closed in Y. Then Int,[CL,(f(CI(4)))] < fICI(4)]. But also
Int,[Cl,(f(4))] < Int,[Cl(f(CI(A)))]. Hence Int,[CL,(f(4))] < fICI(4)].

Theorem 2.27. Letf: (X,t) — (Y,0) be ay — closed function, and B,C C Y.

(1) If U is an open neighbourhood of ~!(B), then there exists a y — open neighbourhood V
of B such that f1(B) < /7' (V) < U.

(2) If fis also onto, then if f 1 (B) and f~'(C) have disjoint open neighbourhoods, so
have B and C.
Proof (1)LetV=Y-AX—-U). Then V: = Y-V = fU°). Since fis y — closed, so V' is ay — open
set. Since f'(B) < U, we have V¢ = {U°) < fIf /(B°)] < B¢. Hence, B < V, and thus V is a
Y — open neighbourhood of B. Further U¢ < f[AU)] = /1 (V°) = [f"Y(")]°. This proves that
' cu

() If f1(B) and f~'(C) have disjoint open neighbourhoods M and N, then by (1), we have

Y — open neighbourhoods U and V of B and C respectively such that f'(B) < f1(U) < Int,(M)
and f1(C) < fU(V) < Int,(N). Since M and N are disjoint, so are Int,(M) and Int,(N), and hence
so fY(U) and (V) are disjoint as well. It follows that U and V are disjoint too as f'is onto.

Theorem 2.28. Prove that a surjective mapping f : (X,1) — (Y,0) is y — closed if and only if for
each subset B of Y and each open set U in X containing f~(B), there exists ay — open set Vin Y
containing B such that {1 (V) < U.

Proof Necessity. This follows from (1) of Theorem 2.27.
Sufficiency. Suppose F is an arbitrary closed set in X. Let y be an arbitrary point in
Y- AF). Then f'(y) ¢ X—fAF)] € (X—F) and (X - F) is open in X. Hence by hypothesis,
there exists ay — open set V, containing y such that f'(V,,) < (X — F). This implies thaty € V,
c [Y-AF)].Thus Y-f(F) =U{V, : y € Y-AF)}. Hence Y — (F), being a union of y — open
sets is Y — open. Thus its complement f(F) is y — closed. This shows that f'is y — closed.

Theorem 2.29. Letf: (X,t) — (Y,0) be a bijection. Then the following are equivalent:
(a) fisy— closed.
(b) fis y — open.
(¢) 17V is y — continuous.

Proof (a) = (b) : Let U € 1. Then X — U is closed in X. By (a), AX— U) isy— closed in Y. But
fX-U) =AX)-AU) = Y-AU). Thus [U) is y — open in Y. This shows that f'is y — open.



(b) = (c) : Let U < X be an open set. Since fis y — open. So AU) = (f! ) (V) is Y — open
in Y. Hence f'is y — continuous.

(¢) = (a) : Let A be an arbitrary closed set in X. Then X — A is open in X. Since f~! is
vy — continuous, ()" (X—A) isy—openin Y. But (1) (X —4) = AX - A) = Y — fA4). Thus fi4)
is ¥ — closed in Y. This shows that fis y — closed.
Example 2.30.Let X =Y = {x,y,z, } andt = 6 = {X,,{x,v},{x}}. Then, a mappingf : X — Y

which is defined by fix) = x, {y) = zand f(z) = y, is Yy — open and y — closed but neither open nor
closed.

E. Pre —y — Open Functions

The purpose of this section is to introduce and discuss certain properties and characterizations of
pre —y — open functions.

Definition 2.31. Let (X, 1) and (Y,c) be topological spaces. Then a function f : X — Y is said to
be pre —y — open if and only if for each A € 1", f(A) € o".

Theorem 232 . Letf: (X,1)— (Y,o)and g : (Y,0) — (Z,1) be any two pre —y — open
functions. Then the composition function go f : X — Zis a pre —y — open function.

Proof Let U € 1. Then {U) € o' since f'is pre —y — open. But then g({U)) € u' as g is

pre —y — open. Hence, g o f'is pre — y — open.

Theorem 2.33. Prove that a mapping f : (X,t) — (Y,0) is pre —y — open if and only if for each
x € Xand for any U € 1" such that x € U, there exists V € o' such that f(x) € VandV < fU).
Proof Routine.

Theorem 2.34. Prove that a mapping f . (X,t) — (Y,0) is pre — y — open if and only if for each
x € Xand for any y — neighbourhood U of x in X, there exists a'y — neighbourhood V of f(x) in Y
such that V < f(U).

Proof Necessity. Let x € X and let U be a 'y — neighbourhood of x. Then there exists W € 1" such

thatx € W < U. Then fix) € fiW) < AU). But (W) € c" as fis pre —y — open. Hence V = (W)
is a y — neighbourhood of f(x) and V < f(U).

Sufficiency. Let U € 1. Let x € U. Then U is a'y — neighbourhood of x. So by hypothesis,
there exists a y — neighbourhood V) of f(x) such that f(x) € Vi) < fU). It follows at once that
AU) is ay— neighbourhood of each of its points. Therefore f{U) is y — open. Hence f'is
pre — Y — open.
Theorem 2.35. Prove that a function [ : (X,t) — (Y,0) is pre —y — open if and only if
fint,(A)] < Int,[{A)], forall A c X.
Proof Necessity. Let A ¢ X. Let x € Int,(A). Then there exists U, € t" such thatx € U, < A. So
fix) € fAU,) < f(A) and by hypothesis, {U,) € c'. Hence fix) € Int,[{A)]. Thus
nt ()] < Int,[fi4)].
Sufficiency. Let U € t". Then by hypothesis, f[Int,(U)] < Int,[{U)]. Since Int,(U) = U as
Uisy—open. Also Int,[fU)] < AU). Hence AU) = Int,[AU)]. Thus f{U) is y — open in Y. So fis
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pre —y — open.
We remark that the equality does not hold in Theorem 2.35 as the following example shows.

Example 2.36. Let X = Y = {1,2}. suppose X is antidiscrete and Y is discrete. Let f = Id.,

A ={1}.Then ¢ = flInt,(4)] # Int,[f(4)] = {1}.

Theorem 2.37. Prove that a function f : (X,t) — (Y,0) is pre —y — open if and only if
Int,[fY(B)] < f'[Int,(B)], forall B Y.

Proof Necessity. Let B < Y. Since Int,[f™'(B)] is y — open in X and fis pre —y — open,
Sflnt,(f"1(B))] is y — open in Y. Also we have f[Int,(f(B))] < f[f '(B)] < B. Hence,
Slnt,(f"1(B))] < Int,(B). Therefore Int,[f1(B)] < f ' [Int,(B)].

Sufficiency. Let 4 < X. Then f{4) < Y. Hence by hypothesis, we obtain /nt,(4) =
Int,[f1(f(4))] < f ' [Int,(f(4))]. This implies that f[Int,(4)] < fIf ' (Int,(RA)))] < Int,[(4)]. Thus
fiUnt,(A)] < Int,[f(4)], for all A < X. Hence, by Theorem 2.35, f'is pre —y — open.

Theorem 2.38. Prove that a mapping f : (X,t) — (Y,0) is pre —y — open if and only if
fCL(B)] < CL[f ' (B)], for every subset B of Y.

Proof Necessity. Let B < Y. Let x € f'[CL,(B)]. Then fix) € Cl(B). Let U € t" such that
x € U. By hypothesis, {U) € c" and fix) € AU). Thus {U) N B # ¢. Hence U N f1(B) # ¢.
Therefore, x € CL,[f\(B)]. So we obtain f[CIl,(B)] < CL[f(B)].

Sufficiency. Let B < Y. Then (Y — B) < Y. By hypothesis,
fCL(Y - B)] < CLIf'(Y - B)). This implies that X — CL,[f""(Y - B)] < X—f'[CL,(Y - B)].
Hence X — CL,[X—f'(B)] < f'[Y - Cl,(Y — B)]. By Theorem 3.7(6) [Latif,2005],
Int,[fY(B)] < f'[Int,(B)]. Now by Theorem 2.37, it follows that f is pre —y — open.
Theorem 2.39.Letf: (X,1) — (Y,o)and g : (Y,0) — (Z,1) be two mappings such that
gof: (X,t) — (Z,n) is y — irresolute. Then

(1) If g is a pre —y — open injection, then fis y — irresolute.

(2) If fis a pre — Yy — open surjection, then g is y — irresolute.

Proof (1) Let U € . Then g(U) € W since g is pre —y — open. Also g o fis y — irresolute.
Therefore, we have (g o f) ' [g(U)] € 1. Since g is an injection, so we have :
(ge N eW)] = (F' o gHe(U)] = /g7 (e(U))] = £ (U). Consequently f(U) is y — open in
X. This proves that f'is y — irresolute.

(2)Let V e n. Then (g o f)"{(V) e 1" since g o fis y — irresolute. Also fis pre-y — open,
f[(g of)_l(V)] is Yy —open in Y. Since fis surjective, we note thatf[(g oj)_l(V)]
= [folge N ] =Tfo (1 og™IV) = [(fof ") o g I(V) = g /(V). Hence g is y — irresolute.

F. Pre —y — Closed Functions

In this last section, we introduce and explore several properties and characterizations of
pre — v — closed functions.

Definition 2.40. 4 function f: (X,t) — (Y,0) is said to be pre —y — closed if and only if the
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image set f(A) is y — closed for each y — closed subset A of X.

Theorem 2.41. The composition of two pre —y — closed mappings is a pre — y — closed mapping.
Proof The straight forward proof'is omitted.

Theorem 2.42. Prove that a mapping f : (X,1) — (Y,0) is pre —y — closed if and only if
Cl,[fl4)] < fICL(A)] for every subset A of X.

Proof Necessity. Suppose fis a pre —y — closed mapping and A is an arbitrary subset of X. Then
JCL(4)] isy— closed in Y. Since {4) < f[CIl,(4)], we obtain CI,[f(4)] < fICL,(A)].

Sufficiency. Suppose F is an arbitrary y — closed set in X. By hypothesis, we obtain
AF) < CLIAF)] < AICL(F)] = AF). Hence AF) = CL,[f(F)]. Thus A{F) isy — closed in Y. It
follows that fis pre —y — closed.

Theorem 2.43. Letf: (X,t) — (Y,0) be a mapping such that Int[CI(f(4))] < fICIl,(4)] for every
subset A of X. Then f'is pre —y — closed.

Proof Suppose A is an arbitrary y — closed set in X. Then by hypothesis, we have

Int[CI(f(4))] < fICl,(A)] = fAA). Take B = CI[(A)]. Then B is closed in Y. Also it implies that
Int(B) < lA) < B. Hence f(A) is semi — closed in Y. Since 6 < o". Thus {A) is y — closed in Y.
This implies that f is pre —y — closed.
Theorem 244. Letf: (X,t) — (Y,0) be a pre —y — closed function, and B,C < Y.

(1) If U is a y — open neighbourhood of /~!(B), then there exists a y — open neighbourhood V of B
such that f~1(B) < f'(V) < U.
(2) If fis also onto, then if /7' (B) and f~!(C) have disjoint y — open neighbourhoods, so have B
and C.
Proof (1)LetV=Y-AX—-U). Then V¢ = Y-V = fU°). Since f'is pre —y — closed, so V is
y — open. Since f{(B) < U, we have V¢ = {U°) < fIf '(B°)] < B¢. Hence, B < V, and thus V is
a y — open neighbourhood of B. Further U¢ < f[AU¢)] = f1(V¢) = [ ' (V)]°. This proves that
' cu
() If - (B) and f~'(C) have disjoint y — open neighbourhoods M and N, then by (1), we
have y — open neighbourhoods U and V of B and C respectively such that
fUB) c fFUU) < Int,(M) and f7(C) < f1(V) < Int,(N). Since M and N are disjoint, so are
Int, (M) and Int,(N), and hence so f1(U) and f1(V) are disjoint as well. It follows that U and V
are disjoint too as fis onto.

Theorem 2.45. Prove that a surjective mapping f : (X,1) — (Y,0) is pre —y — closed if and only
if for each subset B of Y and each y — open set U in X containing f~'(B), there exists a y — open set
Vin Y containing B, such that f(V) < U.

Proof Necessity. This follows from (1) of Theorem 2.44.
Sufficiency. Suppose F is an arbitrary y — closed set in X. Let y be an arbitrary point in
Y- AF). Then f'(y) ¢ X—fAF)] € (X—F)and (X - F) is y — open in X. Hence by hypothesis,
there exists ay — open set V, containing y such that f(V,) < (X — F). This implies that
veV,clY-AF)] Thus Y -fF) =U{V, :y € Y=AF)}. Hence Y — f(F), being a union of
Y — open sets is Yy — open. Thus its complement f(F') is y — closed. This shows that fis y — closed.
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Theorem 2.46. Let f: (X,1) — (Y,0) be a bijection. Then the following are equivalent:
(1) fis pre —y — closed.
(2) fis pre —y — open.
(3) f ' is y — irresolute.
Proof (1) = (2) :LetU € t". Then X—Uisy — closed in X. By (1), AX - U) isy — closed in Y.
But {X—-U) = AX)-AU) = Y—fU). Thus f{U) is y — open in Y. This shows that f is
pre — Y — open.
(2) = () : Let A < X. Since f'is pre —y — open, so by Theorem 2.38,
SCL(RA))] < CLIf N (f(4))]. It implies that CI,[f{4)] < fICL(A)]. Thus
CLLY )] < (F)[CL(A)], for all A < X. Then by Theorem 2.8, it follows that f-' is
Y — irresolute.
(3) = (1) : Let A be an arbitrary y — closed set in X. Then X — A is y — open in X. Since f~!
is ay — irresolute, (1) ' (X—A) isy — open in Y. But (1) (X — A) = AX - A4) = Y — f4). Thus
fA) isy — closed in Y. This shows that f'is pre —y — closed.
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